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FOREWORD 


THE present volume of the series in Pure and Applied Mathe- 
matics is devoted to two basic operations of mathematical analysis — 
differentiation and integration. It discusses the complex of problems 
directly connected with the operations of differentiation and integra- 
tion of functions of one or several variables, in the classical sense, 
and also elementary generalizations of these operations. Further 
generalizations will be given in subsequent volumes of the series, 
volumes devoted to the theory of functions of real variables and to 
functional analysis. 

Together with an earlier volume in the series, volume 69, 
L. A. Lyusternik and A. R. Yanpol’skii, Mathematical Analysis 
(Functions, Limits, Series, Continued Fractions), the present one 
includes material for a course of mathematical analysis, which is 
treated in a logically connected manner, briefly and without proofs, 
but with many examples worked in detail. 

Chapter I “The differentiation of functions of one variable” 
(authors: L.A.Lyusternik and R.S.Guter) and Chapter IT “‘The 
differentiation of functions of n variables” (author: L. A. Lyusternik) 
contain a discussion of derivatives and differentials, their properties 
and their application in investigating the behaviour of functions, 
Taylor’s formula and series, differential operators and their elemen- 
tary properties, stationary points, and also the extrema of functions 
of one variable (author: I.G.Aramanovich) and of 7 variables 
(author: I. L. Raukhvarger). 

Chapter III “Composite and implicit functions of variables” 
(authors: R.S.Guter and I.L. Raukhvarger) contains a discussion 
of general problems of the theory of functions of m variables in 
connection with differentiation. Here belong composite and implicit 
functions, the representation of functions in the form of super- 
positions, etc. A separate section (author: V. A. Trenogin) is devoted 
to Newton’s diagram. 

In view of the particular importance of functions of two and three 
variables in their application to problems of analysis, they are 
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separated out to form a chapter on their own, Chapter IV “Systems 
of functions and curvilinear coordinates in a plane and in space” 
(author: M.I.Skanavi), where a detailed description is given of the 
properties of mappings of one region into another (in particular, 
affine mappings) and of different systems of curvilinear coordinates. 
This chapter (as also Chapter VII) is based on the book by 
A.F.Bermant [2]. 

Chapter V “‘The integration of functions” (authors: R.S. Guter, 
I.L. Raukhvarger and A. R. Yanpol’skii) contains a discussion of the 
properties of integrals, methods of integrating elementary functions 
and the application of integrals to geometrical and mechanical 
problems. 

Certain generalizations of the concept of an integral are dealt with 
in Chapter VI, “Improper integrals; integrals depending on a para- 
meter; the integral of Stieltjes” (authors: I.G.Aramanovich, 
R.S.Guter and J. L. Raukhvarger). Here, a detailed account is given 
of improper integrals and their properties, the concept of Stieltjes’ 
integral is given, and also of integrals and derivatives of fractional 
order. 

In Chapter VII, ‘“The transformation of differential and integral 
expressions’’ (author: M.I.Skanavi) the classification is given of 
various cases of transformation of the expression named in the 
heading of the chapter, general rules for the change of variables in 
the differential and the integral expressions are laid down, and a 
summary is given of expressions for the basic differential operations 
(gradient, divergence, curl, Laplacian) in the transformation of 
rectangular cartesian coordinates to various curvilinear orthogonal 
coordinates (compiled by V. I. Bityutzkov). Here also the discussion 
of surface integrals is systematized, and Green’s formulae with 
various generalizations are given. 

In the appendixes there are given tables of derivatives of the first 
and the nth order of elementary functions, the expansion of func- 
tions into power series and of integrals (indefinite, definite and 
multiple). Tables are also to be found of special functions, functions 
defined by means of integrals of elementary functions (elliptic 
integrals, integral functions, Fresnel integrals, gamma-functions, 
etc.). 
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operator of multiplication by the argument 


the class of functions f(x) defined and continuous 
in the set XY 


the class of functions f(x) defined and continuously 
differentiable times in the set X 


the class of functions f(X) defined and continuous 
in the region G 
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differential polynomial (polynomial of the opera- 
tor D) 


Jacobian 


the first differential 

the second and the nth differential 

the first differential at the point x9 

the second and the nth differential at the point xo 


the operator, defined in the set XY of elements x 


the operator of differentiation 


the differential of the operator f(X) at the point X° 


the operator of partial increment in x, 


the operator of partial differentiation in x, 


Laplace’s operator 

the gradient of a function f(X) at the point X° 
the gradient of the function z 

divergence of the vector a 

curl of the vector a 

distance between the points X(x;, x2, ..., X,) and 
YO1, Yas +-0s Yn) 

the norm of a vector 

differential parameters of the first order 
Gauss’ coefficients 

Lamé’s coefficients 

an element of length 

an element of area for a plane 

an element of area for a surface 

an element of volume 
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S(x), S*(x) 
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NOTATION 
a sphere of radius r and centre at point X° 
the sum sign of several analogous expressions 


functional of (x) 
Euler’s beta function 
Euler’s gamma function 
pi-function 


the logarithmic derivative of the pi-function 


exponential integral 

logarithmic integral 

sine integral 

cosine integral 

integrals in probability theory 
elliptic integral of the first kind 
elliptic integral of the second kind 


complete elliptic integra! of the first kind 


complete elliptic integral of the second kind 


Fresnel’s sine-integrals 
Fresnel’s cosine-integrals 
Euler’s constant 


CHAPTER I 


THE DIFFERENTIATION OF FUNCTIONS 
OF ONE VARIABLE 


THE basic operations of mathematical analysis are operations on 
functions which are mutually inverse — differentiation and integra- 
tion. This chapter is devoted to the operation of the differentiation 
of functions of one variable. The concepts of function, limiting 
process, the properties of continuous functions and similar topics, 
which precede the study of the operation of differentiation in ana- 
lysis courses, are dealt with in volume 69 of the series in Pure 
and Applied Mathematics called Mathematical Analysis (Functions, 
Limits, Series, Continued Fractions) edited by L. A. Lyusternik and 
A.R. Yanpol’skii (Pergamon Press, Oxford, 1965). 


§ 1. Derivatives and Differentials of the First Order 


1. Suppose that the function of one variable, y = f(x), is defined 
in the set Y, which is a line segment or an open interval, or a semi- 
open interval. Unless the contrary is stated, the points x9, x» +h 
are assumed to be interior points of the set XY. 

The derivative of function y = f(x), defined in the set X, at 
point x = x, é X is the name given to the limit of the ratio 

Ay _ f(%o +h) — f(x) 


h h 


(of the increment Ay of function y to the increment / of the argu- 
ment x) when A — 0, if this limit exists. The derivative of the func- 
tion f(x) at the point x = x9 is denoted by f’(x,). Thus 


f'(%9) = lim AY _ jinn AefO) <i Lo + A) = fo) (1.1) 
n-0 A nO h n0 h 
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where xp + he X, Ahf(x) is the increment of the function f(x) 
at the point x = Xo. 

If the point xo is the end-point of a segment, the limit (1.1) deter- 
mining the derivative is looked upon as one-sided ; a right one, when 
the point xg is the left end of the segment; and a left one, when the 
point Xp is its right end. 

Geometrically, the derivative f’(xo) represents the tangent of the 
angle which the tangent at the point x = x9 tothecurve y = f(x) 
makes with the x-axis. 


The ratio 4y/h might turn out to be infinitely large in the vicinity of the point 
xX = Xo. If, for A # 0, the ratio 4y/h tends to infinity with a definite sign, it is 
said that the function has an infinite derivative f’(x) = +0, or f’(x) = —°o 
at the given point. Geometrically, this means, that the curve y = f(x) has a 
tangent parallel to the axis Oy at the point x = x9. For example, the curve 


y= a), x has a vertical tangent at the point x») = 0, since 


2: 
= 4x 3 


x=0 


= + oo, 


x=0 


The function f(x) is said to be differentiable at the point x = Xo, 
if it has a finite derivative at the point xq. If f(x) is differentiable at 
every point x of the set X, it is said to be differentiable in the set X; 
its derivative f(x) is a function of the point x of the set X — the derived 
function. The operation (or operator) of differentiation relates to the 
function f(x) its derivative f’(x); the initial function f(x) is called 
the antiderivative with respect to its derivative. 


EXAMPLE 1, For the function f(x) = C (C is constant) the derivative equals 
zero: 


(cy =C. 
ExamPLe 2. If f(x) = x, the derivative equals 1: 
(xy = 1. 
EXAMPLE 3. The derivative of the function f(x) = sin x equals 


ine tit sin (x -+ A) — sinx = 


COS x. 
h->0 h 


To denote the derivative of the function y = f(x) the following 
symbols are also used: y’, dy/dx, df(x)/dx, Df(x). 

If the argument ¢ denotes time, the derivative of the function u(t) 
is also denoted by the symbol u = u(t) (Newton’s notation). The 
derivative u(t) means the rate of change of the quantity u(f) at the 
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moment t. For example, if x(t) is the distance traversed by a point 
moving in a straight line in time t, then x(t) means the velocity of 
the point at a moment of time rf. 

The operation of differentiation relates to the sum of functions the 
sum of their derivatives and preserves a constant coefficient (the 
linear property): 


(f(x) + oO) =f’) + ¢'@), (1.2) 
[cf(x)]’ = cf"(x) (c = const). (1.3) 


The formulae for the derivatives of a product and a quotient of 
the functions u(x) and v(x) have the form: 


(uv)’ = u'v + uv’, (1.4) 


(=)- 4S. (1.5) 
Uv Dv 


These formulae may be written down in the form 
u'v + uv’ = (wv)’, 
u'v — uv’ = v?(w J’. 


2. One of the fundamental rules of differentiation is the rule of 
differentiating a composite function. 

Suppose the function y = f(x) is defined in the set X and Yis the 
set of its possible values. Let us consider the function z = y(y) 
defined in the set Y, i.e. a function, whose argument is in its turn a 
function of one variable. Then, to each value x of the set XY, there 
corresponds some definite value z, i.e. the variable z is a function 
of x. It can be written down in the form 


z= P[f(@)]. 


Such an expression is called a function of a function or a composite 
function, defined in X. It is also said, that the function p[/(x)] is 
a superposition of functions f(x) and 9(y). 


For example, if y = sin x, x € |- =F and z = e®”, ye[—], 1), then 


. : : muon 
z = e750 is a composite function of x on the segment i= 5) | ; 


A.M.A.D. 2 
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The rule of differentiating a composite function is expressed by 
means of the following theorem: 

THEOREM 1. If the function y = f(x) has a derivative y’(x) = f'(x) 
at the point x € X,and the functionz = gy) has a derivative z’ = 9'(y) 
at the corresponding point ye Y, then the composite function 
z = o[f(x)] also has a derivative z' at the point x € X, which is equal 
to the product of the derivatives of functions y(y) and f(x): 


zx = {PL/@)}}’ = 90) - F200 = PISO) 


or, for short 


Ill 


Zy = 2,-)sz- (1.6) 
EXAMPLE 4, For the function z = eS'*, i.e. y = sin x, z = e”, we have 
z’, =e’ cos x = e™* cos x, 
Certain corollaries which can be obtained from this theorem play 
an important part in the technique of calculating derivatives. 
CoROLLAaRY 1. The derivative of an inverse function. Suppose there 
exists for the function y = f(x) the inverse function x = g(y). Then, 


if the function ¢(y) has a derivative p’(y) other than zero, the func- 
tion f(x) has the derivative 


oa 


70) ¢Uel 


This is written down in short 


j ] 
Vx = 5 (1.7) 
xy 
where the suffixes of the derivatives show with respect to which 
variable the differentiation is taking place, i.e. which variable is 
considered as the independent one. 


EXAMPLE 5. Let y = arcsin x; then x = sin y, 


' 1 1 I 


cos y cos (aresin x) a ae 


The ‘‘+” sign should be ascribed to the root, since —4z2 < arcsinx < 4a. 
At points y = +42, the derivative x}, = 0 and at the points x == +1 corre- 
spondingly, the derivative y, becomes + oo. 


COROLLARY 2. The derivative of a function, given in parametric 
form. If the functions x(t) and y(f) are defined and differentiable in 
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the set T and there exists a differentiable inverse function t = t(x) 
defined in the set Y, then the function y = y(t) is a composite func- 
tion of x: 


y = yit(>)), 

defined in the set Y. In this case it is said that the pair of functions 
x= x(0); 

y=) 


define the function y(x) given in parametric form in the set X. The 
function y = y[t(x)] is differentiable in X and its derivative can be 
found by means of the formulae (1.6) and (1.7): 


(1.8) 


,_ ay _dy dt y, 


= ‘ 1.9 
dx dt ax x u 


COROLLARY 3. Logarithmic derivative. The logarithmic derivative 
of function f(x) at the point x = x9 € X is understood to be the 
derivative at point x = Xo of the natural logarithm of the function 
f(x) (or of the logarithm of its modulus when f(x) < 0) if this 
derivative exists. Jt is written usually 


d\n f(x) d In |f(x)| 
dx xX = Xo dx x= Xo 
From (1.6) we find (for f(x) > 0) 
d\n f(x) ; S'(Xo) 

dx x = Xo gece x= Xo I (Xo) : 

In the same way (for f(x) < 0) 
din IFO)| _ ’ = I'(Xo) 
fe Nog lia te 


If, for example, ¢ is the time during which a certain quantity 
y = f(8 changes, then f’(t) is the rate of change of the quantity 


d|n f(t) 
= f(t d ——— 
y =f(an 7 
this quantity. 


In a number of cases the logarithmic derivative can be used in 
finding the ordinary derivative. 


= [In f(a] is the relative rate of change of 
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Let us find, for example, the derivative of the function 

F(x) = u,(x)u,(x)... u(x), where u(x) #0 (@ = 1,2,...,n). 
Using the formula (1.10), we get 


f°) = fe) PUN = wy (adnte) 02 (¥ In tuts) 


OTE eC Beye 


k=1 u,(X) 


Formula (1.4) is a particular case of the formula obtained. 
The formula (1.5) can be deduced in a similar manner. 
A function of the form 


Sx) = u(x)’, where u(x) > 0, 
is called a composite exponential function. Its derivative is equal to 


FX) =F) (ln FONT = ux)’ [eQx) In ua] 


ll 


u(x voy v’(x) In u(x) + v(x) |: 
u(x) 


(u’)y’ = uv’ inu.v’ + vu’-ty’. (1.11) 


Thus, 


3. The name elementary functions is taken to mean a class of 
functions including power, rational (whole-number and fractional) 
exponential, logarithmic, trigonometric and inverse trigonometric 
functions, and also their combinations in the form of various super- 
positions. In order to define this class of functions rigorously, we 
can confine ourselves to the investigation of some of them, which 
we accept as principal ones. 

Let us give the name e/ementary operation to any of the following 
operations: 

(a) arithmetical operations; 

(b) the operations of finding the values of functions e*, In x 
(x > 0), sin x, arcsin x (when |x| < 1), given x. 

We shall call the function f(x) elementary if, for a given x belong- 
ing to the domain of definition of the function /, the value of f(x) 
is determined by a finite sequence of elementary operations in- 
dependent of x. 
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The following may be quoted as examples of elementary func- 
tions: 


(1) all functions mentioned in (b); 
(2) any polynomials P,(x) and rational functions R(x); 


: : sin x 
(3) functions cos x = sin (4a — x), tan x = —————., 
sin (4% — x) 
: x e~+e* 
x? + e7"* arctan x = arcsin —————, cosh x = 7 
and others; V1 + x? 


(4) more complicated combinations, something like 
arctan (e* + sin x), etc. 


Formulae (1.2)-(1.7) enable us to find an expression for the 
derivative of any elementary function, and this leads to the con- 
viction, that the derivative of an elementary function is itself always 
an elementary function. Thus, the operation of differentiation does 
not lead out of the class of elementary functions. 


Integration—an operation, inverse to the operation of differentiation—does 
Not possess this property. For example, the functicns discussed in section 4 of 
the appendices, si(x), ci(x), Ei(x), li), ®(x), S@), C(x) and others, obtained 
by integration of the elementary functions 


. x rs ae _ —- 
sin x cos x an te. /z 22/2 d= sin (x2), iz cos (x?) 
x x x Inx IX qt bs 


and others, are not themselves elementary functions. 


4. Below, a number of theorems are given, which enable us to 
say something about a derivative by the properties of the function, 
or vice versa. Of these, particularly important are the theorem 
of mean value in differential calculus. (Rolle, Lagrange, Cauchy 
theorems). 

(a) Let the function y = f(x) be defined in the set X and let it 
have a finite y, = f’(xo) at the point x = x9EX. 

Then the increment 


Ay = Af(%o) = f(%o + 4) —f(%o) = (%o + hE X) 
can be represented in the form 


Af(Xo) = f(%o + h) — f(Xo) = fF’ Ho)h + off) 


Ay = yxh + o(h) (1.12) 
(about the symbol o(/), see volume 69 of this series). 


or 
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(b) If the function f(x) has a finite derivative f’(x) at the point 
x = Xo € X, then f(x) is continuous at x = Xo. 

(c) If the function (x) has a derivative in the vicinity of point 
x = X, and if it tends to infinity, when x > Xo, then its derivative 
cannot remain bounded in this case. 

(d) THEOREM 2 ( Rolle). Suppose the function f(x) is defined and is 
continuous in the segment [a, b], has a finite derivative at every point 
of the interval (a,b) and f(a) = f(b), then there can be found a 
point & € (a, b) at which the derivative becomes zero: f'(€) = 0. 

(ec) THEOREM 3 (Lagrange). If the function f(x) is defined and is 
continuous in the segment [a, 6] and has a finite derivative at every 
point of the interval (a, b), then there can be found a point = € (a, b) 
such that 


FO) ~f@) _ pug) 
b-—a 
or 
S(6) — f(@ =f") © — a). (1.13) 


The formula (1.13) is called Lagrange’s formula, or the formula of 
finite increments. In particular, for the segment [x, x + A], lying 
inside [a, b], the formula (1.13) is written down in the form 


f(x + h) — f(x) = hf'(x + Bh), 


where 0 < # < 1. 

The geometrical sense of this theorem is as follows: on the curve 
y = f(x) (Fig. 1) which has a tangent at every point, there can be 
found at least one point in the interval (a, b) at which the tangent 
to the curve y = f(x) is parallel to the chord MN passing through 
the points M(a, f(a)), N(b, f(b)) (Fig. | shows two such points, K, 
and K3). 

A generalization of Lagrange’s theorem is 

(f) THEOREM 4 (Cauchy). Suppose the functions f(t) and g(t) are 
defined and are continuous in the segment [a, b], have finite derivatives 
S'(0 and p(t) at every point of the interval (a, b) and g(t) 4 0. Then 
there can be found a point € & (a, b), such that 


f0) -I@ _ f® 


; (1.14) 
p(b) — 9a) p’() 
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or 
[f(6) — f@)¢'©) = [y) — p@If'©). 

The geometrical sense of Cauchy’s theorem is as follows: the 

curve (Fig. 1) is given in parametric form x = g(t), y = f(t); the 

point M corresponds to the value of the parameter t = a and has 


Fic. 1 


coordinates (g(a), f(a)) and the point M has coordinates (¢(5), 
J(b)). The gradient of the tangent to the curve at the point & equals 


tana=y, = L[) ; 
p (5) 
and the gradient of the chord is 
f(b) = fla) 
gb) — 9a) 


Thus, Cauchy’s theorem confirms the equality of gradients, i.e. 
the parallelness of the tangent and the chord. 

Lagrange’s theorem can be obtained as a particular case of 
Cauchy’s theorem if we put t = x and (x) = x init. 

Let us also note the properties of derivatives for even and odd 
functions. 

(g) The derivative of an even function is an odd function, conversely, 
the derivative of an odd function is even. The simplest examples are 
the equalities 

(sin x)’ = cosx, (cos x)’ = —sinx. 


5. Suppose /(x) is obtained as a result of applying elementary 
operations (in the sense of section 3) to the continuous functions 
1(X), P2(X), .-., Pa(x). Then, generally speaking, lim f(x) can be 


x-Xg 
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obtained as a result of applying the same operations to the values 
of 9,(Xo), P2(Xo), +--+» Pa(Xo). For example, 


e4 — sin— 
Pere. xet+xt+i x \? m7 A 
4 —)/+—4+1 
4 4 


If these operations, or at least one of them, turn out to be im- 
possible to carry out, it may happen, that lim f(x) is found on the 


x>Xo 
basis of theorems about arithmetical operations on infinitely small 
or infinitely great quantities. For example, 


lim = Q, 
x++o0 Inx 


because, although the function In x is not defined when x = 0, it 


is known, that lim In x = — oo, Le. In x is an infinitely great 
x7+0 


quantity, and a quantity, inverse of an infinitely great one, tends 
to zero. 
However, for example, 


and in general 


where 
9X0) = W(X) = 0, 


cannot be found on the basis of these theorems. In this case it is 
said that an “indeterminacy” is obtained, or an indeterminate 
expression of the form 0/0. 

In a similar sense, other indeterminate expressions of the form 


are used. 
In many cases, the limits of functions that lead to indeterminate 
expressions can be found by means of elementary transformations 
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of the given function, for example 
2 
-—a x+a Z 


lim ——— = lim ———- = . 
x+a X* + ax + QQ? 3a 


The general method of finding limits of indeterminate expressions 
is based on the application of one of the theorems quoted below. 
They are usually grouped under the general name /’ Hépital’s rule. 
The first few of these theorems refer to the indeterminate expressions 
of the form 0/0. 

THEOREM 5, Suppose functions f(x) and g(x) are defined in the 
vicinity of the point a and f(a) = g(a) = 0. If there exist finite 
derivatives f'(a) and y'(a), where g'(a) # 0, then 


lim J) _ £@ | 
xa x) = (a) 


If both derivatives become zero at the point x = a, Theorem 5 
is inapplicable. Then, its generalizations should be consulted. These 
generalizations can be carried out in various directions. The first 
one requires an approach to derivatives of higher orders (see § 2). 

THEOREM 6, Suppose the functions f(x) and y(x) are defined in the 
vicinity of the point a and become zero at point a together with their 
derivatives up to the order n — | inclusively, and derivatives f(a) 
and y'(a) exist and are finite, while p™(a) # 0. Then 

fe, LY = FOO 


xa x) g(a) 


In both the cases considered, the existence of a limit is guaranteed 
by the fulfilment of the conditions of the corresponding theorems. 
The second direction of generalization of Theorem 5 is represented 
by the following theorem, in which the finding of a limit of the 
ratio of the functions is reduced to the finding of the limit of the 
ratios of their derivatives. 


THEOREM 7. Suppose functions f(x) and p(x) are defined in the semi-open inter- 
val (a, b) and satisfy the following conditions: 


(1) lim f@) = 0, limg@) =0; 


x~-a 


(2) in the semi-open interval (a, b] there exist finite derivatives f’(x) and y'(x), 
where g(x) ¥ 0. 
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Then, if there exists a limit (finite or infinite) of the ratio of derivatives lim FG) 
then a limit of the ratio of the functions does exist and is equal to xa P(x) 
f(x) ‘te f') (1.15) 


lim —— = li a 
xa (x) x70 p (x) 


This theorem represents wider possibilities, inasmuch as the limit of the ratio 
of derivatives can very often be obtained by elementary methods. It also gives 
us the possibility of a repeated application. Here, all kinds of simplifications of 
the expressions obtained are admissible, the division by common factors, the 
utilization of limits already known. The extension of the theorem to cover the 
case a = ©° js also possible. 

THEOREM 8. Suppose the functions f(x) and (x) are defined in the semi-open 
interval [c, + °°) and satisfy the following conditions: 


(i) lim f(x) =0, lim gx) = 0; 
xa E>+a0 
(2) in the semi-open interval [c, + 00) there exist finite derivatives f'(x) and 


g(x) #0. 


Then, if there exists a limit (finite or infinite) of the ratio of derivatives, 
f°) 


rota P(x 


,@ limit of the ratio of functions does exist and is equal to 


lim Sx) = lim £'@) 


seta AX) xsat+a YX) ; 


It is necessary to keep in mind, that if no limit of the ratio of derivatives 
exists, Theorems 7 and 8 cannot be used, although a limit of the ratio of func- 
tions may still exist. 

EXAMPLE 6. Find the limit 

e* —e- e* wile e- 
im —————._ = ———__- 
x+-o 2sinx 2cosx |x=0 
Here we used Theorem 5. 


EXAMPLE 7. Find the limit 
. ex—-e@ -*— 2x 
lim ————_—_——__ 
x900 ls X — SIN x 
Here f(x) = e* — e~* — 2x, f(0) = 0; further 
f'(0) = (e* + e-* — 2)|x=0 = 0, 
f"() = (e* — e*) |x=0 = 0, 
f'"(O) = (e* + e-*) |x=0 = 2. 


In the same way 
p(x) =x-—sinx, (0) =0, 


y’(0) = (1 — cos x)|x=0 =0, 
p’'(0) =sinx|x=0 = 0, 


g’”"(0) = cos x!x=0 = 1. 
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Thus, on applying Theorem 6 for n = 3, we find that the required limit is equal 
to 2. 
EXAMPLE 8. Find the limit 
ss tanx—x 
lim —————.. 
x70 X— sinx 


Here, the application of Theorem 6 (for n = 3) is possible. However, it is shorter 
to apply Theorem 7: 
1 


.. tanx—x . COs?.x 1 1—cos?x 

lim ———— = lim ——— = lim art GL aera 

x-0o X—Sinx xs9 L—cosx xo \cos*x 1—cosx 
: I + cos x 

=lim = 2, 


EXamMPLeE 9, The limit of the ratio 


lim - 

x-0 Sinx 
cannot be found in accordance with ’H6pital’s rule, although it does represent 
an example of an indeterminacy of the form 0/0. The ratio of derivatives has 
the form 
1 


ae | 
2x sin — — cos — 
x x 


Cos x 


and, for x — 0, it does not tend to any limit. At the same time the limit of the 
original expression does exist and equals zero, which can be verified easily by 
representing this expression in the form: 


| 
x? sin — 


: x . x , 1 
lim ———— = lim [x sin -| =0. 
x20 SINX x~ol sinx x 


Indeed, the first of these factors tends to zero, the other one—to one, and the 
third one remains bounded. 

EXAMPLE 10. It may happen, that the limit of the ratio of derivatives exists, 
while the limit of the ratio of functions does not. For example, when x > + co, 
the ratio 

e~2* (cos x + 2 sin x) 
e-* (cos x + sin x) 


has the form 0/0. The ratio of the derivatives equals 


— 5e—?* sin x By ny 
——_—_ = _e 
—2e-* sin x 2 
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and for x > + °° it has a limit equal 0. Having now represented the ratio of 
the functions in the form 


e-?*(cosx + 2sinx) _ o*1} ] ) 
e-* (cos x + sin x) 1+ cotx)’ 


it is easy to see that this ratio does not tend to any limit for x > + o°, since the 
factor {1 + 1/(1 + cot x)] oscillates all the time between — co and -++ oo. 
Theorem 8 is inapplicable here, since the derivative y’(x) contains the factor 
sin x, which becomes zero in any semi-open interval [c, +o) and the condi- 
tion (2) of the Theorem 8 is not fulfilled. 
The following theorems refer to indeterminate expressions of form co/co. 
THEOREM 9. Suppose the functions f(x) and g(x) are defined in the semi-open 
interval (a, 6] and satisfy the conditions: 


(1) lim f(x) = co, lim p(x) = ©; 
x-a z-a 

(2) in the semi-open interval (a, b] there exist finite derivations f'(x) and g(x), 
and y' (x) # 0. 

Then, if there exists a limit (finite or infinite) of the ratio of derivatives, 
lim ~~ , there also exists a limit of the ratio of the functions, and it equals 
x7a P(X. 

FO) _ jig LO 
xa G(X) x+a P(x) 


THEOREM 10. Suppose the functions f(x) and 9{x) are defined in the semi-open 
interval [c, -- c) and satisfy the conditions: 

(1) lim f@) =o, lim 9x) = c%; 

x >to x> +0 

(2) in the semi-open interval [c, +-0°) there exist finite derivatives f'(x) and 
g(x) #0. 

Then, if there exists a limit (finite or infinite) of the ratio of derivatives, 
cs , @ limit of the ratio of the functions exists and is equal to 

tim 2%. = tm £@ 


x>4+a0 GX) x+4+0 P(x) 


lim 
x7t+a 


Indeterminate expressions of other forms are usually transformed beforehand 
into the form 0/0 or co/oo, which can be done by means of elementary trans- 
formations. For example, the product f(x) y{x), where f(x) — 0 and ¢{x) = 9, 
representing an indeterminacy of the form 0 Xx oo can be written in the form 


f(x) ga P(x) 


1/p(x) I/F (x) © 


Here the first expression represents an indeterminacy of the form 0/0, and the 
second one—of the form co/co. 
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Similarly, the expression f(x) — ¢(x), in which f(x)—> 0, g(x) > oo (in- 
determinacy of the type co — oo), can be reduced to the form 


1 1 ) ; 1 
( f@) gl) ] ° f@) yo)’ 
representing an indeterminacy of the form 0/0. 


As to indeterminate expressions of form 1®, 0°, 00°, it is advisable to take 
their logarithms, when they assume one of the forms discussed earlier. 


6. As was shown in section 4, a function, differentiable in the 
set XY, is continuous in it. The converse conclusion is not true: there 
exist functions, continuous all over £, , and not possessing a deriva- 
tive at any point. The first of such examples was constructed by 
B. Bolzano. We now give examples of such functions. 


Weierstrass’ function is defined by the series 
wo 
f(x) = ¥ a" cos (b"7x), 
n=0 


where 0 < a < 1, and b is an odd natural number, which is selected in such a 
way, that ab > 1 + 32. The series defining Weierstrass’ function has as a 
a 


majorant the series Ya" and therefore it converges uniformly in E,, as a 
n=0 

result of which f(x) is continuous everywhere. However, the function f(x) does 

not have a finite derivative at any point. At the same time, f(x) does have an 

infinite derivative at every point. 

Van der Waerden’s function is defined with the help of the function ug(x). 
We put uo(x) = |s—x|, where s is the integer nearest in value to x. The func- 
tion ug(x) is continuous; its graph is a broken line, the gradients of the links 
being equal to +1. 

We define the functions u,(x), when & = 1, 2,..., by means of equations 


Ug(4*x 
u(x) — 0 
be a : s s+1 : : 
Then u,(x) is linear in the segments 54k 2. aa" Van der Waerden’s function 
wm 
fx) = ¥ uo) 
k=0 


is continuous everywhere, and does not possess either a finite or an infinite 
derivative at any point. 


7. Suppose the function f(x) is continuous in the set X and has a 
finite derivative f’(x) at every point of it. This derivative may be a 
continuous as well as a discontinuous function. 
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Let us consider, for example, the function 


g(x) = | x? sin as for x £0, 
x 
0 for x=0. 


This function is continuous for all values of x. If x # 0, then 


g(x) = 2x sin see cos # 
x x 
For x = 0 
A? sin Es 
g’ (0) = lim ———_- = 0. 
ho =o 


Thus ¢’(x) exists for all values of x. 

But, since, when x —> 0, the function 2x sin (1/x) tends to zero, and cos (1/x) 
oscillates between — 1 and + 1, g’(x) has no limit, when x -> 0 and, therefore, 
y’ (x) is discontinuous at the point x = 0. Here, x = 0 is a discontinuity of the 
second kind. If, as was supposed, the function f(x) is differentiable at all points 
of the set Y, then its derivative cannot have discontinuities of the first kind; all 
its discontinuities, if they exist, are those of the second kind. 


A derivative, even when discontinuous, possesses a property be- 
longing to continuous functions, namely, the following theorem 
holds: 

THEOREM 11 (Darboux). If the function (x) has a definite deriva- 
tive y’(x) at every point of the interval [a, b], then y’(x) takes in the 
interval [a, b} all values included between y'(a) and y'(b). 

In particular, it follows hence, that if the derivative has different 
signs at the points a and 8, then inside the interval [a, 5) there is at 
least one point &, in which g’(é) = 0. 

8. The differential of a function of one variable can be defined in 
two different ways. 

(a) The differential as the principal linear part of the increment. 
For the function y = f(x), defined in the set X and continuous at 
the point x = xg € X, the increment 


Ay = Af(xo) = f(%o + h) — f(xo), Xo + heX, 


is an infinitely small quantity together with A. If the following 
representation takes place 


Ay = Ah + o(h), (1.16) 
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where A is constant relative to 4, the expression Ah is called the 
differential of the function f(x) at the point x, and is denoted 


dy = df(Xo) = 4f(xo, fh). 
df(xo, h) = Ah. (1.17) 


In order that it should be possible to represent the increment of a 
function in the form (1.16), it is necessary and sufficient that a finite 
derivative f’(x) of the function f(x) exists at the point xo, i.e. that 
the function is differentiable. This representation is unique i.e. it 
takes place for one possible value of A only. It turns out, that this 
value is A = f'(x,) and the equation (1.16) is rewritten in the form 


Ay = Af(Xo) = f’o)h + ofh) (1.18) 


Uf(xo,h) = f'(Xo)h. (1.19) 


Assuming the differential of the independent variable to be by 
definition equal to its increment, it is possible to make use of the 
notation dx = h. Then, in place of (1.19), we write 


dy = f’(%o) dx. (1.20) 


The expression f'(Xo) dx is the principal linear part of the increment 
A f(x), since it is a linear function with respect to dx and coincides 
with the increment 4 f(x) to the first order in A. 


Thus, 


and 


This is used in approximate calculations, when the increment 4y is replaced 
by the differential f’(xo) #; here, the error admitted is « — O(A). 
ExampPLe 11. 
sin 46° = sin (= 


4 


1 9 x 


+t — 0.7194, 
4 180 


ri _ on 
—_—| » sin — + cos 
x as) 4 T 
whereas the true value of sin 46° = 0-7193... 


(b) The differential as a derivative of the parameter. Suppose the 
function f(x) is defined in the vicinity of the point x = xo, andt 
and Af are real numbers (it is assumed that the point x = Xo + th 
belongs to the set X when fe [0, 1]). Then, for fixed x and / the 
function f(x) = f(x + th) is a function of t. If, for the function 
f(x), there exists a derivative /’(xo), then there also exists 


= foo + Wo = F'Codh = dfleo, H) = Af). (120 
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If the parameter te[0,1] is interpreted as time, the point 
X,; = Xq + th moves uniformly along the axis Ox from the point xo 
to the point x» + A with velocity |h]. 

When the point x, moves in this way, the left-hand side of the 
equation (1.20) means the rate of change of function f(x,) at the 
initial instant t = 0. 

Thus, the differential df(x., 4) can be defined as the derivative 


with respect to a parameter “ S(%o + th)|,=0. This definition can 


be easily generalized to cover functions of several variables (see 
Chapter IT, § 1) and also functions of a more general nature. Let us 
now consider the differential of a composite function y = f[p(t)], 
which is a superposition of the functions x = g(t) and y = f(x). 
If there exist derivatives y, = f’(x) and x; = 9’(¢), then, on the 
basis of the theorem in section 2, there also exists a derivative 
Yr = YxX; (see (1.6)). 

If we regard x as an independent variable, the differential dy of 
function y = f(x) is expressible according to the formula (1.20): 


dy = yy, dx = f(x) dx. 
If we regard t as the independent variable, and y and x as func- 
tions of ft, then 
dy = y,dt = y,dx, where dx = x,dt. 
Thus, the form of expression of the differential 
dy = f'(x) dx (1.20’) 


does not change when the independent variable x is exchanged for ¢; 
it is the sense of the notation dx that changes: in the formula (1.20) 
dx means the arbitrary increment / of the variable x, and in the 
formula (1.20’) it means the differential of function x = g(t) of the 
variable ¢. This property is called the invariance of the form of the 
first differential. 


The simplest generalizations of the concept of derivative 
9, Suppose the function y = f(x) is defined in the set X, xo € X and 
Ay = Af (Xo) =f (x0 + A) — F(X) 


is the increment of the function f(x) at the point x = x9 (xo + A € X). For 
h -» 0, the ratio [4 f(x9)]/h may not necessarily have a definite limit. If, for this 
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ratio, there exists a limit from the left (see volume 69 of this series) then it is 
called a left-hand derivative or a derivative from the left of the function f(x) at 
the point x = x and it is denoted f' (x9): 


i a (x9) = lim I (Xo + h) — f (Xo) : 


h>-0 h 


(1.22) 


Similarly, the limit from the right of the ratio [Af(x9)]/A, if it exists, is called 
the derivative from the right or the right-hand derivative of the function f(x) at 
the point x = XxX: 


1.23 
h-> +0 h ( ) 


The left-hand derivative and the right-hand derivative of the function f(x) 
are called one-sided derivatives. If the corresponding one-sided limit equals in- 
finity of a definite sign, the function has at that point an infinite one-sided de- 
rivative. 

For example, the function 


for x<l, 
seal 


x—~—1 for x>1 


has, at the point x9 = 1, a left-hand and a right-hand derivative equal, re- 
spectively, to 


f_(Q)=0, fd) =-+1. 


The function f(x) = |x| = x sign x, defined for all x ¢ E, has both one-sided 
derivatives at the point x9 = 0, and 


f= —-1, f4@)= +1. 


The function y = x?'3 has, for xy = 0, the one-sided derivatives 
f'_(0) = —eo, f'() = too. 


We now note some propositions about one-sided derivatives: 

(a) If the function f(x) is continuous at the point x = xg ¢ X and has equal 
one-sided derivatives (finite or infinite) f' (vo) = f'(xo) = a, then f(x) has a 
derivative f’(x9) at the point x = xg and f(x) = a. 

(b) If the function f(x) is continuous at points a and 6 of X, is differentiable 
for all x € (a, 6) and there exist a right-hand and a left-hand limit f’(@ + 0) and 
f'(6 — 0), then the function f(x) has one-sided derivatives f', (a) and f_(b), and 


fi =fla+0), f-()=f"(b — 9). 


These equalities can be regarded as a definition of one-sided derivatives. It is 
more convenient for generalizations (see § 2) but narrower, than the original one. 

If both one-sided derivatives of the function »y = f(x) at the point x = x9 eX 
exist and are different, f’ (xo) # f(x), such a point is called a node. If the 
derivatives on the right and on the left both equal infinity of opposite signs, the 
point is called @ cusp (more precisely, a cusp of the Ist kind). 


A.M.A.D. 3 
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For example, the point x = 0 for the function y = |x| is an angular point 
(Fig.2), and for the function y = x2/3, it is a cuspidal point of the Ist kind 
(Fig. 3). 

Another generalization of the concept of a derivative is the symmetrical 
derivative (Schwartzian derivative). The name of symmetrical derivative f(x) of 
the function f(x) at the point x = xo ¢ X is given to the limit of the ratio 


F0%¢) = tim ALCO). _ ji E04 = fo =H) 
4-0 2h h-0 rh > 


if this limit exists and is finite. 


Fic. 2 


If a function f(x) possesses an ordinary derivative f’(x9) al the point x = Xo, 
then the symmetrical derivative f(x) also exists at that point and it coincides 
with the ordinary one 


FUN x9) = f’(xo). 


The converse is not true: a symmetrical derivative may exist at a given point 
even without the existence of an ordinary one. For example, in the case of the 
function 

a when x< Q, 
y= 


2x when x>0 


there is no ordinary derivative when x9 = 0, but the Schwartzian derivative of 
this function at the point x9 = 0 does exist and equals 4. The function y = |x| 
at Xo = 0 possesses a symmetrical derivative, which equals zero, and it also does 
not possess an ordinary derivative there. 

In general, if f(x) is any function, it always possesses at the point x» =Oa 
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Schwartzian derivative which equals zero, even in the case when f(x) is dis- 
continuous at that point. For example, for the function 


cos x 
f(x) = { x? 


O when x=0 


when x #0, 


the symmetrical derivative is 
cosh __ cosh 
fu) (0) = ve £0 + h)—fO— h) = lim h? h? 


2h h0. fh 0. 


§ 2. Derivatives and Differentials of Higher Orders. 
Taylor’s Series 


1. Suppose the function f(x) is defined in the neighbourhood 
(a, b) of the point x = Xo € (a, b) and we have the first derivative 
f'(x) there. Then the name of second successive derivative, or, simply, 
d*y 
BNF iies 
point x = XQ is given to the derivative at the point x = Xo of the 
derivative f’(x), if the latter is differentiable: 


I'(Xo) = LOOM s = x0- 


For example, when x # 0, we can write (In x)’ = 1/x = — 1/x?. 
The second difference A? f(xo) of function f(x) at the point x = xg 
is the name given to the increment 4,u(x.), where u(xo) = 4,f(Xo): 


Arf(%o) = 44, f(X0)) = f(%o + 2h) — 2fl%o + h) + Axo). 


Here, the function f(x) is assumed to be defined in the set XY, and 
Xo + khe X fork = 0, 1,2. 

The second differential derivative f (Xo) of the function f(x) at the 
point x = x,éX is the name given to the limit of the ratio 
[A?f(x0)]/h?, when h > 0, if such a limit exists: 


second derivative, f'’(x9) = of the function f(x) at the 


Fics) = tim SP) fe) tim Lio + 28) = 2flo +H) + Fs) 
ve . (1.24) 


If the function f(x) possesses in the neighbourhood of point x € X 
a continuous second successive derivative f’'(x), thenitalso possesses 
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in the same neighbourhood a second differential derivative f (x) 
and these derivatives coincide. Conversely, if in the neighbourhood 
(a, b) of the point x = xp there exists a continuous second differential 
derivative t''(Xo) to which the ratio [A?f(x)]/h? tends in a uniform 
manner within (a, b) then, in the interval (a, b), there exists for the 
function f(x) a second successive derivative f’’(x) and f’’(x) = f x), 
i.e. both definitions of the second derivative coincide. 


If we give up the additional assumptions indicated above, then from the 
existence of a second derivative in the sense of one definition it does not follow 
that a second derivative exists in the sense of the second definition. For example, 
for the function 


eres when x #0, 
x 


f(x) = 


0 when x =0 


for any x ¢ E, there exists the first derivative 
4 2 . 1 1 
S’'(x) = 3x? sin — — xcos—, 
x x 


and f’(0) = 0. At the point x9 = 0 the function f(x) has a second differential 
derivative, equal zero, since 


an | . I 
8h3 —_. — 2h} sin — 
ARf(O) 7 sin ah sin h ia 


h? h? 


when 4 —> 0. At the same time the second successive derivative does not exist, 
because the expression 


Af'O) _ fO+M)-f/O_y 1 1 
P = j = 3h ae. cos 


has no limit when A4~—> 0. 


2. By analogy with the above, the n-th successive derivative, or 
simply the n-th derivative (or, the derivative of the n-th order) 


f(x) = SO 
AX” |x=x0 


of a function f(x) at the point x = x, € X is the name given to the 
derivative at that point of the (n—1)th derivative f°—(x), if 
f°-(x) exists in some neighbourhood of the point x and is differ- 
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entiable there. In other words, the mth derivative is defined in a 
recurrent manner, by means of the derivative of the (n — 1)th order 


F(xe) = Lf POM le = xo- (1.25) 
For example, (sin x)’”’ 
xE(— 0, +00). 

If the furction f(x) has a derivative f(x.) at the point x = xo, 
then it is continuous in the neighbourhood of point x = x, EX 
and has derivatives f'(x), f’’(x),..., f(x), continuous in the 
neighbourhood of point x = x9 and a derivative of f(x) con- 
tinuous at the point x = Xo. 

In the same recurrent fashion we define, at the point x = x,» € X, 
the n-th difference (the n-th increment) Aj f(xo) of the function f(x) as 
the increment 4,/u(xo), where u(xo) = A} *f(xo) is the (n — 1)th 
difference of function f(x) at the point x = x,EX: 


= (cos x)” = (—sin x)’ = —cosx, for 


ARS (%0) = A(45- *S(X0)) ge I)'CrS (x0 + kh); (1.26) 


here f(x) is defined in Y, x) + kAhe X for all k = 0, 1,...,”, and 
C* denote binomial coefficients. 


By definition we give the name n-th differential derivative f' (x9) 
of function f(x) at point x = x, EX, to the limit of the ratio 
[A? f(xo)]/A" when 4 — 0, if such a limit exists. 

Generally speaking, it does not follow from the existence of the 


differential derivative f™(x9) of function f(x) at some point 
x = X,€ X, that the nth successive derivative also exists. The con- 
verse holds when a supplementary assumption is made, as shown 
in the following theorem. 

THEOREM 12. Jf the function f(x) possesses ann-th successive deri- 
vative f(x) in a neighbourhood of the point xX = xo € X, which is 
continuous at the point x = Xo, then f(x) possesses also ann-th differ- 
ential derivative at that point. 

If there exists in the set X a finite nth successive derivative f(x) 
of the function /(x), it is said, that this function is differentiable 
n times in X. If, in addition, f(x) is continuous in X, then f(x) 
is called continuously differentiable n times in X. As was indicated 
above, in this case the two definitions of the nth derivative are equi- 
valent, and f(x) also coincides with the nth differential derivative. 
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3. Suppose the functions u(x) and v(x) have » continuous deriva- 
tives in the set X. The nth derivative of their product is given by 
Leibniz’s formula: 


a 
(uw) = Y Chu®y—) = yo + Fy give 
k=0 | 
re nn—1)...(n —k +1) 
k! 


This formula can be obtained by exchanging, in the formula of 
expansion of the binomial (u + v)", each index of power n, for the 
symbol of differentiation of the m,th order (n;,), if we agree, addi- 
tionally, that u = u and v®™ = v. 

The formula for the nth power of a sum is of the form 


yy goo a YMy, (1.27) 


(uy, + uz t+-:++4u,)" = py ee 
cae id) ee | ie i a fe a a ai (1.28) 


If the functions u,(x), u2(x), ..., u,(x) are differentiable con- 
tinuously n times inthe set X, a generalization of Leibniz’s formula 
holds good: 


n! 
(a) (my), (m2) (ns) 
(uju,...u) = Mes Mas tg S20. 


Ay that wc tag aan n!nz!...n,! (a 29) 


The right-hand side of the formula (1.29) is obtained from the 
right-hand side of formula (1.28) by exchanging the index of power 
n, for the symbol of differentiation of the n;th order (n,). 

4, The formulae for finding derivatives of higher orders for the 
composite function F(x) = f[y(x)] from the derivatives of the func- 
tions f(x) and g(x) can be obtained by successive differentiations of 


the equation F(x) =f'Q) o'), 
which expresses the rule of differentiation of the composite function: 
F(x) = f"O) [P'@P + £0) e"@), 
F(x) = FO) [POOP + 3D) 9’) 9°) + f'O)9'""@), 
FY’ (x) = £%) [p’'@I* + 6f'"0) [e' OP 9") 
+ £0) Bip"? + 49) 9'")} + S'O) oO), 


etc. The existence is assumed of all the derivatives shown. 
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5. Suppose, that the function y = f(x) is defined and is differ- 
entiable in some neighbourhood (a, f) of the point x9. The differ- 
ential df(x, A) is, for a fixed 4, some function ¢(x) of the variable x 
in this neighbourhood: 


Ax) = df(x, h) = f'(x)h. 
If there exists, at point x = x, a differential dp(x, h) of the func- 
tion g(x) (of the differential of function f/(x)), it is called the second 
differential of function f(x) at the point x = x9. The second differ- 


ential of the function f(x) is denoted by one of the symbols d?y 
= d? f(x) = d7f(xXo, A). By definition 


d? f(x5,h) = Ap(xo, h) = aldf(x, h)lz=x. = A" )Allx=x0- 


If the function /(x) has a second differential at the point x = x9, 
then there also exists a second derivative f’’(x9) of the function f(x) 
at that point; the converse proposition is also true; here 


d?y = a? f(xo, h) = f'"(xo)h? = f'"(Xo) ax’, 


_ MS) 
x=x x? 


f"'o) = 


d’y 
dx? 


x= Xo 


The differential of the n-th order (nth differential) d"y = d"f(xo) 
= d"f(xo, h) of the function f(x) at the point x = xq is defined in 
a recurrent manner as the differential of its (n — 1)th differential 
d"-! f(x9,h), if the differential d"-1f(xo,h) is defined in some 
neighbourhood of the point x = x9: 
d*y = d°f(Xo) = d"f(xo, h) = dla" f(x, h)]|x=x0: 
If a function f(x) has an nth differential d"f(x 9) at the point 

X = Xo EX, it also has an nth derivative f(x) at this point and 

a" f (Xo, h) = Ff %o)h” = F(Xo) ax". (1.30) 
The function f(x), possessing an nth derivative f(x) at the point 
X = X9 EX, also has an nth differential d"f(x, h), and 

LO%y)h" = Ff (Xo) ax" = d’f(Xo, h). 


The differential of the nth order can be defined as the nth deriva- 
tive with respect to a parameter, analogously to the way in which 
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this was done in § 1, sec. 7. The following formula holds 


oft + thls = o> (1.31) 
at” 


a" f(Xo ’ h) = 


which generalizes the formula (1.19) of the preceding section. 


6. Suppose the function f(x) is defined in the set X and in the intervals 
(%0,X0 + A) CX, (xX — A, xo) C X it has & derivatives. If, at the point x = xo 
there exists a limit to the right of the derivative f(x), s < k, it is called the 
s-th right-hand side derivative f(x) of the function f(x) at the poin tx = x9 €X: 


F920) = fO(x%g +0) = lim f(x). (1.32) 
x7Xo+0 
Similarly, the limit to the left of the derivative f“(x)s < k, at the point x = xo, 
if it exists, is called the s-th left-hand side derivative f (xo) of the function f(x) 
at the point x = xg € X: 


F2%(X0) =fOR%o — 0) = lim f(x). 


xX7Xo—-xX 


Left-hand and right-hand derivatives of the function f(x) at the point x = xo 
are called its one-sided derivatives. 

If a function f(x) has, at the point x = x9, & derivatives f’(xo), f’’ (Xo), «--> 
f™(xq), then, at that point, there exist all left- and right-hand derivatives of 
f(x) up to the kth order inclusively, and 


f_(xo) = f'.(xo) = f'(xo), 
“ (x0) = f4 (xv) =f" (xo), 


FE (xo) = fo) = SU) 


If the function f(x) has, at the point x = xo, equal left- and right-hand 
derivatives up to the &th order inclusively, then it also has ordinary derivatives 
fO Xo) @ = 1,2,..., 4) and 


f%C(%o) = f (Xo) = fP(xo) G= 1, 2, sey K). 


At the given point, left- and right-hand derivatives may not coincide. For 
example, for the function f(x) = e~'*', x € E,, at the point xo = 0, there exist 
left- and right-hand derivatives of any order, and 


FO) =(-1)*, £0) = +1 (k = 1,2,...). 


This function does not possess an ordinary derivative at the point x5 = 0. 
If the function f(x) is defined in the interval [a, 5], then its derivatives at 
points a and 6 are understood to be one-sided derivatives, left-hand ones for 
x = band right-hand ones for x = a. 

The second Schwartzian derivative (or the second symmetrical derivative) 
f©%Xo) of the function f(x) at the point x = x9 « X can be defined in two 
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ways: consecutively, as a symmetrical derivative at the point x = xg of the first 
symmetrical derivative of the function f(x): 


FO) = FORD |x=x0. (1.33) 


if f(x) exists in some vicinity of point x = x9, and by means of the second 
difference: 


AP f(x0) = Al Ant (X0)] = (Xo + 2h) — 2f (Xo) + flxo — 2H), (1.34) 


as the limit of the ratio [4,7 f(xo)]/4h, when 4 — 0, if this limit exists and is 
finite: 
S(X%0 + Ay) — 2f (x0) + f(%o — Ax) 


C% 9) = lim 
FOR) baa hi 


(1.35) 


where / is put equal to 24. 

Similarly, the n-th Schwartzian derivative (the n-th symmetrical derivative) of 
the function f(x) at the point x = x9, can also be defined consecutively and by 
means of the mth difference. In the first case, it is defined as the Schwartzian 
derivative, at the point x = Xo, of the (n— 1)th symmetrical derivative of func- 
tion f(x): 

FOC%o) = FO-PE@)MOlx=x0, (1.36) 


if f-)(x) is defined in some vicinity of the point x = x9 € X. In thesecond 
case, the ath difference of the function f(x) is defined beforehand, by means of 


the equation 
n 


Anf(xo) = Afr feo) — Y (— kee E ie (k = 5A (1.37) 


k=0 2 


which enables us to define the nth symmetrical derivative as the limit of the ratio 
[A2f(xo)/h when h —> 0, if this limit exists and is finite: 


F%G9) = lim SBL CO) (1.38) 
4-0 ht 
7. Suppose P,(x) is a polynomial of nth degree: 
P,(x) = Ag + GX + Ayx* +5 + yx". 


Then, its coefficients can be expressed by means of the values of the 
polynomial itself and its derivatives, at the point x, by means of the 
formulae 

P, (0) 


7 (i = 0,1,2,...,7), 


a; = 


P.0) = P,(0), 
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and, therefore, the polynomial can be written down in the form 


, 0 P” 0 Po 0 
PS Poy ge EO peg EO pw 

|! 2! ni 
PaO) 


i=o i! 


(1.39) 


If the polynomial P,(x) is expanded in terms of powers of the differ- 
ence (x — Xo): 

P(x) = Ap + Ay(X% — Xo) + Ar(¥ — Xo)? + °°: + Ane = Xo)", 
then po 

Fao) (j= 0,1,2,...,2), PO (x9) = Prl%o). 


A, = 
i! 
Thus, 
Pls) = Pats) + FEED (x — 9) + FBR — xg)? 
(n n i 
+ Pn"'(%o) (x-—x)"= ¥ Pro) (x — Xp). (1.40) 
n} i=0 i! 


The formula (1.40) as well as its particular case (1.39) is called 
Taylor’s formula for a polynomial. Formula (1.39) is also often 
called Maclaurin’s formula. 

Suppose, now, that /(x) is an arbitrary function, defined in the 
interval [a,b] and possessing n continuous derivatives, f’(x), 
F'(x), ..., f(x). Then, in the neighbourhood of any point 
X = Xo € (a, b) for x» + he (a, b) the following expansion holds: 


S(%o + A) = f(%o) + f’(Xo)A + ioe a eee 


+ ss h? + o(h’). (1.41) 
n! 


If the function f(x) has a derivative of the order (n + 1) (not 
necessarily a continuous one) then the expansion can be written 
down, instead of (1.41), in the form 


(fx +h) = leo) + f'(xo)h + aa ie 


Ae Leo) Ar + O(h+), (1.42) 
n! 
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If in a neighbourhood of the point x = x9 € (a, b) the function 
J(x) is represented in the form 


So + h) = dg + ah + agh? + ++: + a,h" + ofh’), 


then this expansion is unique, there exist at the point x = x9, ” first 
differential derivatives (see § 2) and the coefficients a, (i = 0, 1, 
2,..., m) Satisfy the relationships 

; ” x 7 (n) x. 
do (Oa), G27 Ce) Gy canes, pe 


Ce | 


2! n! 


Formulae (1.41) and (1.42) are called Taylor’s formulae. In par- 
ticular, when x9 = 0 they are also called Maclaurin’s formulae. 
They may be rewritten differently, making use of differentials 


Af (Xo) = f(%o + h) — f%o) = afl%o, h) + = d?f(Xo, h) + + 


+ + drf(xo, h) + of"), (1.43) 
n: 


Af(xo) = af(xo, h) + sr Flo. b) ree © — x 
: Yt! 


x d"f(xo, hk) + OCA"). (1.44) 


In the case when the point xq is one of the ends of an interval (a, 5], the deriva- 
tive functions of f(x) are understood to be one-sided derivatives, whose exis- 
tence is assumed. Here A should be such that xp + A € (a, 5]. 


8. Suppose the function f(x) is defined in some set X¥ < £,. This 
function is called infinitely differentiable at the point x = x, EX, 
if it has finite derivatives of all orders at the point x = x . Fora 
function, which is infinitely differentiable at every point of XY, we 
can write, according to Taylor’s formula (1.42): 


Alo) = fle) + F'C60) (x = 0) + FSO) Ge = xo)? 


4+ ac) (x — Xo)" + ra(x). (1.45) 
n! 


wherer,(x) = O[(x — Xo)"t*] is called a remainder or a complement- 
ary term. The number of terms ” in the formula (1.45) can be 
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as large as desired. As a result of this, we arrive formally in the 
right-hand side of the equation (1.45) at the power series 


fea + ED sg) 4 PD 


+ f (Xo) 
ni 


(x = 4 + 
(x — xo)" + °°, (1.46) 


which is called Taylor’s series of the function f(x). The coefficients 
of this series, 


AIC. Ges ae (n=1,2,..), (1.47) 


are called Taylor’s coefficients of the function f(x). 

The power series (1.46) corresponds to the function f(x); how- 
ever, in the general case it cannot be maintained that this series 
converges, and in the case of convergence, that its sum equals the 
function f(x). If we denote the partial sum of the series (1.46) by 


SAS): 


SAS) = S(%0) + fo) (&% — Xo) +0 + (x — Xo)", 


So) 
n! 


then f(x) — S,(/) = r,(x). It follows, hence, that in order that Tay- 
lor’s series (1.46) converge to function f(x) at point x € X it is neces- 
sary and sufficient that the remainder r,(x) in Taylor’s formula con- 
verges to zero at the given point x, whenn— ow: 


lim r,(x) = 0. 


Aco 


In fulfilling this condition, we have the expansion of an infinitely 
differentiable function into a power series (Taylor’s series): 


fx) = fl%o) + f' eo) (x — x) + LOY “= (x — x9)? + 


m PED eg ap = (1.48) 
n 


Thus, in order to investigate the possibility of representing a func- 
tion by means of a power series it is necessary to investigate the 
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behaviour of the remainder in Taylor’s formula. The simplest form, 
Peano’s form: 


r(x) = o[(x — xo)"], 


has been quoted above (see (1.41)). Below, we quote various forms 
of the remainder containing the (m + 1)th derivative: 

(a) Lagrange’s form 
LOM [x0 + Hx — Xo)] 


ral) = (n + 1)! 


(b) Cauchy’s form 


ff [x9 + Hx — Xo)] (1 
n! 


(x — Xo)J""*; 


r(x) = — B)" (x — X9)""!; 


(c) Schlémilch’s form (p > 0) 


FEF) [xo + Hx — Xo)] 


ra(X) = 
n!p 


(d) Integral form 
r(x) = — ae FO) (x — NM ad. 


(1 — dtc — x9)"; 


The factor 3, encountered in formulae (a), (b) and (c) satisfies 
the condition 0 < # < 1. In addition # depends on x, n and the 
form of the remainder. Lagrange’s and Cauchy’s forms for the 
remainder can be obtained as particular cases of the more general 
Schlémilch form, if we put p = n + 1 and p = 1 respectively in it. 

A particular case of expansion of (1.48) which is called Mac- 
laurin’s series, is widely applicable; it is obtained from (1.48) when 
Xo = 0: 


ST = = (0) + £'Ox + OO 2 2p LO oy... (1.49) 


n. 


The coefficients of Meciannits series can be obtained from formulae 
(1.47) putting x5 = 


a, = f(0), a, = Lo) G2 = 1], 2.000). (1.50) 
n! 


The representation of a function by means of a power series is 
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unique. Namely, if a function f(x) is represented by means of a 
power series converging to it in some interval 


F(x) =F aux — Xo)‘, 


Xo € X, then f(x) is infinitely differentiable in X, this series is its 
Taylor’s series and the coefficients of this series are connected with 
(fx) by means of formulae (1.47). 


A function f(x) which allows the expansion into power series converging to 
the function in the neighbourhood of point x = xg € X or, which is the same, a 
function whose Taylor’s series converges to it in the neighbourhood of point 
X = Xo € X, is said to be analytical at point x = xq. If f(x) is analytical at the 
point x = Xo € X, it is analytical in some interval containing point xg. 

A function f(x) which is analytical at the point x = x9 € X is infinitely 
differentiable at that point. The converse conclusion does not hold. Even in the 
case when Taylor’s series converges, its sum may differ from f(x), i.e. the func- 
tion does not expand into a power series converging to it. 

For example, 

e's? when x £0, 

0 when x =0 


se =| 


is infinitely differentiable for all x € (— o9, +00). For xg = 0, all its derivatives 
become zero. Therefore Taylor’s series for this function converges everywhere, 
but its sum equals zero everywhere (all coefficients of the series equal zero) and 
does not coincide with the function f(x). Therefore, the function f(x) cannot be 
expanded into a power series converging to it in a neighbourhood of the point 
x = Xq and is not analytic. 


§ 3. The Application of Derivatives in Investigating Functions. 
Extrema 


1. Suppose the function y = f(x) is continuous in the interval 
[a, 5] and has a derivative (finite or infinite) at all its points, except 
perhaps, the end-points. We have the following theorem connecting 
the character of the variation of the function with the sign of its 
derivative: 

THEOREM 13. In order that a function f(x) be monotonically non- 
decreasing} (non-increasing) it is necessary and sufficient that its 


f Let us recall that a function is called monotonically non-decreasing (non- 
increasing) in the interval [a, 6], if, for any points x, and x2 belonging to [a, 5] 
and such that x; < x2, the inequality f(x,) < f(x2) UOf(x1) => f(x2)) holds. A 
function is called monotonically increasing (decreasing) in the strict sense, if in 
the same conditions f(x) < f(x2) (411) > f(x2)). 
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derivative is non-negative (non-positive) : 


f'%) 20 O'(x) <9). 


Geometrically, this means, that the tangent to the graph of the non- 
decreasing (non-increasing) function is not inclined to the axis of 
the abscissae at an obtuse (acute) angle at any point. 

THEOREM 14. In order that a function f(x) be monotonically in- 
creasing (decreasing) in the strict sense, it is sufficient that its deriva- 
tive be non-negative (non-positive) : 


fay 20 G'() <9) 


and that it does not become zero identically in any interval within 
[a, 5]. 

For example, the function y = x* has the derivative y’ = 3x?, 
which is positive everywhere except the point x = 0, where it be- 
comes zero. This function increases monotonically in any segment 
of the numerical axis (in short, over the whole numerical axis). 

The function y = x — sin x has the derivative y’ = 1 — cos x, 
which turns into zero at points x = 2/2 + 2kx(k = 0, +1, +2,...) 
and is positive at all other points. Therefore, this function is an in- 
creasing one over the whole numerical axis. 

In application to inequalities, it follows from the theorems for- 
mulated, that if f’(x) > 0 in the interval (a, b) and f(a) > 0, then 
f(x) is positive in the interval (a, 6). For example, for the function 
f(x) = x — In(1 + x) we have f(0) = O and f(x) = 1 — 1/(1+) 
> 0, for x > 0. Therefore, x > In(1 + x) forall x > 0. 


In the case, when the function f(x) does not have a definite derivative at all 
points of the interval (a, 5), the formulated signs canallow the followinggeneral- 
ization to be made: 

THEOREM 15. If the function f(x) is continuous in [a, b] and one of its general- 
ized derivatives (see § 1, sec. 9) remains negative (non-positive) all the time, with- 
out, however, becoming zero in any interval belonging to [a, b], then the function 
f(x) strictly increases (decreases) in the interval [a, 6]. 


2. The local behaviour of a function in the inner points of the 
set X is characterized by the following theorem. 

THEOREM 16. If f’(xo) > 0 (f'(%0) < 0), there can be found a 
neighbourhood of the point xq such that for all the points of this 
neighbourhood to the right of xo 


F(x) > fo) FO) < SE), 
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and for all points to the left of xq 


F(x) < f(%o) GO) > f(%o)). 


In this case, it is said, that the function f(x) increases (decreases) 
at the point xo. 


It should be kept in mind that here the function f(x) is not necessarily mono- 
tonic in any of the intervals surrounding the point x9. 
Thus, for the function 


y= xtsin— + OX O<a<1) 


the derivative at point x = 0 equals (see example on p. 16) 
y. x=0 =a>0. 


At the same time at other points 


ee ey cee cage + a, 
x x 


and this expression has, for x > 0, lower and upper limits equal to « — 1 and 
a + 1 respectively. Since a — 1< 0 anda-+ 1> 0, therefore within a short 
distance from the point xo there can be found points in which py’ < 0 and points 
in which y’ > 0. It follows that there does not exist an interval containing the 
point x = 0 in which the function is monotonic. 


3. DEFINITION. It is said that the continuous function f(x) has a 
maximum (minimum) in an inner point x9 of the set XY, if there exists 
a neighbourhood of the point x for all of whose points the following 
inequality holds: 

LO) <f%o) UC) > fo). 


The point x in this case is called the maximum (minimum) point 
of the function. The values of the function at these points are called 
extremal values of the function. Thus, in Fig. 4, the points x, and x3 
are maximum points and points x, and x, are minimum points. 


The inequalities shown define strict extremal points (they are usually known 
simply as extremal points). 

If we exchange the signs < and > for < and >, then the point x, is anon- 
strict extremal point. 


The definition of extremal points is of a localized nature. A func- 
tion may have any number of maxima and minima, while some of 
its minimal values may turn out to be greater than some of the 
maximal ones (in Fig.4, f(x4) > f(x,)). 
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A NECESSARY CONDITION FOR AN EXTREMUM. A function f(x) can 
have an extremum only at those points at which its derivative f'(x) 
either becomes zero or does not exist. 

The geometric illustration of various possible cases is represented 
in Fig.5. At the points x, and x, the extremum is a smooth one, 
at these points the tangent to the graph of the function is parallel 


Fic. 4 


to the axis of the abscissae. The points x3, and x4 are cusps with a 

vertical tangent; the points x, and x, are nodes of the graph. 
Examples such as the functions y = x? and y = fx , the first 

of which has a derivative equal zero, when x = 0, and the second 


Fic. 5 


has no derivative, when x = 0 ()’ = + 00 when x = 0), show that 
the necessary sign is not also sufficient. 

FIRST SUFFICIENT CONDITION. Suppose the continuous function f(x) 
has a first derivative f'(t) in some neighbourhood of point Xo, excluding, 
perhaps, the point Xo itself, and the derivative does not change sign 
either for x < Xo or for x > Xo, where x is a point in the neighbour- 
hood mentioned, 

Then, if the derivative is positive (negative) for x < Xo and negative 
(positive) for x > Xo, the point Xo is a maximal (minimal) point of 
the function f(x). 

At the point xo itself, the derivative equals zero, or does not 
exist, in accordance with the necessary sign of an extremum. 


A.M.A.D. 4 
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This rule can be briefly formulated as follows. 

If the derivative f’(x), on passing the point x,, changes its sign 
from plus to minus, the point x, is a maximum, and if its sign 
changes from minus to plus, the point x, 1s a minimum. 

If the derivative f’(x) keeps the same sign both on the left and on 
the right of point x,, the point x, cannot be an extremal point. 

From the geometric point of view the first sufficient rule means 
that if the interval in which the function increases is succeeded by 
an interval in which it decreases (or conversely) then the point 
separating these intervals is a maximum (a minimum). 


The converse, however, does not always hold, i.e. an extremal point does not 
necessarily separate intervals of monotony of opposite sense of a function. 
Thus, for example, the function 


x? (sin? — + «| when x #0, a>0O, 
f(x) = x 


0 when x=0 


is positive for x ~ 0, therefore, the point x = 0 is a minimum. A derivative at 
this point exists and equals zero: 


h? (sin* a +. a) 
: h 
lim 


4-0 h 


=0. 


However, in neighbouring points, the derivative 
- ee | ce 
f(x) = 2x{ sin? — + a} — sin — 
x x 


has, for x —> 0, as upper and lower limits, 4-1 and — 1 respectively, i.e. any- 
where close to the point xg there exist points where f’(x) > 0 and points where 
S’(x) < 0; this means that no interval ending at the point x = 0 is an interval 
of monotony. (The construction of this example is analogous to the construction 
of the example in sec, 2.) 


SECOND SUFFICIENT CONDITION. Suppose, at the point Xo, we have 
S'(%o) = 0. Let us workout the successive derivatives f(x ), provided 
they exist. If the first derivative f (x9), which does not equal zero, 
is of an odd order, then the point xo is not an extremum; if, on the 
other hand, this derivative is of an even order, then for x = Xp there 
is a maximum if it is negative, and a minimum if it is positive. 

In practice, this rule is used when f’’(x)) # 0. 

Note that the first rule presupposes knowledge of the behaviour 
of the first derivative in the neighbourhood of the point x9; the 
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second rule requires only the knowledge of particular values of 
certain successive derivatives. 

In investigating the function f(x) for an extremum, the following 
note is often useful. If a is the A-fold root of the derivative f’(x), it 
can be represented in the form 


f'() = (x — a)'9(X), (1.51) 


where (x) does not become zero at the point a. The point a is an 
extremum if A is an odd number, and it is not an extremum if A is 
an even number. In the first case, the point a is a maximum when 
g(a) < 0, and a minimum when ¢{a) > 0. 

The point a is also an extremum, if in the representation (1.51) 
has the form p/qg, where p and q are odd (the fraction p/q is in its 
lowest terms). 

EXAMPLE 12. If y = x"e~* (n is a natural number) the derivative 
y’ equals y’ = x"'e-(n — x). 

In accordance with the preceding note, the point x = m for any 
nis an extremum and a maximum at that. The value of the function 

n 
at that point is y|,-, = (7) : 

The point x = 0 is extremal only when n is even; in this case it is 
a minimum. When 7 is odd, the point x = 0 is not an extremum.f 


EXAMPLE 13. The derivatives of the function y = e*sin x equal: 


, 


y =e(sinx-+cosx), y” = 2e*cosx. 


The derivative y’ becomes zero when sin x + cos x = 0, i.e. when tan x 
= — 1, Here x = an — (a/4) (n = 0, +1, +2, ...). 

Let us substitute these values in the second derivative. 

Since cos [2ka — (x/4)] = cos (x/4) > 0 and cos ((2k -+ 1)x — (a/4)] 
= — cos (1/4) < 0, therefore, according to the second sufficient sign, the points 
x = 2kn—(n/4) are minima and the points x = (2k + 1) — (7/4) are maxima 
(k = 0, +1, £2,...). 


4. Suppose we are given a continuous function f(x) in the inter- 
val [a, b]. According to the properties of continuous functions it 
reaches its absolute maximum and minimum or, in other words, its 
greatest and least value in this interval. The finding of these is usually 
based on the investigation of the function for an extremum, so the 


{ The point 0(0, 0) turns out to be a point of inflection. 
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function f(x) can reach its greatest (least) value in the interval (a, 5) 
either at its maxima (minima) or at the ends of the interval. 

Figure 6 shows various possible cases. 

The finding of the greatest and the least values of the function is 
carried out particularly simply in two cases: 

(a) If the function /(x) increases (decreases) monotonically in the 
interval [a, 5], it has its least value at the left (right) end of the inter- 
val, and its greatest value at the right (left) end of that interval. 


Fic. 6 


(b) If a function has only one extremal point in the interval (a, 5), 
then the function reaches its greatest value at that point if the point 
is a maximum, and its least value if the point is a minimum. 


ExamPLe 14, Finding the greatest (M) and the least (7m) value of the function 
y = x/(1+ x?) in the interval [4, 3]. 

The derivative y’ = (1 — x?)/(1+ x”)? becomes zero in this interval at the 
point x = 1. Comparing the value of the function at this point and at the ends 
of the intervals 

Yie=ty, = %, yix=1 a i, yix=3 = +b 


we find that M =4andm = +. 


EXAMPLE 15. We are given the function y = sin 2x — xin the interval [— x/2, 
x/2]. The derivative y’ = 2 cos 2x — 1 becomes zero in the given interval, when 
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x = +2/6. On comparing the values of the function at the points x = +2/6 
and at the points x = +2/2: 


3 
Ylx= 42/6 = 1(2-2)q + 0-34, y\x=tn/2 _ 58 + 1-57, 
we find that M = 1-57 and m = — 1-57. Both values are attained by the func- 


tion at the ends of the interval. 


5. The establishment of criteria of convexityt of a function is 
also based on the application of derivatives. 

THEOREM 17. If the function f(x) has a first derivative f'(x) at all 
points of the interval [a, b|, then in order that the function f(x) be 
convex (convex upwards) it is necessary and sufficient that f'(x) be 
a non-decreasing (non-increasing) function. 

As a corollary, we obtain the following. 

THEOREM 18. If the function f(x) has a second derivative f’'(x) at 
all points of the interval [a, b], then in order that the function f(x) 
be convex (convex upwards) it is necessary and sufficient that f''(x) 
>O0(f"(x) < 0) for any x in the interval [a, 6]. 


If the function f(x), convex in the interval [a, 5}, does not have an ordinary 
derivative at all points, the following properties of convex functions take place. 

(1) At any point of the interval (a, 5) there exist a right-hand derivative and a 
left-hand derivative, f(x) and f(x), and 


Ax) < FQ). 


(2) The derivative f; (x) is a non-decreasing function, continuous on the right. 
(3) The derivative f(x) is a non-decreasing function, continuous on the left. 
The properties of functions convex upwards can be formulated analogously. 


7 The continuous function f(x) is called convex downwards or simply convex 
in the interval [a, 5], if for any two points x, and x, of this interval 


s(t a. 
2 2 


If the inequality holds in the opposite sense, i.e. 


s(= i *2) > f(x1) + £2) 
2 2 ; 


the function is called convex upwards. Often we may come across a different 
terminology, namely, it is said, that in the first case the graph of the function 
is convex downwards, i.e. concave, and in the second case the graph is convex 
upwards, i.e. convex. 
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§ 4. Differential Operators 


1. In various branches of analysis, for example, in the calculus of 
variations, one has to consider classes (sets) of functions satisfying 
different sets of conditions. 

We denote the class (set) of functions f(x) which are defined and 
continuous in the set X by C = C[X]. The symbol C, = C,[X], 
denotes a class of functions f(x) defined in the set X and differ- 
entiable continuously n times in X. The latter means (see § 2) that 
f(x) is continuous in X and has the derivatives f’(x), f’’(x)...., 
f(x), which are also continuous in X. 


For example, the function f(x) = e* belongs to any class C,; the function |x| 
belongs to the class C[— 1, + 1], but does not belong to the class C,[— 1, + 1]; 
the function |x|?"+! belongs to the class C2,{[—1, +1], but does not belong to 
the class C2,,,;[—1, +1]. 


All the classes mentioned are /inear systems, i.e. (1) as well as the 
functions f, and /, belonging to a given class there belongs to this 
class also the function f, + f/, and (2) for any real number A, the 
function Af belongs to the same class as the function /. 

2. Let X and Y be two arbitrary sets (for example, classes of 
functions) and suppose a law (rule) is given, according to which 
to each element x € X there corresponds a unique, completely de- 
fined element y € Y. Then it is said, that we are given an operator 
(or abstract function) y = Ax (or y = A(x)) defined in the set X. 
Here the set X is called the domain of definition of the operator A, 
the element y = A(x) is called the image of the element x, the set 
Y, < Y of all images of the elements of X is called the range of the 
operator. For each element ye Y, the element xe X, for which 
A(x) = y is called the inverse image or original of this element. 

Suppose, the sets XY and Y are linear systems; then the operator 
y = Ax, mapping X into Y is said to be Jinear, if it is 

(a) additive, i.e. for any x, and x, belonging to X 


A(x, + X2) = Ax, + AX); (1.52) 
(b) homogeneous, i.e. for any real number A 
A(Ax) = AA(x). (1.53) 


3. The linear operator for the case, when X and Y are finite- 
dimensional systems, was considered in Chapter IT of volume 69 of 
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this series. In this chapter, we discuss linear operators acting on 
functions f(x) of a certain class. 

An example of such a linear operator is provided by the operator 
A = [x] of multiplication by the argument 


Af(x) = [xIf(x) = xf). 


Another example of a linear operator is the operator of differentia- 
tion D = d/dx (see formulae (1.2) and (1.3)). 

The name operator of differentiation = d/dx is given to the opera- 
tor, which causes each function g(x) = f(x) = Df’(x) (the derivative) 
of the class C[X], to correspond to every function /(x) of the class 
C,[X]; i.e. it converts any function f(x) € C; into some function 
(derivative) f’(x) EC. 

Thus, D = d/dx is an operator mapping the class C, into the class C. 

Similarly, the operator D® = d"/dx" transforms any function /(x) 
of the class C, into a function g(x) = D"f(x) = f(x) of the 
class C, i.e. the operator D" = d"/dx" maps the class C,, into the 
class C. 

Suppose P,(¢) is a polynomial of degree n with real coefficients 


P(t) = Y a,t*, (1.54) 
k=0 
P,(D) denotes the operator 
P,(D) = ¥, a,D*; (1.55) 
k=0 


it is called a differential polynomial or a polynomial of the operator 
of differentiation. 
The operator 


P,(D) = YD! 


maps the class C, into the class C, i.e. for any function /(x) belong- 
ing to the class C,, the function 


PD) f(x) =), af) 


k=0 
belongs to the class C. 
Some properties of differential polynomials: 


(a) P,(D) e* = P,(A) e**. (1.56) 
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(b) A generalization of Leibniz’s formula. If P,(t) = )) a,t*, then 
kK=0 


P,(D) (uta) = Y. a,DMusus) = [P(D)ui]ua + [PDs Dus 


i Md 2 l 77] 3 ae l 
ba PT [P,(D)u,]D*u. + 3 [Pa (D)u,|D°u, + + 7 x 


x [PO (D)u,|Dtuz +0 + = [PO(D)u,]D'us, (1.57) 
n! 
or, which is shorter, 


PA(D) (usa) = a [P(D)u;]D*uy, (1.58) 


where P(t) denotes the Ath derivative of the polynomial P,(t). 
From (a) and (b) it follows, that 


(c) P,(D) (x"e**) = {x"P,(A) + mx PA) + 0 
+ Chxm* PMU) fice ob P™(A)} eo. 


(1.59) 
EXAMPLE 16. When P;3(t) = 47 — 24+ 1, we have 


P3(t) = 349-2, P(t)=6r, Py()=6, P(t) =0. 


Therefore 


P,(D)e = (4- cae 1) et — (23 — 21+ eX, 
dx3 dx 
In the same way 
P3(D) (x*e*) = (5 —2 Gs + 1) (x*e4*) 
dx? dx 


= {x4 P3(A) + 4x3 PSA) + 6x? PY (A) + 4xP'y'(A)} e* 
= (x*(A3 — 2A + 1) + 4x3(3A? — 2) + 36x72 + 24x} €4*, 
(d) If the number A, is a k-fold root of the polynomial P,(t), i.e. 
P,(Ao) = Pa(Ao) = ++ = Pa (Ao) = 0, Px(Ao) # 0, 
the following equations hold 


P,(D) e** = P,(D) (xe**) = --+ = P,(D) (x"-'e*”) = 0. (1.60) 
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EXAMPLE 17. A = 1 is the triple root of the polynomial 
P,(t) = ¢* — 343 + 322 —t = 10 — 1), 
as a consequence of which 
P3(D)e* = P3(D) (xe*) = P3(D) (x7e*) = 0, 
(e) If 
Pi)Prilt) = Parm(t) = Pa(t)Pr(t), 
then also 
P,(D)P,(D) = Pi+mD) — P,,(D)P,(D). (1.61) 


EXAMPLE 18. For P,(t) = 14+ 1, P(t) = 17 — 2+ 1, we find 
Pyyo(t) = Py(t)P2(t) = (t+ 1) (t? — t+ 1) 


=A341 =m (2 —¢t+ I+ 1), 
therefore 


P,(D)P,(D) = (D + 1)(D? — D + 1) = P,(D)P,(D) 
= (D?— D+ 1)(D+ 1) = D? 414 P3(D). 


4, The set of operators acting from the set E to the set £, forms 
a linear system, if for any two such operators A and Bit is possible 
to define their sum A + Bas an operator from E to £, and for any 
operator A it is possible to define the product of the operator A and 
a real constant A— operator AA —acting from E to £,. Here, these 
operations on the operators should be defined in such a way, 
that for any element x belonging to E, the following conditions 
are fulfilled: 
(A + B)x = Ax + Bxe£,, (1.62) 


(AA)x = AAxeE E,. (1.63) 


Suppose, further, that the operator A maps £, into E and the 
operator B maps E; into E,. Then the product AB of operators A 
and B is understood to be the operator, acting from EF, to E, and 
we have, for any element x € £2, 


AB(x) = A(Bx). (1.64) 


Thus, the product of operators AB means the consecutive application 
first of operator B and then of operator A. 
If Ec E, < E,, the operator A maps E£ into £, and £, into E,, 
then the operator A? = A x A maps E, into £. In particular, 
D? = D x Dis the operator mapping the class C, into the class C. 


44 MATHEMATICAL ANALYSIS 


Similarly, we define the product of n operators A,A,_,, ..-, A2A, 
as the consecutive application of operators A,, Az, .-., An-1, An> 
and the n-th power A" of the operator A: 


A°=A.A.::.A. 


n times 


(For example, the operators P,(D) = >) a,D*, considered above, are 
k=0 


obtained by raising D to the power k (k <n), multiplying by con- 
stants a, (kK = 0, 1,..., ) and adding up.) 

If the operators BA and AB are defined and BA = AB, i.e. for 
any x, for which this expression has a meaning, the following equa- 
tion’ holds 

A(Bx) = B(Ax), (1.65) 


the operators A and B are said to commute with each other or to be 
permutable. For example, any operators P,(D) and P,,(D) commute 
as can be seen from (1.61). 

The operator [x] of multiplication by the argument (see section 3) 
does not commute with the operator D. Indeed, for the function 
f(x) of the class C, we have 


[x] (Df(x)) = [XV f'@) = xf’); 
on the other hand 
D(x) f(X)) = Df) = SCO) = f(x) + xf’). 


Thus, [x] Df(x) # D[x]f/(x). From the expressions for the left and 
right sides we have 


(D[x] — [*]D)f&) = f@). (1.66) 


Let us denote a unit operator, that does not alter the function 
f(x) on which it acts, by J, i.e. 


f(x) = fQ). (1.67) 
Then, it follows from (1.66), that in the class C, 


D[x] -— [x]D = I. (1.68) 
Similarly 
P,(D) [x] — [x] PCD) = P,(D). (1.69) 
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The Linear Differential Operator 


5. Every operator of the form 


A= 2) (v(x) ]D*, (1.70) 


where [¢,(x)] is the operator of multiplication by a continuous func- 
tion y,(x), (y,(x) = 0 is a continuous function in the set X), is called 
a linear differential operator. The number n is called the order of the 
operator. The linear differential operator (1.70) maps any function 
from the class C, into some function of the class C: 


Af(x) =2 [pe(x)]D*f(x) = Leos (x). (1.71) 


Every linear differential operator 


B ge [y4(x)]D* 


converts any polynomial 
a-l 
P,-1(%) = > a,x* 
s=0 


of degree n — | into zero. Indeed, 


nt+m m 
BP,_,(x) = m2 v(x) D* P(x) = pH n+ (X)DtP,_ s(x) 
mgt 
a 2, Yet pert P,-1(x) = 0. 


When the independent variable t is exchanged for the variable x 
by means of the substitution t = «(x) (and « ¥ 0), the differential 
operator A(D,) with respect to the variable ¢ becomes the differential 
operator 


A(D) (where D=D,= *) 


dx 


with respect to the variable x of the same order as the operator D,, 
provided that «(x) € C,. In other words the order of a differential 
operator does not alter when the independent variable is changed. 


CHAPTER It 


THE DIFFERENTIATION OF FUNCTIONS 
OF n VARIABLES 


§ 1. Derivatives and Differentials of the First Order 


1. Let X(x,, X2,...,X,) or X = (x,, X2,..., X,) denote an ele- 
ment of n-dimensional space E,, which can be treated as a point or 
as a vector with coordinates x,, X2,..., X,-@,(i = 1,2,...,”) denote 
unit vectors in £, in the direction of the x,-axes: 


a 
NX Cp Noy cay He) =2 X1€4- 
=1 


The function f(X) = f(x,, X2,..., X,) is a function of -variables 
X,,X2,..., X, Or, which is the same, the function of the point 
(vector) X(x,, X2,..., X,) in £,. 

The norm (Euclidean) of the vector X¥(x,, x2,..., Xn), ||X|l, is 
determined by the equation 


f 


IML = Ox, (2.1) 


and the distance between the points X(x,, x2,...,x,) and Y(y,, 
Y2, +++» Yn) is determined by the equation 


0X, ¥) = 1X = YE = Gs — 0? (2.2) 


A sphere S(X°,r) of radius r(> 0) and centre at the point X° isa 
set of points X¥, for which o(X°, X) = ||X — X°|| < r. The set of 
points {X, = X° + th}, —c <t< + 0, isa straight line joining 
the points X°(x°, x°,..., x°) and X° + h, where h = (h,, Ap, ...,; 
h,), in E,. The same set, when 0 <¢ < 1, is called asegment joining 
points X° (the beginning) and X° + h (the end). A finite set of seg- 
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ments in which the beginning of each segment coincides with the 
end of the preceding one is called an open polygon. 

The region G in E, is the set of points which contains both the 
point X° and some sphere S(X°, r). Here the region is supposed to 
be connected, i.e. any two of its points can be joined by means of 
an open polygon, all of whose points are situated within the region. 

The name neighbourhood of the point X° in E, is given to any 
region in £, containing X¥°. Each neighbourhood of the point X° 
contains a certain sphere S(X°, r). 

2. Let X(x1, X2,...,.%,) and X'(x1, x5,...,X,) = X + Aye, be 
points of E,,; evidently 


x; when j #i, 
x, + hy, 


xj 


II 


xi 
i.e. the ith coordinate has acquired the increment f;. 


If f(X) = f(%1, X2,.+--, Xq) is a function defined at points X, and 
X' = X + hje,, the difference 

On f(X) = XK + hed) — £X) (2.3) 

is called partial increment, and the operator 47! is called the operator 

of partial increment corresponding to the increment h, of the vari- 


able x;. 
For example, for the case of the plane E, (two variables) 
Ain, F(X) = 45, SY) =f + 1, y) — £9), 
Ay,S(X) = hod; ¥) = f(x, y + hy) — f(x, y). 
The name partial derivative (0/0x,){(X°) of the function f/(X) 
= f(,X,X2,.-+) X,_) With respect to the variable x, (i = 1, 2,..., 7) 
at the point X°(x?, x2,..., x°) is given to the limit 
0 = 8) x; 0 
Ox; 4,70 h, hyo i 


» (2.4) 


if it exists. For example, for the function of two variables f(X) 
= f(x, y) the partial derivatives at the point X°(x9, yo) are 

rs) ‘ Xo + hy, — f(x, 

Jy [io Yo) = lim I( 0 L Yo) t( 0 Yo) 


hyo h, 


(2.5) 


2 H¢9, yo) = tim Leo Yo + ha) = leo Yo) 
dy h.70 h, 
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If we fix all the coordinates x, of the points X(x,, x2, ..., X,) 
when j ¥ i, then the function {(X) becomes a function of one vari- 
able x, and (0/0x,)f(x;, X2, ..-, X,) is the derivative of this function 
with respect to the variable x,. 

The following definitions are introduced in order to facilitate the 
formulation of theorems. 

It is said that the function f(X), defined in the region G, belongs 
to the class Cg, if f(X) is continuous in G. The function f(X) belongs 
to the class C, = C,,¢, if at every point of G all partial derivatives 
(0/dx) {CO G = 1,2,..., ) are defined, and (6/0x,)f(X), as func- 
tions of XY, are continuous in G. 

In the class of functions C,,, there are defined the operators of 
partial differentiation D; = (0/0x;) (i = 1,2,...,m) which map 
F(X) © C,,¢ into the function 


D(X) = = fo) 


belonging to Cg. These operators are linear. 

3. Both definitions of the differential of a function of one variable 
can be generalized to include the case of » variables. Suppose the 
function f(X) = f(%1, X2,-.-, X,) is defined at the point X¥° = (x°, 
x2,..., x2) e E, and in its neighbourhood, i.e. for all points of the 
form X° + h, where h = (h,, hz,..., A,) and ||Al| < r(risa certain 
fixed positive number). 

(a) The differential as the principal linear part of the increment of 
the function, The increment of function f(X) 


S(X + bh) — f(X) = fr + hy, x2 + hay very Xn + FB) 


— SX 15 X25 00g Xn) (2.6) 


corresponds to the vector-increment h(A,, 2, ...,4,) of the argu- 
ment-vector X. For any vector 4, where 0 < |A|| < r, let the in- 
crement (2.6) of the function f be capable of being represented in 


oem f(X + h) — f(X) = LA) + ef), (2.7) 
where n 
Lh) = ¥ hh, (2.8) 


is a linear function of the vector-increment A(h,, h2,...,4,) and 
e(A) is a quantity of a greater order of smallness as compared with 


|All: e(h) = o(lAll). 
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In this case L(h) is called the differential of the function f(X) at the 
point X and is denoted 
Lh) = df(X) = df(X, h). (2.9) 


The properties of the differential df. 1°. If at the point X°(x?, 
xo, ..., x°) the differential df(X°, h) exists, then there exist at this 
point all partial derivatives (d/0x,)f(X°) (i = 1, 2,...n) and 


dfx?) = ¥ 2 ie (2.10) 


i.e. the coefficients /,; in (2.8) equal the partial derivatives (0/0x,)) f 
at the point X°. 

It is said that the function /(X) is differentiable at the point X°, 
if a differential df(X°, h) exists at that point. 

Sometimes df(X°, h) is called the complete differential of the func- 
tion f at the point X°, and the terms [0/(X°)/dx,] h, (i = 1, 2,..., 
n) its partial differentials. Since we have, for the function f(X) = x,, 
Of/dx, = 1, and the partial differential corresponding to the in- 
crement h, of this coordinate equals dx, = h,, therefore, denoting 
the vector A with coordinates dx, = h, by dX, we write down (2.10) 
in the form 


df(X°, dX) = x ONE 


i=1 Ox; 


EXAMPLE 1. Let X(x, y) bea pointina plane and f(X) = f(x, y) = xy. Then, 
if X° a (Xo, Yo) and h = (Ay ’ hp), 


S(X°+ h) — f(X°) = (Xo + A) On + A2) — Xo¥0 
= (oh + Xoh2) + Ashe. 
Here ||A|| = [n2 +h? \AyA2| < ||Al|? = (A), therefore 
df(X°, h) = yok, + Xoh2, 


of(x® Of(x? 
and Yo = me. ee. 


The converse of property 1° is, generally speaking, not true; the 
existence of all partial derivatives 0f(X)/dx, @ = 1,2,...,n) ata 
point ¥°(x°, x2,..., x®) or even in a certain neighbourhood of this 
point does not ensure the existence of the differential df(X°, h). 
However, the following proposition holds: 
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2°. If in some neighbourhood of the point X(x?, x®,..., x°) 
there exist partial derivatives 0f(X)/ox, (i = 1, 2,...,) and they 
are continuous, then there exists a differential df(X°,h) at the 
point X°. 

(b) The second definition of a differential of a function of n variables. 
Consider the function f(X) = f(x1, x2,..., X,) and the segment of 
a straight line {X° + th} (0 <¢ < 1) joining the points X° and 
X° + h, where X° = (x?, x9,..., x°) andh = (A,, ho, ..., Aq), SUP- 
posing that the whole of this segment lies inside the domain of 
definition of function /. In this straight line the function f(X° + th) 
becomes a function of one variable f. Let us give the name of differ- 
ential df(X°, h) of the function f at the point X°, with the in- 
crement A, to the derivative 


TX, hy = < A(X° + th) 


if it exists for any h. 
For a unit vector hk, ||A|| = 1, this derivative 


(2.11) 


t=0 


d oO 
= f(x? + th) 


t=0 

is called the derivative of the function {(X) at the point X° in the 
direction of the vector 4. It shows the rate of change of the function 
in the given direction. In particular, if # equals one of the unit 
vectors e, (fi = 1,2,..., ) then 


_ Of(X*) 


TO, e,) = = 7K" 498) ~ 


i.e. partial derivatives are derivatives in the direction of the corre- 
sponding axes. Thus, as in the case of the definition (a), the existence 
of all partial derivatives follows from the existence of the differ- 
ential. The converse conclusion does not hold. 


EXAMPLE 2. Suppose the function f(x, y) has the following form in polar 
coordinates in a plane: 


f= esin[e (5-9) @—#) (F-9) -|- 


At the axes x and y, i.e. when p = 0, 2/2, 2, 3n/2, we have f= 0, therefore at 
the point O(0, 0) the partial derivatives 0f/Ox = Of/Oy = 0; if, on the other 


hand, the vector A does not lie on any of the axes, the derivative a 
t=0 


df(th) 
dt 


does not exist. 
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If in the neighbourhood of the point X° all derivatives d/f/dx, 
(i = 1, 2,..., ) not only exist, but are continuous, then for any 
h = (hy, hz, ...,h,) there exist differentials df(X°, h) = df(X°h), 
equal among themselves, i.e. 


df(X° + th) 7 y Of(x®) hy. 


(2.12 
at r=0 i=1 Ox, ) 


If at the point X° there exists a differential df(X°, h) in the sense 
of definition (a) then there exists at that point also the differential 
df(X°, h) equal to it. The converse proposition is, generally speak- 
ing, not true; the existence of df(X°, h) does not yet follow from the 
existence of the differential df(X°, 4) in the sense of the definition 
(b). This can be easily verified from the following examples. 


ExamMPLe 3. Let the function f(X) = f(x, y) = a x? + y be defined in 
a plane. Then, at the point O(0,0) we have, for each vector A = (4, fz), 
O + th = thand 


FO + thy = fith) = 15/13 + 13, 
whence 


5 nae 
Sf + thy = Vi +13, 


in particular, for unit vectors 4 = e,(1, 0) and & = e,(0, 1) we obtain 


_ 9f) _; 
t=0 Ox , 


a3 of) = 1 
Oy : 


+ £0 + te;) 


< £0 + te) 


t=0 


Partial derivatives 0//0x and 0f/Oy exist over the whole plane, but they suffer 
a discontinuity at the point O. For example, for any x ~ 0, the derivative 
{Of(x, y)/@y = 3y?x3 + y3)-2/3, and for y = 0 we have 


O f(x, 0) 
OU 0 
Oy 
In this case, the expression 
3/5. ae 


t=0 


dO, hy) = flO + th) 
dt 


is not a linear function of 4; and hz and, therefore, it cannot coincide with 
df(O, h) in the sense of definition (a). There is no such differential at the point 0. 

EXamMP Le 4. Let us define the function f(X) = f(x, y) in a plane as follows. 
Let f = 0 on the axis Oy and on the parabola q, (Fig.7), whose equation is 


A.M.A.D. 5 
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x = 2y?, and also over the whole region G; inside this parabola, i.e. for all 
points X for which x > 2y? (the shaded region in Fig.7). On the parabola g, 
whose equation is x = y?, f(x, ») = es x? + y?. Finally, at every pair of seg- 
ments AB and BC of the straight line y = const, where point A lies on the axis 
Oy, point B lies on the parabola g and point C on the parabola q,, we shall 
regard f(X) as a linear function of x. For negative x we put f(x, y) = f(— x, y) 
and let f(9) = 0 at the point O(0, 0). 
For any 4 we have 


= 0. 


d 
{fe + th) big 


d 
= = fi) 


t=0 


Indeed, if A lies on the axis Oy, then f(th) = 0. If h lies outside Oy, then, fora 
certain 4, > 0 dependent on A, the segment O + th, when O< ¢< 4, lies 


FIG. 7 


wholly in the region G, or in the one symmetrical to it with respect to the axis 
Oy, where again f(th) = 0, from the construction of the function. Thus, the 
function f has a differential in the sense of the definition (b) and 


df(O,h) = 0. 


Since df is identically equal to zero it can be regarded as a linear function of hf, 
and h,. Nevertheless, in the sense of the definition (a) the differential df(O, h) 
does not exist. 

Indeed, if df(O, h) were to exist, the following equation would hold 


df(O,h) = adf(O, h) = 0. 
Since f(Q) = 0, it should be 
f(A) =f +h) = f(O + A) — F(O) = (0) = o(Al)). 


However, the latter is not true for # on the parabola qg, because there f(A) = ||A||. 
Thus, the differential df(O, h) does not exist, although df(Q, A) is a linear func- 
tion of A. 
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4. The name gradient of a function f(X) = f(x,, x2,..., Xn) at 
the point X° is given to the vector with components [0/(X°)]/0x;: 


grad sex) = (LE, GUND. . a2. a). (2.13) 


X1 0X2 OXn 
Hence, 


|grad (X°)| = iD (222) 
m1 x; 


It follows from the definition of the gradient and the differential, 
that if the differential df(X°, /) exists, then 


df(X° + th) 


- = df(X°, h) = (grad f(X°), h), 


t=0 


i.e. the differential df equals the scalar product of the gradient and 
the vector hk. On the basis of Cauchy’s inequality 


df(X° + th) 


a < ijgrad f(X°)|| IlAll- (2.14) 


t=0 


We shall assume that grad f ¥ 0, i.e. ¥' (0f/0x,)? 4 0. (2.14) is 
i=1 


an equality when the vector / is collinear with the vector grad /. In 
particular, if h = Ao is a unit vector, i.e. [|Agl| = 1, then 


df(X° + th 
SIT + tho) grad f(x). 
at 
Let Ay be a unit vector, whose direction coincides with the direc- 
tion of the gradient: kp = (1/||grad /||) grad f. Then 


df(X° + tho) 


= |lgrad f(X*)|l. (2.15) 
dt t=0 
This means that the direction of the gradient is the direction along 
which the derivative is maximal, i.e. the direction of the fastest in- 
crease of the function {(X) at the given point X°. 
The name of linear tangential manifold to the equipotential sur- 
face {(X) = c at the point X° is given to an (# — 1)-dimensional 
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manifold, L,(X°), of vectors g(g,, g2, ..-5 &n) orthogonal to the vec- 
tor of the gradient, i.e. satisfying the equation 


df(X°, g) = (grad f, g) = yes =.) 


In the neighbourhood of the point X° every element X of the equi- 
potential surface has the form 


X=X°+g+egradf, (2.16) 


where g is an element of the tangential manifold Z and e = o({[g\l). 
Conversely, when ||g|| is sufficiently small, to every element geL 
there corresponds an element X of the equipotential surface, re- 
presented in the form (2.16) with e = o(||g|l). 

The set of points of the form X° + g with g €L forms a linear 
tangential hyperplane to the equipotential hyperplane f(X) = c at 
the point X°. In the sense of all that was said above, in the neigh- 
bourhood of the point X°, the equipotential hyperplane and the 
tangential hyperplane coincide to the first order of small quantities. 
The direction of the gradient is the direction of the normal to the 
equipotential hyperplane at the point X°. 

The name orthogonal trajectory of a system of equipotential sur- 
face is given to the curve X¥ = X(t) satisfying the differential equa- 
tion 


GX = grad f(X) 
dt 


or, in the coordinate form, the set of equations 


iis Mamas ATE Bad Cel = 1, oasis: 
at Ox, 

If at every point of the set It (region, closed region) grad f # 0, 
then, through every point of It there passes one, and only one, 
orthogonal trajectory. The tangent to the orthogonal trajectory at 
its every point has the direction of the gradient at that point. 
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§ 2. Derivatives and Differentials of Higher Orders. 
Taylor’s Series 


1. Suppose, the function f(X) = f(x,, x2, ..., X,) and its partial 
derivative U,(X) = 0f(x)/0x, are defined at every point of the region 
G. If the function U,, in its turn, has a partial derivative 0U,/0x, at 
every point of G, it is said that at every point of the region G there 
is defined a second partial derivative 


af(X) _ dU, 
Ox, 0x, Ox,” 


or a partial derivative of the second order. 

The partial derivatives of mth order are defined in a recurrent 
fashion. Suppose, for the function f(X) = f(x,, x2, .-., X,) in the 
region G, there are defined derivatives of the (m— 1)th order and 
there exists a derivative 


an" f(x, ’ X25 ee | Xn) 


Xi Riso he) = 
; , , Ox1, Oxi, eee Ox; 


Then, if there exists in G a derivative 0U/0x,, it is called an m-th 
partial derivative 
On f(x1, X29 2005 Xn) pa dU 


OX, OX,, ... OX Ox,, 


of the function f. It is obtained by means of the successive differ- 
entiation of the function f with respect to the variables x, ,X;,,_5+++> 
Xins Xt. 

2. The partial derivatives of higher orders can be determined 
with the help of difference operators. 

The product of operators Aj*Ay*-', ..., 45245! is an operator con- 

wheat zh 

sisting of the consecutive application of the operators A; , a, Seeds 


Az, For example, for the function f(x, y) we have 

My An S% Y) = Ap (An, SOY) = An + hi, ¥) — £0 WI 

= [f(x + hy, y + 2) — f(x,y + h2)) — SO + 1, y) — fy) 
=S(% + hi, y + hz) — f(y + ho) — f(x + hi, y) + FO, Y). 
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Similarly 

Ay Afi, (x, Y) = 45 (ARS) = AELLGy + fa) — S059) 

= [f(x + hy, y + ho) -fe + Ay) - FO + hr) —- SO) 
= f(x + hy, y + Ae) — fe + hy, y) — fry + hy) + f(%, Y)- 

It follows hence that 


Ai, nt (% Y) = ht had (XY) 


i.e. the operators Jf and A; are commutative. In general, operators 
Aji and A;/ are commutative. The product of k operators 4}! 
(i = 1,2,..., &) is the difference operator of the Ath order. 

The name differential derivative of the k-th order 


af (x, Xray ees Xn) 
a (ky the te + ky =k) 
Axi axl? |. Axim Mines a 

of the function f/(X) = f(x,, x2,..., X,) at the point X(x,.%2,..., 
X,) iS given to the limit (if it exists) of the ratio 


ke 
PIC Xa 29 2 lim ie 
Ox;! Ox;? aoe Ox, hy 0, 
h270, ..., Am7O 
ky ke km 
(47) (Ania) e+ (Apne) £1» X29 o-+5 Xn) 
x (2.17) 
tie | ener ; i 
It follows from the commutability of the operators 4; that in the 
symbol of differentiation on the left side of (2.17) the order of the 
symbols 0x,, 0x,,,..., OX;,, can be altered in any way desired, for 
example 
Pfy) _ Ff%y) 
Ox Oy Oy Ox 


If there exists in the region G a continuous, kth successive, deriv- 
ative in the sense of the definition in sec. 1, 


Hf(x1, X25 2085 Xn) 


ki ak k 
Ox;) Ox;? ... Ox;™ 


; (2.18) 
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then there also exists the Xth differential derivative 


Of (x1, X2, sasig Xn) 


——____ 


Oxi! Oxi? ... Oxkm 
1 2 m 


coincident with it. Given these conditions, there exist, as well as the 
derivative (2.18), all the Ath derivatives, equal to it, differing from 
(2.18) only in the order in which the operations of differentiation 
0/8x,,, 0/dx;,...are carried out. For example, if d7f(x, y)/Ax dy is 
continuous, then there exist the following derivatives, which co- 
incide with it: 

f(x,y) _ f(xy) _ Oflxy) _ YFCY) 


Ox Oy Oy Ox dy Ox dx dy 


In this sense one speaks of the commutativity of operations of 
partial differentiations 0/@x and 0/éy applied to the function f(x, y) 
and, in general, about the commutativity of operations of partial 
differentiation 0/0x,, 0/dx, (i,j = 1,2, ..., 2) applied to the func- 
tion f(x,, X2,..., X,). The convention is to denote by the symbol 


ik 
PISS) (2.19) 
Ox,’ Ox7 ... OX," 
any derivative of the order k = k, + k, + --- + k, (where some k; 
may equal zero) obtained by the k,-fold application of differentia- 
tion with respect to x,, the k,-fold differentiation with respect to 
X,,..., the X,-fold differentiation with respect to x,, independent of 
the order in which this differentiation was carried out. For example, 
the symbol 


0° f(x, y) 
Ox? dy 
denotes any of the derivatives 


a°f(x,y) — Of(x,y) _ f(x, y) 


Ox Ox dy Ox dy Ox Oy Ox Ox 


equal among themselves. 

The function f(X) = f(x,, x2,..-, X,), defined in the region G, 
is called a function of the classc, = C,,g, ifit has all the consecutive 
derivatives of the first » orders, which are continuous in G. These 
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derivatives, firstly, coincide with the corresponding differential deriv- 
atives, and, secondly, the derivatives of the Ath order, for2 <k <n, 
which differ only in the sequence of application of operators of 
partial differentiation, coincide. 

3. As was said before, the operators of partial differentiation 
D,; = 0/0x, map the function f of the class C, into the function 


of. 


Ox, 


Df = 

of the class C. 
The operator D,,, Di,, ..., D,, (among t,,..., & there may be 
equal ones) is an operator from C,,;¢ into C for any function fe C,: 


o 
Re ig ee 
0x1, Ox, eves Ox, 


For the function f € C,, the operators D, and D, are commutative: 

D,D,f = D,D 

(see sec. 2). Dif PS 
Using this notation, we write down the differential in the form 


df(X, h) = (5, iD.) A(X). 
Then, we put, for the function fe C,, by definition 
d?f(X, h) = d {dl f(X, h)]}} = (x, iD.) I(X) ~~ (2.20) 
and in general, for fe C, 
d*f(X, h) = (x nb.) JOD. (2.21) 


For example, for h = (h,, 42) we have, for a function of two 
variables, f(x, y): 


& 
d* f(X, h) = (A, Dy + h2D,)' f(x, y) = 2, Craihy "DeD, "f(x, y) 


k 
-y co PIC) pynye-m (2.22) 
m=0 ox” dy—™ 
The formula (2.11) can be generalized 
ss k 
d* f(X, h) = I + th)| . (2.23) 
t 


t=0 
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Taylor’s formula 


4. Just as in the case of a function of one variable, the purpose 
of Taylor’s formula for a function of n variables is to represent this 
function approximately by means of a polynomial. 

THEOREM |, Every polynomial P(X) of k-th degree of n variables 
Mig Hag aids es 


P(X) = P(x1, X2, +55 Xe) 


n 
=a) + Dax, + By,1,%1,%1, +0" 
{=1 1,251 


+ > Oy yy oes Xt Xty - + Mays 
bp, ban ...o Spl 


satisfies the identity 


P(x, + hy, X2 + he, ...5 Xq + Ag) = POXy, Xo, ---5 Xn) 
k 

+ > — (yD; + h,D, tees +t h,D,)* P(x; , NF 5-80 Ys (2.24) 
s=1 §! 


or, for short: 


PUK + hy = PUK) + ~ (hyD, + +++ + h_D,)* P(X) 


= P(X) + dP(X,h) + = PP, Wa we = d* P(X, h). 


(2.25) 


THEOREM 2. Let G be a region of E,, F(X) be a function in the 
class C,,¢ and X € G. Then, for X + heG, 


F(X + h) — F(X) = y — (x, hb.) FOX) + e(h), (2.26) 


where e(h) = o(||A]|*). 

The sum in the right-hand side of (2.26) represents a polynomial 
of the Ath degree with respect to the coordinates h,, h,,..., h, of 
the vector A. 

The converse also holds: 

THEOREM 3. If f(X + h) = P,(h) + e(h), where P,(h) is a poly- 
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nomial of the k-th degree with respect to h,, hz, ...,h, and eh) 
= (|All), then 


P(h) = f(X) + Y — uD, bt MD, A(X). (2.27) 


Theorem 2 can be made more exact as follows: 
THEOREM 4. If f(X) € Cy41,g and X EG, then for X + heG 


SX + W) =f) + Y — (x, hiDs) 700) + e(h), (2.28) 


where e(h) = o(||Al\***). 

If f(X) has all derivatives of any order in the neighbourhood of 
the point X°, then it is possible to define formally a power series 
with respect to the powers of h,,h2,...,4,—the coordinates of 
vector fA: 


F(X) + (yD, + AyD; +--+ + A,D,)f(X®) +0 
us A (AyD, + ++ + AyDy)Ef(X°) + + (2.29) 


The series (2.29) is called Taylor’s series for f(X). For example, for 
a function of two variables f(X) = f(x, y) this series has the form 


F(%01 Yo) + (ieee hy + e204) fives 
ax dy 


l = Cc a*f(xX0, Yo) 


Sypk—-s e 
kt s=0 . exs ayk-s Ayh, € ° (2.30) 


+ 


Limiting ourselves to the first m terms of the series (2.29) we have 
m n s 
FU +) = HO) + Y (SD, ) FH) + HHH, 230 
s=1 Si \i=1 


where r,(X, h) is the remainder: 


if n n+1 
1, = ——— h,D X°+ 60h), O< O< 1. 
(n + 1)! a ) I ) 


If, for a given X° and |A|| < 9, there takes place r,(X, h) > 0, 
forn— oo, then, for ¥ = X° + A, ||Al| < 0, the function /(X) can 


THE DIFFERENTIATION OF FUNCTIONS OF m VARIABLES 61 
be represented by Taylor’s series 
2) = #0 + 1) = FO) + YY ms) 1009). 
(2.32) 


Comparing the right-hand side of (2.32) with the expansion of 
function e', it is easy to note that it may be written symbolically in 
the form 2 

> yD, 
i=1 


e S(X°). 
Owing to this, the equation (2.32) can be written down thus: 
I(x? fe h) = f(x? a hy, X5 7 h, eae + h,) 


= ghidie rors hmDnf( xo Xs; uae: x.) (2.33) 


§ 3. Polynomials of Differential Operators 


1. Let P,(t) = P,(t,, t2,..., t,) be a polynomial of Ath degree 
with respect to t,, to, ..., ty: 
k 
P,Q) = ny ( » eo sae tn) 
S=0 \k,thkot---+4,=5 : 
and D, = 6/0x,; the operator of partial differentiation. The poly- 
nomial P,(D) of operators D; is understood as the operator from C;,, 
to C, determined by the equation 


P,(D) = P,(D,, D2, stay Dn) 


k 


Op ig DUDS ts Dr’) , (2.34) 


s=0 on oo +k,= 
For example, to the polynomial P(t) = 3t}t2 + t{t, there corre- 
sponds the operator 
P,(D) = 3D}D? + D{D3. 
Let us introduce the following notation for the derivatives of the 
order m < k of the polynomial P,(t): 
a" P(t) 


Py, ’ atts in (t) SS pa Rue CARREY 
ee a ararz ... orn 


(ry tos tr =m). (2.35) 
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We arrive at a new polynomial of an operator, i.e. at a new operator 
from C,_,, into C, denoted by the symbol P,, r,, rz, ..:, ,(D) or 
Py. .ry,...,r,4D) (the original index k, showing the degree of the 
initia) polynomial, i.e. the order of the initial operator, can be 
dropped). 

Thus, for the polynomial P(t) = 3t7t3? + tft. we obtain 


P, ,(t) = 36t,t2 + is? 


P(t) = 18f7. 
It follows that 


2 2 
Py,,(D) = 36D,D, + 12D? = 36 —7— + ne. 
Ox, 0x2 Ox} 
= 18D? = 18 o 
P, ,(D) = or Ox? 


If P(t) is a polynomial of kth degree, Q(1) is a polynomial of de- 
oe RQ) = POW), 
R(D) = P(D)Q(D) = Q(D)P(D). 


For example, to the polynomial tf — t} = (t} + 13) (¢? - ¢3) 
there corresponds the operator 


o* G* o? 0? Qe? O 
Sa ee es rN, 
Oxf AxS (Sa = (4 ax? ) 


For Laplace’s operator 


then 


n n Qo? 
A= 3 DPH=¥ 
t=1 


> 
(=1 Ox? 


(2.36) 


n 2 n n 
2 = 2 = 4 f 
: (2, oi) 2, P+ 2h pip}, 3) 


{,j=1 
i>Jj 


where the sign ‘ at the sum means, that the summing is not carried 
out in all values of i andj, but only in those that satisfy the condi- 
tion i > j, or 

a o* n ot 

AP =, 22>" —— (2.38) 


(=1 Oxf id=1 Oxi OxF 
n>Jj 


(biharmonic operator). 
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For a polynomial of an operator there is the following generaliza- 
tion of Leibniz’s formula, Let P(t) = P(t,, t2,..., t,) bea polynomial 
of kth degree with respect to t, (@ = 1, 2,..., m), then 

k ri rye rr 
P(D) (uv) = ¥ y Pro org eecr,(D) t acd aad ea 


P=0 rytrat::) +r, eer Forel cece! 


(2.39) 
§ 4. The Differentiation of Mappings from E, into E,, 


1. If to every vector X(x,, X2,..., X,) of the space E, there cor- 
responds a definite vector Y(y,, y2,.--; ¥m) Of space E,,, it is said 
that the operator or image from E, into E,, has been defined. This 
is written down in the form 


Y = f(X) (2.40) 
or in the coordinate form 
Py = fi y Mas ca Xe) ES Len): (2.41) 


Thus, if the operator (2.40) from E, into E,, is given, this is equi- 
valent to being given a system (2.41) of m functions of n variables. 
Operator f(X) is called continuous, if all functions defining it are 
continuous. 

2. By analogy to a differential of a function, it is possible to 
define the differential of the operator F. Let X° and X° + H, where 
H = (hy, h2,..., 4,), be vectors in E,. The difference 


S(X° + H) — f(X°), (2.42) 


the “increment in value” of the operator f, is an m-dimensional 
vector, whose components are 


f(X° + A) — f(X°) 
= fixe + hy, Xo A Ba, 00, XO t+ Rn) — Sls X29 -009 XE) 
Cae eer 7) (2.43) 
Suppose, the increment (2.42) can be represented in the form 
J(X® + H) — f(X°) = AH + e(), (2.44) 
where A is the linear operator from E, into E,, and 


lle) = oC 27). (2.45) 
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Then AH—the linear operator with respect to H—“‘the principal 
part” of the increment is called the differential of the operator f at 
the point ¥° € E, and is denoted 


df(X°, H) = AH. (2.46) 


The operator f is said to be differentiable at the point X°. For a 
differentiable operator 


S(X° + H) — f(X°) = df(X°, H) + e(H), 


and |le(H)|| = o( lH). 
The components of the linear operator AH are linear functions of 
H = (Ay, h,, peasy h,): 


A,H = df(X°, H) = 3 PRE 5, (i= 1,2,...,m). (2.47) 
Ox; 


j=1 OX; 


Thus, the linear operator AH = df(X°, H) is defined by the 


matrix 
|Al = (a) Te (2.48) 


Xj Hl, 2.00.0 


of m rows and n columns. This matrix is called a Jacobi’s matrix. 
If we denote Jacobi’s matrix of the operator f by f’(X°), the ex- 
pression for the differential of the operator can be written down in 

the form 
df(X°, H) = f'(X%H, (2.49) 


which represents an analogue of the connection between the differ- 
ential and the derivative of a function of one variable. Thus, Jacobi’s 
matrix of an operator is the analogue of the derivative. Further ana- 
logues will be considered in the next part of this book. 

In the particular case of mapping £, into E;,i.e.whenm =n = 1, 
the operator fis reduced to the function f(x) of one variable and its 
Jacobi matrix is reduced to the scalar df/dx. If m = 1, n > 1, the 
operator f is reduced to a function of n variables. Its differential is 
then a differential of this function. The Jacobi matrix in this case be- 
comes a row matrix 

| of of of 


Ox; OX eS OXn 
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When m > 1, n = 1, the operator f is reduced to the vector 
function of a scalar argument. Its Jacobi matrix is a column matrix 
df; 

dx 
df, 
dx 


dm 
dx 
3. When X and H are fixed, the operator f on the straight line 
X + tH is a vector function of a scalar argument t. We have 


df(X, H) = ~H(X + tH) 


t=0 


(compare formula (1.20)). 

It is said that the operator f = (f,,f2, ...,/,,) iS an operator of 
the class C,, if functions f; @ = 1, 2,...,m) belong the class C, 
(see § 2). If fe C,,, then, for the operator f, it is possible to deter- 
mine the differential of the kth order: 


d*f(X, H) = = fW, tH) 


t=0 


The differential d*f(X, H) can be considered as an operator of 
vector H. In this case the components of the operator d*f(X, H) 
are the function d*f,(X, H) (i = 1,2,..., 7). 


§ 5. Extrema 


1. Suppose, the function f(X) is defined in some set of the space 
E,- 

If there is, among the values of the function, one that is the 
greatest, it is called the absolute maximum of the function, and the 
point at which the maximum is reached is called the point of absolute 
maximum. Similarly, the absolute minimum is defined as the least 
value of a function (in the region of its definition). The point of 
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absolute minimum is the point at which the function takes the least 
possible value. The absolute minimum and the absolute maximum 
are called absolute extrema and the points at which the function 
takes these values are called points of absolute extrema. 

The absolute maximum is the upper bound of the values of the 
function and the absolute minimum is their lower bound in the 
region of its definition. Therefore, only bounded functions can have 
an absolute maximum, i.e. the boundedness of the function is a 
necessary condition of the existence of an absolute extremum. 
However, the boundedness of the function is an insufficient condi- 
tion of the existence of an extremum. Thus, for example, the func- 
tion z = 1/[(x? + 1) (y? + 1)] is bounded from below, because 
z > 0, and lim z = 0 and lim z = 0; it means that 0 is the lower 


x00 ya 
bound of the function, but 0 is not the value of the function, and so 
there is no smallest value among all the values of the function. 

The most general conditions of the existence of an absolute ex- 
tremum are given by 

THEOREM 5 ( Weierstrass). A function, continuous in a bounded 
closed set, has a greatest and a smallest value. 

Hence follow the following theorems: 

THEOREM 6. If a continuous function is defined in all space and 
when ||X|| — oo we have lim f(X) = + 0 (lim f(X) = — oo), the 
function reaches an absolute minimum (maximum). 

THEOREM 7. If a function is continuous in an unbounded closed 
set and when ||X|| + 0 we have f(X)—> + 0(f(X)—- — 00), the 
function reaches an absolute minimum (maximum). 

THEOREM 8. If the function y = f(X) is continuous in the bounded 
set E, containing a point X°, such, that for every boundary point of 
set E, there can be found a neighbourhood in which f(X) > f(X°) 
(U(X) < f(X°)), then the function f{(X) in E reaches an absolute mini- 
mum (maximum). 

Using these theorems, it is possible in many cases to prove the 
existence of an extremum of a function. 

An absolute extremum of a function may be reached at inner as 
well as at boundary points of a region. Methods of finding inner 
extremal points only are discussed below. The finding of boundary 
extremal points is fraught with great difficulties. 


t Certain cases of finding such extrema comprise one of the basic problems 
in linear programming. 
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2. Suppose the function y = f(X) is defined in the open set G. 
If we can find a neighbourhood for the point X°, at all points ¥ 
of which the following inequality holds, 


F(X°) > f(X) (X # X°), (2.50) 


then X° is a point of strict relative maximum. If in some neigh- 
bourhood of the point X°, the following inequality holds, 


F(X) <f(X) (XK # X°), (2.51) 


then X° is a point of strict relative minimum. Points of relative maxi- 
mum and minimum are called points of relative extremum. If in a 
certain neighbourhood of the point X° the following inequality 


hold 
olds, f(X®) > f(X) (f(X°) < f(x), 


then X° is a point of non-strict relative extremum. 

From the definitions quoted, it follows that in some neighbour- 
hood of the point of relative extremum the increment of the func- 
tion Af = f(X) — f(X°) preserves its sign. 

Points of relative extremum can be found sometimes by means of 
artificial techniques. There are general methods of finding extremal 
points for differentiable functions with the help of necessary and 
sufficient conditions.f 

3. The conditions, necessary for an extremum are given below. 

THEOREM 9. If at the point of relative extremum, X°, the first 
differential exists, it is identically equal zero, i.e. 


n i) 
df(X) = ¥ OD dx, = 0. (2.52) 
i=1 OX, 

Points X° at which the first differential does not exist may also 
be points of relative extrema. 

The necessary condition means that if the function is differen- 
tiable at the point of relative extremum, then all its derivatives of 
the first order are equal zero: 


CJAC. So er ee (2.53) 
Ox; 


In general, points satisfying conditions (2.53) are called stationary. 


t Necessary and sufficient conditions for an extremum of a function of one 
variable are discussed in Chapter I, § 3. 


A.M.A.D. 6 
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THEOREM 10. /f a function is continuously differentiable twice at 
the point of relative maximum (minimum), the second differential 
is a non-positive (non-negative) form. 

The second differential of the function 


d?2f(X°) => PFO dx, dx, (2.54) 


CX; OX, 


is a quadratic form of the differentials of the arguments. Non- 
positiveness (non-negativeness) of the quadratic form means that 
it cannot be positive (negative) for any values of variables. 

Theorem 9 establishes the necessary conditions for an extremum 
only. 

4. The sufficient conditions of an extremum are based on the 
representation of a twice continuously differentiable function in the 
neighbourhood of a stationary point X° in the form 


(Xo + A) = SOP + hy, x2 + Ag, es Xp + Ay) 


= f(Xo) + $d? f(X°, h) + O(llAll?), (2.55) 
where 
n 2 0 
4 d?*f(X°, h) = y ce eo) hjh;. (2.56) 
2 t.j=1 OX; OX; 


It follows hence, that in a sufficiently small neighbourhood of the 
point X° the sign of the difference f(X° + h) — f(X°) coincides 
with the sign of the second differential, i.e. with the sign of the 
quadratic form (if it is of constant sign): 


n 2 0 
OD yi: 
i,J=1 Ox, Ox, 
THEOREM 11. Ifthe function y = f{(X) is continuously differentiable 


twice in the stationary point P, and the second differential is a negative 
definite form, i.e. 


n 2 0 
a(x) = 5 SIO pa, <0, (2.57) 
i,J=1 Ox; Ox; 


then the point X° is a point of relative maximum. 
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THEOREM 12. If the function y = {(X) is continuously differentiable 
twice at the stationary point X°, and the second differential at this 
point is a positive definite form, i.e. 


d? f(X°) = ¥ LO hh > 0. (2.58) 


then X° is a point of relative minimum. 


In order to investigate the sign of the quadratic form, the follow- 
ing theorem may be used. 


THEOREM 13 (Sylvester). In order that the quadratic form 


I, => » Bip Xj Xx (2.59) 
i, k= 


k=1 


be positive definite, it is necessary and sufficient that all principal 
minors of its discriminant 


ay Q12 eae Qin 


A, — | 421 422... Ary 


Qn, GQn2 ««- Ann 


(2.60) 
be positive. 


We now show how to apply the conditions for an extremum to the investi- 
gation of a function of two variables z = f(x, y). To find the stationary points, 
we solve the simultaneous equations 


Zz =0, z,=0. (2.61) 


Then we calculate for each stationary point X° the coefficients of the second 
differential 
_ 07 f(X°) Bh sc 8? f(X°) _ 67 (X°) 


= =] pd =a. 8 =a 27 
ie Ox? 2 Ox dy ee dy? ° 


we compile the discriminant a, ;4.2 — aj, and we determine its sign. If a;1@22 
—a?, > 0 then X° is an extremal point, and for a,, > 0 the point X° isa 
minimal point, but for a,;,; < 0 the point X¥° is a maximal! point. (When the dis- 
criminant is positive a,, and a2, are of similar sign.) If a,,422 — a?, < 0, there 
is no extremum at point X°, since the second necessary condition for the exis- 
tence of an extremum does not hold. If a;1a22 — a? = 0, then in order to in- 


vestigate the point X° for an extremum, it is necessary to consider the differential 
of the third order. 
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The absolute extremum and the relative extremum are called un- 
conditional extrema. In solving problems involving an unconditional 
extremum, the function y = f(x, X2,..., X,) of n independent vari- 
ables is considered. 

5. Suppose, the function y = f(X) = f(x,, ..., x,) is defined in 
an (n — k)-dimensional manifold £, given by the set of equations 


Mi(X1, Xz, +--+) X,) = O i= 12, Sake (2.62) 


The point X° of the manifold E is called the point of conditional 
relative maximum (minimum), if there can be found a neighbour- 
hood of X° in the manifold E, such that the value of the function at 
the point X is greatest (smallest) in this neighbourhood. The defini- 
tion of the conditional relative extremum is similar to the de- 
finition of the conditional extremum, except that, instead of taking 
the neighbourhood of the extremal point of a function of n variables 
in an n-dimensional Euclidean space R,, it is taken in the given mani- 
fold E (i.e. we consider a set of points of E close to the point X°). 

The point X° of the manifold E is called the point of conditional 
absolute maximum (minimum), if the value of the function at this 
point of /(X°) is its greatest (least) value in the manifold E. To 
find points of conditional extremum it is usual to employ the follow- 
ing rule of Lagrange’s factors: let us construct an auxiliary function 
F with the aid of the given function /(X), the equations (2.62) and 
auxiliary factors (Lagrange factors) A,: 


F=f+¥Agq;. (2.63) 


We find partial derivatives 0F/dx,,(m = 1, 2,...,), make them 
equal zero and add to this set of n equations the set of A equations 
of constraint. We obtain a set of n + & simultaneous equations: 


Ge as qe oe =0 (m=1,2....,n), 
OXm f=1 OXm (2.64) 


PX15 X25 ---, X%,) = O Gi = 1,2,...,m). 


Having solved it, wefind the coordinates of all conditional-stationary 
points among which the required points of conditional extremum 
can be found. This rule may be used in the case, when the given 
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functions f and g, are differentiable, and the manifold is (n — k)- 
dimensional, i.e. if the matrix 


ap, ap, 
Ox, Ox, 
OM, Op% 
Ox, OXn 


is of the rank k. In these conditions the set (2.64) determines La- 
grange’s factors uniquely, therefore also the function F (Lagrange’s 
function) is determined uniquely. The problem of investigating the 
function f for a conditional extremum is reduced in this case to the 


problem of investigating Lagrange’s function F = f+ y Ap, for 
an unconditional extremum. 

The rule of Lagrange’s factors is based on the necessary condition 
for an extremum. 

THEOREM 14, The point of conditional extremum of function f is a 
stationary point of Lagrange’s function. 

In order to clarify the question, whether a conditional-stationary 
point is really a point of conditional extremum, we make use of the 
following theorem. 

THEOREM 15. Jf at a conditional-stationary point X° of a function f 
defined in the manifold E 


P(X, , X25 -.-, Xp») = 9 (i = | Bee ewes 3 Fe (2.65) 


the second differential of Lagrange’s function 


= Ninh; 2.66 

7 hoe ae ae 6x; 08) 

is a form, which is which is defined to be positive (negative) in the 
linear (n — k)-dimensional manifold, 


OO Fe SG ef: (2.67) 
m=1 OXin 


then X° is the point of conditional minimum (maximum). 
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§ 6. Stationary Points 


1. Suppose G is a region in the n-dimensional space £,, in which 
the function f(X) = f(x,, x2,...,x,) of the class C, is defined, 
i.e. a function, which has continuous derivatives up to the second 
order inclusive. The point X° (x?, x9,..., x) of the region G is 
called stationary if at that point (see (2.53)) 


of(xy, Xs; Senin 


=0 GELGscn ~@6) 
Ox; 


The points of relative minimum and maximum of fin G are station- 
ary. As will be seen below, there exist stationary points of another 
kind. 


The property of the point X° to be stationary for a given function 
is preserved when the variables are changed: if 


Xp = PV 15 Vas <-> Vo) G = 1,2, .s., 7) 
and, in particular, x? = 9,(){, y$,..., y®), then the function /(X) 
is represented in the form 


T(x, X25 re Xn) = f[vi0:, eae als eaeg Pats ey Vn] 
= f(y, side Va) 


From the rule of differentiation of a complex function and from 
(2.68) it follows, that 


F/,,0 4,0 0 
FO Yar Ve) 9 = 1,2,..., 0). 


2.69 
ay, (2.69) 


Denote by Z, the value of the function at a stationary point 
Zp SI) HF Xi 5 Fos ees Xn) (2.70) 


Then, putting /(X° + h) = f(x$ + hy, x9 + Ao, ..., x° + A,) and 
regarding X° + heG, we have 


F(X® +h) = % + Aa f(X,h) + Of|lAll?), (2.71) 
where 
n 2 0 
5 PIX, nas ¥ SO ina, 


(2.72) 
2 i,j=t Ox; Ox; 
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A determinant of the mth order composed of second derivatives 
of the function fat the point X°, 


6° f(X*) 


ey Ox, Ox 
5 OX; 


(i,j = 1,2,...,”), (2.73) 


is called Hesse’s determinant or the Hessian of the function f(X) at 
the point X°. The stationary point X° is called non-degenerate if 
H(X°) # 0, and degenerate if the Hessian at it equals 0. We shall 
confine ourselves to the consideration of non-degenerate stationary 
points. 

For the case of a function f(x) of one variable, a point at which 
f(x) = 0 is a stationary point. The condition of non-degeneracy 
has the form f’’(x) # 0, since Hesse’s determinant coincides here 
with the second derivative. Even in this simplest case, the investiga- 
tion of a degenerate stationary point at which /’’(x) = 0 presents 
additional difficulties. 

The property of non-degeneracy of a point is preserved under a 
transformation non-degenerate in the neighbourhood of X°, of 
variables of class C.. 

2. By means of the linear transformation 


n 


ie » a,h, (i= 1, 2 56seG) 


j=l 
it is possible to reduce the quadratic form (2.72) to a sum of squares 


1a f(x) . 2 

Ss ——— hjh = Osi - 2.74 

2 iJ Ox; Ox; ? py se ( 

From the condition of non-degeneracy H(X°) ¥ 0 it follows that 

all a, # 0. If the coordinates of the vector / in the new system are 
N15 Yo, ++, Mq, then it follows from (2.71) and (2.74) that 


A(X° +h) = 29 + Y. x2 + O(All?). (2.75) 
i=1 


The point X° is called a stationary point of the orderkO <k <n, 
if among the coefficients x, there are k negative ones, and son — k 
positive ones. The property of point X° in being stationary of the 
kth order is preserved on the non-degenerate transformation of 
variables. The stationary point of order 0 is a minimal point, and the 
stationary point of the order nis a maximal point of a given function. 
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In the case of a function of one variable, for f’’ > 0 we obtain 
a point of zero order (minimum) and for f’’ < 0 we get a point of 
the first order (maximum). In the number of arguments of the func- 
tion, n > 1, there may also appear stationary points of an inter- 
mediate order k, 1 < k <n, other than maximum or minimum. 

Let X° be a stationary point of the intermediate order k. Then 
the -dimensional space EF, can be represented in the form of a 
straight sum EF, + E,_, in such a way that for he E, the function 
S(X® + h) has a minimum at X° (when h = 6), and for h’ € E,-, the 
function f(X° + h') has a maximum at the point X° (when h’ = 6). 
Such points are called points of minimax of order k. 

When n = 2 the non-degenerate stationary points X¥° = (x9, Yo) 
of function f(X) = f(x, y) are those in which 


ae _ af 4 mst, wy = [FL SE — ( af y)] #0 


Ox oy Ox? dy? Ox Oy 
(2.76) 
They may be of the order k = 0, 1, 2. 
A stationary point of the order k = 0 is a minimal point. 
The conditions for that are 
2 
of >0, A(x, y°) > 0, (2.77) 
Ox? 


whence it follows also that d7f/éy? > 0. If f(x°, y°) = Zo, the 
point X°(x°, y®°), for the level-line f = Zo, is isolated. In the neigh- 
bourhood of this point the lines f = z are absent, when z < Zp, 
and the level-lines f = x’, when z’ > Zo, approximate to ellipses 
with centre at X°. 

When k = 1 we have a minimax point. The condition for it is the 


neaaMy H(X°) <0. (2.78) 


The point X° in this case is a double point of the level line f = zg. 
This line divides the neighbourhood of the point X° into four parts, 
A,, A, Ay, Ag, Of which A, and A; are filled by level-lines f = z 
when z > 29, and A, and A, by level-lines f = z’ when z’ < Zp. 
Finally, when k = 2 we have a maximal point. The conditions 
for that are 
6? 


Ox 


— <0, H(X°) >0, (2.79) 
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and so, also, 07f/dy? < 0. If f(x°, y°) = zo, then the level-lines 
f = 2’ are absent when z’ > Zo, and the level-lines f(z) when z < Zo 
approximate to ellipses with a centre at the point Y°. 

3. A topological investigation of the behaviour of a function in 
the neighbourhood of stationary points of any order was carried 
out by M. Morse. He also proved the theorem about the ratio of the 
numbers of stationary points of different orders. Let us give the 
simplest case of this theorem. 

Suppose G is a bounded plane region, whose boundary gq is a 
smooth closed curve, and f(x, y) is a function of class C, having 
only non-degenerate stationary points inside G and having no 
stationary points on g. Suppose, further, that f(x, y) = const 
on q, i.e. q is a level-line for f (or its part). Denote the number 
of stationary points of the order i of the function fin G by m, i = 0, 
1, 2). Then the following theorem holds. 

THEOREM 16. The numbers m o,m,,m, are connected by means 
of the relationship 

Mg — 1, + m, = 1, 


i.e. the number of extremal points of a function of two variables is 
greater by one than the number of its minimax points. 

A visual illustration of this theorem is afforded by the following. 
Suppose G is an island and the function f denotes the height of 
points on the island above sea level. Then m, is the number of all 
peaks, mp is the number of the deepest points and m, is the number 
of cols (or saddle points). The theorem quoted above states that the 
number of cols is less by one than the combined number of peaks 
and depressions on the island. 


CHAPTER III 


COMPOSITE AND IMPLICIT FUNCTIONS 
OF n VARIABLES 


§ 1. Transformation of Variables. Composite Functions 


1. Let there be defined in the region G of space E, the continuous 
operator 


Y= f(x), (3.1) 


which maps the region G into space of the same number of dimen- 
sions. Being given such an operator is equivalent to being given a 
set of n continuous functions of n variables: 


yi = f(x, , Xa,-.-5 Xn) (i= ee Ree |) (3.2) 


The set D of all possible values of Y is a region, which is called 
the image of the region G for the given mapping. In its turn, the 
region G is called the inverse image or original of the region D. 

The operator f from E, into E, can be regarded as a transforma- 
tion of coordinates in space E,, i.e. as a transition from the system 
of coordinates (x,;, X2,...,; X,) to the system (v1, ¥2,..-; Yn). It is 
usually assumed that the image D together with its original G, 
or at least one of these regions, coincides with the whole of the 
space E,. 

The simplest examples of such transformations are: 

(a) The transition from polar coordinates to cartesian ones, deter- 
mined by the pair of functions 


y2 = X, SIN X35 


in the plane £,. 
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(b) The transition, in space £3, from cylindrical coordinates to 
cartesian ones, determined by the system of functions 


Vy = xX, cos Xn, 
yz = X, Sin x2, (3.4) 
Y3 


ll 


X3. 


(c) The transition, in space £3, from spherical coordinates to 
cartesian ones, determined by the system of functions 


Vr = X, COS X2 Sin x3, 
y. = X, SIN xX, SIN X3, (3.5) 
y3 = xX, cos X3- 


These examples are considered in Chapter IV. Other examples 
are also considered there. 
2. In a more general case the system 


Vi = SilXy, X25 --+5 X_) (i= 1,2,...,m) (3.6) 


of m differentiable functions of n variables establishes a correspond- 
ence between the vector X(x,, x2,..., X,) of space E, and the vec- 
tor Y(y1, ¥25---,; ¥m) of space E,,, i.e. it determines the continuous 
operator mapping £, in E,,. 

If m < nthe mapping is done into space of fewer dimensions. In 
this case the original of every point De E,, is, in general, a set in 
space E,, which has dimensions n — m. In particular, when m = 1 
one function of m variables maps E, in a straight line. The inverse 
image of a point of a straight line is an equipotential hypersurface. 
In mapping into space of a smaller number of dimensions, it is 
possible that the image D of the region G c E, be made to coincide 
with the whole space E,,,. 

In mapping E, into E,,, when m > n the image D of the region 
G c E, cannot coincide with the whole space E,, even when G = E,,. 
The region D is necessarily a manifold of n dimensions in E,,. So, 
when n = I, the continuous operator maps a segment G c £, into 
a line of space E,,, for example, into a plane curve, when m = 2. 
Whena = 2andm = 3, the continuous image of region G ofa plane 
is a surface, given parametrically. 
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3. If a function z = ¢(Y) is given in the region D, the operator 
Y = {(X), which maps the region G into its image D, maps this 
function into the function 


z= 9/f(X)] = yo), (3.7) 


defined in the region G. Such a function is called composite. In order 
that the composite function y(X) = g[f(X)] be differentiable, it is 
sufficient that the function y(Y) and the operator f(X) be differ- 
entiable. 

The operator Z = ¢(Y) defined in the region D is transformed 
by the operator Y = f(X) into a new operator 


Z = P[f(X)] = P(X), (3.8) 


which is defined in the region G. The composite function introduced 
above can be regarded as a particular case of such a compound 
operator. Here, if the operator f(X) maps £, into £,, and operator 
@(Y) maps E,, into £,, then the compound operator y(X) maps 
space E, into E,. A composite function is obtained when k = |. 

The Jacobi matrix of a compound operator y(X) can be obtained 
from the Jacobi matrices of operators f(X) and ®(Y) (see p. 64) 
with the help of the rule of multiplying matrices, according to the 


jormula () = @) (J). (3.9) 


For example, when m = m = k = 2, we have 


OZy. O24 0z, 62, oy, Oy, 
Ox, OX» _ Oy, Oy Ox, 6X2 - G.10) 
02, 022 0z, 02, Oy, Oy. 
Ox, OX> Oy, Oy, Ox, OX; 


When k = 1 the compound operator is a composite function and 
its Jacobi matrix degenerates into a row-matrix consisting of partial 
derivatives. Formula (3.9) gives 


Ox, OX, 
Oz Oz Oz _ | oz oz oz 
Ox, OX,  OXy Oy, Oy, OY, 

) 1 . OVm 

OXn OX, 
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Hence follows a formula for the partial derivatives of a composite 
function 


0 as ; 
7re:y Oz Ys (3.12) 


If the vector dX is the increment X, then the differential of the 
operator y(X), as was shown in § 4 of the preceding chapter, has 
the form 

dX, dX) = ¥'(X) dX, (3.13) 


where Y’(X) denotes the Jacobi matrix (WY) of the operator ¥(X). 
Using an analogous equation 


dY = df(X, dX) = f'(X) dX 


and formula (2.9) we bring the expression for the differential of a 
compound operator to the form 


dZ = ®'(Y)dY, (3.14) 


where dY denotes not the increment of the operator Y, but its differ- 
ential. 

Equation (3.14) shows that the differential of the operator pre- 
serves its form also in the case when the operator is a compound 
one, i.e. when its argument in its turn is an operator of some other 
independent vector. This property is called the invariancy of the 
differential. The invariancy of the differential holds, in particular, 
also for a composite function (i.e. when k = 1). 

4. Suppose Y = f(X) is an operator mapping E, into E,,. Then 
the Jacobi matrix of this operator is quadratic. The determinant of 
this matrix is called Jacobi’s determinant or Jacobian of the image. 
The Jacobian of the system of functions (3.2) is usually denoted 


by the symbol 
aac D1 Yas +19 Yn) (3.15) 


’ 
DX,, X25 ee a 


similar to the notation of a derivative. 

Let us consider the operator Z = ®(Y) also mapping E, into £,. 
Since the determinant of the product of the matrices equals the 
product of the determinants of the terms to be multiplied, we get 
from (3.9) for the Jacobian of a compound operator 

D(z,, 225-25 Zn) nee D(z, » Zo 200, Zn) D0), 2; oe's9 Yn) ; (3.16) 


D(x, X2; aig Rp) DO, Y25 ei Ve) D(x, X25 a 2 Xn) 
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A more general formula: let the operator Y = f(X) map E, into 
E,, and the operator Z = ®(Y) map £,, into E,, and m > n. Then, 


DE 23, ace Zy) 
Dis Ry Xe) 
ma y DZ i 5 2505-4505. Zp) DOs Vise seis Vi) . (3.17) 
fsdos avd DOs Visgxees Vi) Dk ps Ha5.40%5 Xp) 


where the sum extends over all possible groups of the indices 1, 
2, ..., ™, nin each group. In particular, when = 2,m = 3 we get 


D(z; , Z2) = D(z,, 22) DO, y2) D(z;, 22) DQ2, ys) 
D(x, , X2) DO, ¥2) D1, x2) D(yz, ¥3) D(x1, X2) 


D(z,, Z2) Ds, Vi) 


: (3.18) 
D3, ¥1) D(x, X2) 


The analogy between the Jacobian and the derivative of a func- 
tion of one variable is revealed by interpreting the Jacobian geo- 
metrically. Let G be some neighbourhood of the point XY, and D be 
the image of G on mapping by Y = f(X). Denote the n-dimensional 
volumes of regions G and D by V,,(G) and V,(D) respectively. Then 
the Jacobian of the mapping at point X equals the limit of the ratio 
of volumes V,(D)/V,(G), when the neighbourhood G contract to a 
point. In particular, when n = 2 the Jacobian is the coefficient of 
distortion of areas in mapping. 

5, The variables z,, Z.,..., Z, can turn out to be identical to the 
variables x,, X2,..-, X,- In this case, we are speaking of the inverse 
of the operator Y = f/(X). Care should be taken to investigate 
whether this inverse does exist. 

THEOREM 1. If the Jacobian of the mapping Y = f(X) differs from 
zero at some point X(xX1,, X2,..+-; X,), iS continuous at that point and 
in its neighbourhood, and 


DO ,, V5 -++5 Vn) 


#0, 
D(x, X2> re) 


then there exists a neighbourhood G of this point, in which the mapping 
is a one-to-one correspondence and the inverse exists. 
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This means that every point of the image D of the region G has as 
its original in G one point and one only. The Jacobian of the inverse 
mapping can be found from the formula 


DX 5 Kaj oy He) 1 


DG 5 Vis 8625 Da) D(V1, Va5-++> Yn) 
D(x, X25 sae ag) 


(3.19) 


The theorem about the inversion of mapping is a particular case 
of the theorem about the existence of an implicit function. 


§ 2. Implicit Functions. Functions Dependent on a Parameter 


1. Suppose that the values of variables x and y are connected by 
an equation of the form 
F(x, y) = 0. 


If to every value of x in some interval there correspond one or 
several values of y, satisfying this equation together with x, then 
this equation defines the (single-valued or multiple-valued) func- 
tion y = f(x) turning the equation F(x, y) = 0 into an identity. For 
example, the equation ofa circle x? + y”? = a? defines a two-valued 
function y = + Va? — x?. It is said that the equation F(x, y) = 0 
defines an implicit function of one variable. 

The conditions of existence, continuity and differentiability of an 
implicit function of one variable are established by means of the 
following theorem. 

THEOREM 2. Suppose F(x, y) is a function of two variables, con- 
tinuously differentiable in some neighbourhood of point (a, b). If 
F(a, b) = 0 and F'(a, b) # 0 then there exists a number 6 > 0 such 
that the equation F(x, y) = O defines, in the interval (a — 6, a + 96), 
a single-value, continuous and differentiable function y = f(x), trans- 
forming this equation into an identity and satisfying the equation 
b = f(a). 

The derivative of an implicit function can be found in accordance 
with the formula 


Ribas Fy(x, y) ; (3.20) 
F5(x, y) 
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The following derivatives can be found by using formulae: 


, Fi CF) — 2FF LF) + FEF? 
_ (Fi 
y" =~ (Fi) SF AE)* — 3F iy (FPF: 
+ 3F (Fs)? (Fi)? — Feng FE)? ~ 3F nF (Fs) 
+ 3FL.F FF)? + 6(F%,)? FFs)? 


+ 3(FY,)2(Fi? — OF, Fi(F)2 Fi), etc. 


(3.21) 


They are all obtained by means of the differentiation of the identity 
F(x, y) = 0 as a composite function and by utilizing derivatives 
known already. It is sufficient for the existence of any of them, that the 
right-hand side should have a meaning, i.e. that all its constituent 
derivatives should exist and the denominator should not equal zero. 

In geometric terms, the line of zero level of the function F(x, y) 
= 0 should be represented in the form of a graph of the explicitly 
given function y = f(x). This is, it seems, possible locally, i.e. in 
the neighbourhood of any point except those in which the tangent 
to the level-line is parallel to the y-axis. 

2. An analogous situation exists also in the case of one implicit 
function of several variables. The equation 


F(X1, X25 +069 Xn» Y) = 0 (3.22) 


defines an n-dimensional equipotential hypersurface of the function 
of n variables in (n + 1)-dimensional space. If to every vector X(x,, 
Xz, ..., X,) there corresponds a value y, satisfying, together with X, 
the equation (3.22), the latter defines an implicit function of vector 
X—an implicit function of n variables. 

The conditions of existence of such an implicit function do not 
differ in substance from the conditions of existence of an implicit 
function of one variable. 

THEOREM 3. Suppose F(x,, X2,-++; Xn, Y) is a function of (n+ 1) 
variables continuously differentiable in some neighbourhood of the 
point X(x¥,x3,...,x2, y°). If F(x?, x$,..., x8, y°9) =0 and 
F'(X1, X25 06+) Xa» Y) FX Oat the point under consideration, then there 
exists a number 6 > 0 such that the equation F(x, , X2, -.-; Xn» Y) =9 
defines, in the 6-neighbourhood of the point X, a single-value con- 
tinuous and differentiable function y = f(X), which transforms this 
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equation into an identity and satisfies the equation y® = f(x°, 
a cen) 

Partial derivatives of this function are found according to the 
same formulae (3.20), (3.21). 

3. In the most general case it is possible to consider a system 
of m equations with n + m variables 


Ftp Raita Kas Yi»J2; ane Ve) = 0, 
EAM G5 N55 O05 4 Nas Vit>2; 2255 View) = 0, 


FeO 5 X55 Ks Vis Y25 Scis Vor) a 0 


th t 
as the operator F(X, Y) = 0, (3.24) 


which maps the (m + m)-dimensional vector or, which is the same, 
a pair of vectors of dimensionality n and m respectively, into a zero 
vector of m-dimensional space. 

The system (3.23) defines y,, ¥2, +--+) Ym aS implicit functions of 
variables x,, X2,..., X,- In other words, the operator (3.24) defines 
the m-dimensional vector Y as an implicit function of the n-dimen- 
sional vector X. Conditions of existence of an implicit function are 
analogous to the conditions of Theorems 2 and 3, while the role of 
the derivative is taken here by the Jacobian 


OF, ae OF, 
ay, OVm 
DE is Panis Be Vi, ok eae (3.25) 
D015 Yay +++> Ym) 
Or y y oF, - OF 
Cy, OVm 


THEOREM 4. Suppose, the functions F,, F2,...,F, of n+m 
variables x1, X25 ++-> Xn» Vis +++» Ym are continuously differentiable 
in the neighbourhood of point x°,..., x°, y®, ..., y®, and have the 


Jacobian DE Pia sis Fe) non-zero at that point. Then there exists 
Dy, > V25 +45 Vm) 


a neighbourhood of the point (x$, x$,..., x2) (vector X°) in which 
the system of equations (3.23) (operatorial equation (3.24)) defines 
im functions 

VHT Mis Xeon X,) 1p ye mm) (3.26) 


A.M.A.D. 7 
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(operator Y = f(X)), continuous and differentiable in the neigh- 
bourhood of this point and such that 


Vy, SIC tesa). C= 1 2anym) 
(¥° = f(X%). 


The elements of the Jacobi matrix of the operator Y = f(X), 
definable implicitly by means of the equation (3.24), are found ac- 
cording to formulae 

D(F,, Fr, +++) Fn) 


2 / = DO 15 +++ 9 Viet X45 Vents e+e 9 Ym) (3.27) 
Oxy DF, Fo, .-+> Fa) 


DOV 15 0005 Vint s Vis Vigns eos Yn) 
(P= ki 2yen3ms. J = 12) e057): 


Equation (3.27) demonstrates once again the analogy between the 
Jacobian and the derivative of a function of one variable. 
Considering in particular n equations with 2n unknowns 


PC i he Vis ye. CH= 12 aah): B28) 
we find 
D(F,, Fr, .--» F,) 


D015 Va, +002 Vn) =(-19 D( X15 X25 +005 Xn) (8.29) 
THX 55 Ha 5g Xe) D(F,, F2, ...5 Fy) 
DO1s Y29-24+9 Vn) 


If we assume equations (3.28) solved with respect to variables 
V1, +++, Ya, the theorem of existence of an implicit function becomes 
a theorem about the possibility of inversion of the operator given 
in § 1, sec. 5. Formula (3.29) contains the formula (3.19) quoted 
there as a particular case. 

4, Jacobi’s matrix can be used also in the discussion of the depend- 
ence of functions. Suppose 


Vi = Fi Moe el: CH 12 ae (3.30) 


is a set of m functions of n variables. The functions together with 
their partial derivatives are assumed to be continuous in some 
region G. 
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The function y, is called dependent on the remaining functions of 
the set if in G the relationship 


Vy = PV 15 +005 Viens Vigrs coos Vm)- (3.31) 


is fulfilled identically with respect to x,, x2, ..., Xq- 

The functions y,, v2, -.., Y», are called dependent in the region G 
if any one of them depends on the others. 

If, on the contrary, neither in the region G nor in any of its parts 
does there occur an identity of form (3.31), it is said that functions 
V1, +++) Ym are independent in G. 

In order to establish the independence of the system of functions 
(3.30) it is desirable to turn to Jacobi’s matrix of this system. The 
following theorem holds: 

THEOREM 5. In order that the system of functions (3.30), when 
m <n, be independent, it is necessary, and sufficient, that at least one 
of the determinants of the m-th order, constructed out of the element 
of the Jacobi matrix of the system, be non-zero in the region G. 

A more exact result can be obtained using the concept of the rank 
of Jacobi’s matrix. We give the name rank to the highest of the orders 
of the determinants formed from the Jacobi matrix and not becom- 
ing zero identically in G. In other words, if the rank of a matrix 
equals uw, then zw <n, < mand there exists in the matrix a deter- 
minant of the order zu, differing from an identical zero, while all 
the determinants of orders higher than yz, which can be isolated 
from the given Jacobi matrix, equal zero identically. 

THEOREM 6. A system of m functions (3.30) contains exactly yu in- 
dependent ones (u < m, <n) in the region G or in some part of it, 
if, and only if, the Jacobi matrix of the system has the rank pw. 

5. A particular case of implicit functions are functions definable 
by means of equations dependent on a parameter. 

Suppose, for example, X is a vector of n-dimensional space and 
F(X) is an operator mapping E, into E,. The equation 


F(X) = 0 (3.32) 


defines a fixed vector in E,. If the operator depends on the para- 
meter, the equation 


F(X) = 0 (3.33) 


defines the vector ¥, which is a function of the parameter f, 
X= X(t). 
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THEOREM 7. If the continuous operator F depends continuously on 
the parameter t and the Jacobian of the operator is non-zero for some 
value t = to and in its neighbourhood, the solution X = X(t) of the 
equation (3.33) is a continuous function of the parameter t in some 
neighbourhood of to. 

The situation does not alter if there are several parameters. 

6. The theorems of the preceding points, relating only to first 
derivatives, can be extended to cover a more general case. Namely, 
let functions F,, F2,..., F,, of + m variables x,, %2,...,; Xa, ¥1> 
25 «++, Ym belong to the class C, in the neighbourhood of the point 
x, ..., x2, y?, ..., y? and have a Jacobian D(F,, ..., F,)/D01, -.-, 
yn), non-zero at that point. Then the set of equations (2.23) 


= «© © © © © © © 2 © @ © 2 © 2 @ 


PAX (5 6049 Xe Visas Va) — 0 


defines in some neighbourhood of point (x?, ..., x°) the system 
of m functions 


=F Osos te: AS eee, (3.34) 


also belonging to the class C,. This proposition can be written down 
in operational form. 
THEOREM 8. If the operator F belongs to the class C,,, the equation 
(3.24) : 
F(X, Y) =0 


defines the m-dimensional vector Y as an implicit function belonging 
to the class C,, of the n-dimensional vector X in some neighbourhood 
of vector X°, on condition that the Jacobian D(F)|D(Y) is non-zero 
forX =a X° y= Y*, 

By analogy with the above, if the functions F, (i = 1, 2,..., m) 
are analytic, i.e. capable of being represented by power series (the 
operator F is analytic), the system of equations (3.23) (operatorial 
equation (3.24)), when the same assumptions are made with respect 
to the Jacobian, defines a system of implicit functions (operator) 
which are analytic. The latter proposition remains true in the case 
when we are dealing with functions of a complex variable. 
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The Method of Indeterminate Coefficients 
7. Suppose we are given the equation 
F(x, y) = 0. (3.35) 


We shall regard x as a parameter and y as a root of the equation 
(3.35) which depends on the parameter x. Let F be an analytical 
function of variables x and y (which can be regarded as complex 
for the time being) in the neighbourhood of the point (0, 0). Fur- 
ther, we put down F(0, 0) = 0 and 


F;(0, 0) 4 0. (3.36) 


On the basis of the theorem about implicit functions in the neigh- 
bourhood of the point (0, 0), the equation (3.35) defines a single- 
value analytical function y = y(x), capable of being represented, 
for sufficiently small |x| by the power series 


y(x) = T a,x. (3.37) 
Take the expansion ie 
F(x, y) = y | ad Va (3.38) 
From (3.36) it follows that 
boo = 0, boi #0. (3.39) 


Substituting (3.37) into (3.38), we get, on the basis of (3.35), 


0 = F(x, y) = > D.u3xX" (» a,x") = y c,x", (3.40) 
k=t 


r,s=0 n=1 


where the coefficients c, (1 = 1, 2, ...) are expressed in terms of 5,.,; 
and a, according to the formulae 


C1 = big + boiay, (3.41,) 
C2 = boo + bo142 + bo»a = bg 142 + 22> (3.41,) 
Ch = 0914, + Zn (3.41,) 


(where z. = by9 + bo2a{ depends on b39, bp and a,, and =z, de- 
pends on certain coefficients b,,, and also on a,, a2, ..-, Gn): 
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It follows from (3.40) that all coefficients c, equal zero. Then 
from (3.41) we get 
__ io 


ay = 
Bo: 


which is possible as a corollary of (3.39). Having found a,, we 
determine z,, and from the condition c, = 0 on the basis of (3.41) 
and (3.39) we find a,. 

We obtain a recurrent process of consecutive definition of co- 
efficients a,,d2,...,a,,..., of the expansion (3.37). Suppose a,, 
Gy, ..+, M,..1 are known already, then, from (3.41) it is possible to 
determine z,, and then, taking into account the equation c, = 0, to 
find a,. 

The series (3.37) with the coefficients thus found is convergent for 
sufficiently small |x| and represents the function y. 

If all coefficients b,, are real numbers, then the numbers a, are 
also real and the expansion (3.37) is the expansion of the function 
y(x) in the real domain. 

If the function F(x, y) belongs to the class C,, i.e. is capable of 
being represented in the form 


n 


Fix.y) = > byyxTy® + Pay (3.42) 


r, s=0 


where r, = o(|x| + |yl)", boo = 0, bo, # O, then from the equation 
F(x, y) = 0, it is possible to find, in the same way, the coefficients 
4,,Q,..., a, of the representation 


y = yx) = Dax +e, € = of|x|"). 
k=1 


EXAMPLE |. The equation 


F(x, y= xt yt xy xty? +75 =0 
is given. 
Here F(O, 0) = 0, F’(O, 0) = I == O. It follows, from the theorem about im- 
plicit functions in the neighbourhood of the point (0, 0), that for sufficiently 
small |x!, y can be represented by the series 


a 
y= Y ayx*. 
k=1 
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On substituting this expression in the original equation and reducing similar 


terms, we get 
@ 


O = F(x, y) = ¥ cat" = (ay + Ix + (G2 + ai)x? + (a3 + 2)x? + (a4 + G3)x* 
n=1 
+ (as + Q4 + at + a3)x* + (a6 + as + 2a;Q2 a+ Sata,)x® 


+ (a7 + ag + a2 + 2a,a3 + Satay + 10a3a2)x’ 
+ (ag + a7 + 2a,a4 + 2a2a3 + atag + 16u}a2a3 + 10a%a3)x% + °°, 
whence we find the set equations for the determination of a, , a2, ...: 
CHa, +1= 0, 


Cp =a, +a, = 0, 
C3 =a,-+a,=0, 
C4 =a4+a,=0, 
Cs =a,+a,+az+a3=0, 


Ce = a6 + as + 2a,a2 + Sajaz = 0, 
C7 =a, + a6 + a2 + 2a,a3 + Sata, 4- 10a3az2 = 0, 
Cg = ag + @7 ~~ 2ayag + 2a2a3 + atay + 16a3a2a; + 10a7a3 =0, 
Solving this system consecutively, we get 
a4=-—I1, a2=1, a3=—1, ag=1, as=—Il, ag = -2, 
a,=14, ag = —17, 
and so, in the neighbourhood of the point (0, 0) we have 


ys —xt x? — xP txt — 93 — 2x + 14x7 — 17x85 + - 


§ 3. Newton’s Diagram 


1. The method of indeterminate coefficients described above does 
not apply if the condition (3.36) is infringed, i.e. if F’(0, 0) = 49, 
= 0. Indeed, in the equation (3.41) the coefficient of a, equals 0, 
and it is insoluble in the general case. In this case, for a given x, the 
equation (3.35) has, in general, several roots y = y(x), which can 
be expanded into series of powers of x‘/*, and the integer q is differ- 
ent for different roots. For example, when F(x, y) = y° — y?x — y?*x 
+ x?, the equation F(x, y) = 0 has five roots py = y(x): 


_ 1/2 ies 1/2 _ 
y=x ya ax,. Pye ix 
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Of these, two can be expanded in powers of x’/? and three in powers 
of x", 

The method of determining the denominators q in the expansions 
of roots y = y(x) in powers of x'/* and of the coefficients of these 
expansions goes back to Newton and is named after him. 

We shall confine ourselves to the case when the function F(x, ») 
in (3.35) is a polynomial of degree N with respect to y: 


Fx, y) = YFG) (3.43) 


and 
F(x) # 0. (3.44) 


Suppose that each function F,(x) is capable of being represented by 
a series of powers of x'/’, more generally 


FA ax S. Ex”. (3.45) 
r=0 


Here, if F,(x) + 0, the first coefficient Fy, can be regarded as non- 
zero. Further, equations ®(x, y) = O and y"®(x, y) = O have equal 
roots y = y(x) for every x, if we ignore the roots y = 0. Inso far as 
such roots are of no interest, it can be taken that 


Fo(x) = 0. (3.46) 
It follows from (3.44) and (3.46) that 
Foo £9, Fyo #0. (3.47) 


We shall seek solutions y = y(x) of the equation (3.35) of the order 
x*, i.e. of the form 


y=yx' + Y, (3.48) 


where y, # 0 and Y = O(x*) when x 0. In order to determine 
possible values ¢ and y, it is necessary to substitute (3.48) in (3.55) 
and put the principal term, i.e. the coefficient of the lower power 
of x, equal to zero. While the index ¢ remains unknown, it is im- 
possible to say which of these terms (after this substitution) are 
lower ones. It is clear, however, that terms of the lowest order are 
contained among the following ones: 


Foox*?, Fog" sai Fonyn x°N . ie (3.49) 
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where & runs through those of the values 1, 2,..., N— 1, for which 
F(x) #0. Since by (3.47) and (3.48) at least two coefficients 
F,, # 0, therefore for the reduction of terms of the lowest order 
it is necessary to pick ¢ in such a way that at least two of the indices 


Co, O, + ke, On + Ne 


should coincide, and the remaining ones should not be smaller than 
these. This reasoning enables us to find all possible values of ¢ and 
their corresponding values of y,. 

To find the values of « Newton’s diagram is used. Let us mark 
points with coordinates 


(0, Go) ’ (k, 0x) ’ (N, On) 


on a rectangular coordinate net, kK going through the same values 
as in (3.49). We place a ruler alongside point (0, go) in such a way 
that it coincides with the axis of ordinates and we begin to rotate 
the ruler about point (0, 09) anticlockwise, until it just reaches an- 
other of the points marked in, say (/, 9,). The tangent of the angle 
made by the ruler and the negative direction of the axis of abscissae 
equals one of the possible values ¢, because tan « = (Qo — 0,)/] =e. 
If we draw straight lines through points (s,e,) other than those 
which lie along the ruler, at the above angle, then these straight 
lines lie above the ruler and therefore 9, + 5s, > 0, + le. 

Note that other points (k, 0,) might lie alongside the ruler joining 
the points (0, 09) and (/, @,). 

We now rotate the ruler in the same direction about that point 
(/, o,;) on the ruler, whose abscissa is greatest, until it coincides with 
some other one of the points marked in(p, @,). The tangent of angle 
between the new direction of the ruler and the negative direction 
of the axis gives another possible value tan a = (0, — @,)/(p —1) =e 
and straight lines passing through other points (s, @,) parallel to the 
given direction of the ruler lie higher, that means g, + es > @, + el 
= 0, + ep. Continuing this process we obtain all possible values 
of ce. The convex open polygon joining the points of rotation of the 
Tuler is called Newton’s diagram. 

We now proceed to find the values of the coefficient of y,. Let 
(i, ,) and (j, @;) be the end-points of the segment of the diagram, 
which determines one of the possible values of ¢. In order that, on 
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substitution of (3.48) into (3.35), the lower terms be eliminated it is 
necessary and sufficient that 
PQ.) = =D! Fos¥e (3.50) 


s 
Os + SE=Q,+ te 


where the sign ’ beside the sum sign means that the summation is 
over only those values of s which satisfy the relationship shown 


Fic. 8 


under the sign of the sum. The equation (3.50) has j — i non-zero 
roots (taking into account their multiplicity), i.e. as many roots as 
the length of the projection of the segment of the diagram taken. 
Hence it is seen that all N values of the principal term y,x* in the 
expansion (3.46) can be obtained by this method. 

In order to find the next term of the expansion of y it is necessary 
to substitute (3.48) in (3.35) and determine the lower term of the 
expansion by the same method, putting 


Y= yx + o(x*). 


Continuing this process, we arrive at the following proposition (see 
ref. [33]). 
THEOREM 9. Ail N solutions of the equation (3.35) have the form 


pm Wer” bh yer + yx + °°, (3.51) 


where é <&' <6" .,.. 

The numbers e, «’,c«’,... are fractions with a finite common 
denominator. The series (3.51) are convergent in some neighbour- 
hood of the point x = 0, except at the point x = 0 itself, if e < 0. 

To illustrate this method we consider two examples. 


COMPOSITE AND IMPLICIT FUNCTIONS 93 
EXAMPLE 2. (See p. 90.) 
F(x, y) = x? — xy? — xy? + 9 = Fo) + FaQ@)y? + FaQy? + Fury®, 
Fo(x) =x? (@ =2), Fo) =—x (2 = 1), 
F(x) - F(x)=1 (es =9). 


Construct points Ao(0, 2), A,(2, 1), A2(3, 1), As(5, 0) (Fig.8). It can be seen 
from Newton’s diagram that there are two values ¢: ¢ = 1/2 (corresponding to 


li 
x 
-—_ 
mS 

u 
It 
haw 
ww 
. 
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segment AgA,) and e = 1/3 (corresponding to segment A; A3). They correspond 
to the two roots of the order x1/? and to the three roots of the order x!'? 
found above, respectively. 
EXAMPLE 3. F(x, y) = x — y+ yp? + x3yp3 — 2x2y? 4+ xty??, 
With the help of Newton’s diagram (Fig.9) we obtain the following values 
€:&,; = 1; €2 = 0; ©; = — 2/5. The equations for finding y;, yo and y_z/5 are 
1—y, =0, —yot+ ¥8 =0, y22;5 — 2y722:5 + y13)5 = 0; 


5 ; ; 
hence yy = 1; Yo = 13 y_ajs = 1, while y_2;5 is a twofold root, Therefore 
we have the solutions: 


y=x+to(x), y=1+4o(l), y = x75 + o(x-7/), 


Note 1: If ¢ = a/ is a fraction in its lowest terms (« # 0) found 
by means of Newton’s diagram and j, is a simple root of the equa- 
tion (3.50), i.e. 

dP (y,) 


# 0, 
dy 2 [Yee 
then the denominators of numbers ¢, ¢’, €’’, ..., coincide. 
This enables us to couple the method of Newton’s diagram with 
the method of indeterminate coefficients. Namely, let y,x* be the 
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principal term of the expansion and y, be a simple root of the equa- 
tion (3.50). Then y can be sought in the form 


+ i/g 
3 


be a] 
Y=YVX+Y Vesigr 
i= 


where f is the denominator of the fraction « and y, + i;g can be found 
by the method of indeterminate coefficients. In Example 3 one solu- 
tion should have the form 


y=xt Dmx, 
k=2 


and for finding the succeeding terms of the expansion of other solu- 
tions it is necessary to apply again the method of Newton’s dia- 
gram. 

Note 2. The diagram can be subdivided into three sectors, the de- 
creasing one, the constant one and the increasing one. 

The decreasing sector provides the solution of the problem about 
implicit functions of the equation (3.35) with the condition y(0) = 0. 
The constant sector gives solutions of the problem of implicit func- 
tions of the equation (3.35) with the condition y(0) = yo, where yg 
are the non-trivial solutions of the equation F(0, y) = 0. Finally, 
the increasing sector provides special solutions of the equation 
(3.35), for which 

lim y(x) = oo. 


x70 


2. Let us now consider the equation (3.35) in the case when 
F(x, y) = >. F,(x)y’. This case differs from the preceding one only 
s=0 


in so far as here the construction of the diagram may require an 
infinite number of steps. However, whatever the form of the dia- 
gram, the decreasing sector of the diagram consists of a finite num- 
ber of segments and this circumstance enables us to state that the 
number of solutions of the equation (3.35) satisfying the condition 
y(0) = 0 is finite and gives the possibility of finding all these solu- 
tions. 

All these considerations can be partially extended to include the 
case when y and F in (3.35) are n-dimensional vectors, i.e. when 
the system (3.35) coincides with the system (3.23). 
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The expression F(x)y should then be understood as a vector- 
function of a vector argument, homogeneous, of order s with 
respect to y. 

The principal term of the solution is found by the same method 
(provided the system (3.50) is soluble), but there is no theorem, as 
yet, which would be analogous to Theorem 9 for the system. It can 
only be stated that Note 1 holds. (The root y, is called simple, if 
the matrix [dP(y,)]/dy, is not degenerate.) 

In the real domain all the reasoning holds for x > 0; in order to 
find solutions for x < 0 it is necessary to substitute — x for x in 
equation (3.35). 


§ 4. The Representation of Functions of 2 Variables 
in the Form of Superpositions 


1. Suppose y = g(x) is a continuous function defined in the 
interval [a, b] and mapping that interval onto the interval [z, f] 
and z = f(y) is a continuous function defined on the interval [x, 8]. 
The variable z may be represented as a function of the variable x 
in the form of the combination 


z = flp(x)), (3.52) 


which is called a superposition of the function o(x) and f(y). 

We can define similarly superpositions of functions of any num- 
ber of arguments. Indeed, let ¥ = (x,, x2,..., Xn); ¥ = O1,)2;---5 
Ym) and Z = (z,, 2Z2,.-., Z,) be points of the corresponding spaces 
E,, E, and E,. Suppose, further, Y = @(X) is a function mapping 
some region G of space E, into the region D of space E,, and 
Z = F(Y)is a function defined in D. The mapping of the region G 
into the space £; is carried out by means of a function, which can 
be written down in the form of a combination 


Z = F(®(X)), (3.53) 


which is a superposition of functions ®(Y) and F(Y). Here the 
arguments of the functions contained in the superimposition are not 
connected by any relationships, so that it is possible to consider 
them in all kinds of combinations. 

The representation of a function of several variables in the form 
of superpositions of functions of a smaller number of variables plays 


96 MATHEMATICAL ANALYSIS 


a considerable role in nomography, and also in tabulating func- 
tions. Thus, for example, in order to tabulate a function of two 
variables 

z= In(e + e’), (3.54) 


which can be represented in the form of a superposition of func- 
tions of one variable 


z= x[p(x) + yO)I, (3.55) 


where oft) = y(t) = e*, xu) = Inu, it is sufficient to have tables 
of functions g(t) = e' and y(u) = In u and there is no necessity to 
make up a table with two entries. 
Similarly, the function of three variables 
‘ ; 
eee ead (3.56) 
z? — sin xy 
can be represented in the form of a superposition of functions of two 
variables 


u = f[p(x, y), Z], (3.57) 
while 
f(s) = - BE ; , ov, w) = sin ow. (3.58) 
S — 


Note that in the superposition (3.57), in accordance with the 
definition, only the functions g and f take part, while in the super- 
position (3.55), in addition to the functions y, y and x, the opera- 
tion of addition also occurs; the sum g(x) + ()) plays the part of 
the argument of the function y. Such superpositions are called 
superpositions with addition. They are a particular instance of super- 
positions with the application of arithmetical operations. Using the 
latter, it can be said, that the function 
_ 2? + sin xy 


z* — sin xy 
is represented in the form of superpositions of functions of one and 
two variables 
y= LO + PY) 
y(z) — oC, y) 


where (z) = z?, with the arithmetical operations of addition, sub- 
traction and division. 
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2. The problem of the possibility of representing functions gener- 
ally by superpositions of functions of a smaller number of variables 
was set by David Hilbert. Naturally, an important role is played 
by the classes of the functions considered. For different classes, the 
question of the possibility of representation by superpositions is 
solved by different means. 

The first of the theorems in this direction is Hilbert’s theorem 
referring to the class of analytical functions. The function f(X) 
= f(X,, X25... X,) is called an analytical function of n real variables 
in the given domain, if it belongs to class C, for any & and if in any 
internal point of the domain the Taylor series converges to it. (See 
Chapter I, § 2.) 

THEOREM 10 ( Hilbert). There exist analytical functions of three real 
variables which cannot be represented in the form of superpositions of 
analytical functions of two variables. 

Thus the “complexity” of analytical functions is characterized by 
the number of arguments of these functions. For functions belong- 
ing to class C, with a fixed k, this is no longer so. The “‘character- 
istic of complexity” of functions of n variables belonging to the 
class C, is the ratio n/k. This is confirmed by the following theorem. 

THEOREM 11 (Vitushkin). For any n and k there exist functions 
of n variables belonging to the class C,,, which cannot be represented 
by superpositions of functions of m variables belonging to class C,, 
provided, that 

m n 
; < 7 (3.59) 


The theorems quoted are of a negative nature and state the im- 
possibility of representation in the form of superpositions. If we 
admit, however, any arbitrary continuous functions as constituents, 
and if we consider superpositions with addition, it does become 
possible to represent continuous functions in the form of such 
superpositions. 

THEOREM 12. Any continuous function of n variables can be re- 
presented in the form of a superposition of continuous functions of 
one variable with addition. 

This result was obtained through the work of V.I.Arnold and 
A.N. Kolmogorov. The final theorem in this field can be formulated 
as follows: 

THEOREM 13. For any integral n > 2 there exist continuous real 
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functions y3(x) defined in the unit segment E, = {0, 1] such that any 
continuous real function f(x, X2, .-., X,) defined in an n-dimensional 
unit cube E, can be represented in the form 


2n+1 n 
IO ’ X2, ees Xn) = d tal Y, vic, (3.60) 


where the functions 7,(y) are real and continuous. 
In particular, any continuous function of two variables can be 
represented as a sum of five terms of the form 


zle(x) + pO), 


and a continuous function of three variables can be represented by 
a sum of seven terms of the form 


Elp(x) + yO) + x@)I. 

3. As wellas expressing a function as a superposition of functions 
of a smaller number of variables exactly, it is sometimes important 
to be able to approximate a function to such superpositions. In this 
respect the following theorem is of the greatest interest. 

THEOREM 14(Kolmogorov). For anyn > 2ande > 0, there exist, 
for every function of n variables f(x,, X2,...,; Xn) given and con- 
tinuous in the unit cube E,, polynomials 


b(u,, U2, «055 Un—1)s a,(x), c,{x) (r om 1, 2; +--+, 5 1) 
of n — | variables and of one variable, such that at any point P of 


wed IP) - FP <e, 
where 
ned >N2o-0%5 Xn) = a,(Xp) blc-(%n) a Niy---) (Xp) + Xn-1)- 


r=1,2 


In particular, putting, for n = 3 (3.61) 


c(x) + x’ = Ax, x’), aO)y = g(x,y), wu tv =d,v), 
we write (3.61) in the form 
I, y; 2) 
= d(gi{z, bly (z, x), A, y)]}, g2tz, blha(z, x), ha(z, A)]}). (G62) 


Thus, any continuous function of three variables can be approx- 
imated with any desired degree of accuracy to an expression of the 
form (3.62), where d, g,, b and h, are polynomials in two variables. 


CHAPTER IV 


SYSTEMS OF FUNCTIONS 
AND CURVILINEAR COORDINATES 
IN A PLANE AND IN SPACE 


§ 1. Mapping. Jacobians 


Mapping in the Linear, Plane and Space Cases 


1. In the preceding chapter (Chapter III, § 1, secs. 1 and 2) we 
discussed the question of mapping by a system of n functions with 
n independent variables. In the present chapter we consider map- 
pings of particular practical interest: linear, plane and spatial cases 
(n = 1, 2 and 3 respectively). 

(a) Linear case. If n = 1, it is said, that 2 mapping of the line 
takes place, and it is realized by means of one function 


u = f(x). (4.1) 


Suppose the function (4.1) is single-value and continuous in the 
interval / of the axis Ox. Then, to every point p(x) (the original point 
or inverse image) of this interval, this function refers a unique 
point g(u) (mapping or image) of the interval A on the axis O’u, 
which is the mapping (image) of the interval /, which, in turn, serves 
as its original (inverse image). 

If the function 


x = ou) (4.2) 


is the inverse of the function (4.1), it is said that it gives an inverse 
mapping with respect to the one defined by the function (4.1). The 
inverse map (4.2) maps the points of the interval 4 onto the points 
of the interval /; now, A serves as the original (inverse image) for the 
map (image) /. 

The inverse mapping may be many-valued. 


A.M.A.D. 8 
99 


100 MATHEMATICAL ANALYSIS 


(b) The plane case. When n = 2, the plane case of mapping takes 
place. It is realized in this case by the system of functions 


u = f(x, y), (4.3) 
v = g(x,y). 

Suppose the functions fand g are single-valued and continuous 
in the region D of a plane which has a system of cartesian coordi- 
nates Oxy. Then, to every point p(x, y) of the region D, the system 
(4.3) assigns a unique point q(u, v) of a region A of a plane which 
has a system of cartesian coordinates O’uv. The region A is the 
mapping (image) of the region D, which serves as its original (in- 
verse image). 

If the system (4.3) is solved with respect to x and y and a new 


system is obtained 
xX = Gu, v), 
(4.4) 
y= pty, »), 


it is said that the system (4.4) gives the inverse mapping with respect 
to the one defined by system (4.3). The inverse mapping will not 
necessarily be single-valued. 

(c) The space case. When n = 3 we have the space mapping, 
realizable by the system of functions 


u = f(x,y, 2), 
v = g(x, y, 2), (4.5) 
w = h(x, y, z). 


Suppose functions /, g and hare single-valued and continuous in 
the region Q of the space provided by the system of cartesian co- 
ordinates Oxyz. Then to every point p(x, y, z) of the region Q, the 
system (4.5) assigns a unique point q(u, v, w) of the region 2 of the 
space provided by the system of cartesian coordinates O’uvw. The 
region §2 is the mapping (image) of the region Q, which serves as the 
original (inverse image) of 2. 

If the system (4.5) is solved with respect to x, y and z, it is said 
that the newly obtained system 


x = (u, v, w), 
y = pl, v, w), (4.6) 


z = x(u, v, w) 
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gives the inverse mapping of that defined by the system (4.5). The 
inverse map may be many-valued. 


Homeomorphic Mapping 


2. If (for every n) not only the given (direct) mapping but its 
inverse are single-valued, the given mapping is called bi-unique. If 
all functions involved both in the given and the inverse mappings 
are continuous we say that the given mapping is bi-continuous. 

A mapping that is bi-unique and bi-continuous is called homeo- 
morphic. A homeomorphic mapping possesses the property that 
to every point of the inverse image it assigns a unique point of the 
image, and to any two distinct points of the inverse image it assigns 
two distinct points of the image. 


Affine Mapping 


3. If every function of a system which is involved in the mapping 
(for any n) is a linear function, the corresponding map is called 
affine. 

(a) The one-dimensional case. The affine mapping in the one- 
dimensional case is defined by means of the function 


u=ax+b. (4.7) 
If a # 0, the mapping (4.7) is invertible: 
oe eee (4.8) 
a a 


The inverse mapping (4.8) is also affine. From (4.7) and (4.8) we 
note that wu as a function of x and, conversely, x as a function of u 
are single-valued and continuous everywhere. Therefore, when 
a # 0, the affine mapping is homeomorphic everywhere. Suppose 
the interval [x,, x] of the axis Ox is mapped into the segment 
[u,, U2] of the axis O’u by means of the function (4.7). Then 

poe un — uy 
X2—- XX; 


and therefore |a| expresses the ratio of the length of the image- 
interval to the length of the original interval. For this reason |a| is 
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called the coefficient of distortion (of length) in the affine mapping 
(4.7). 

The sign of a provides the direction of displacement of the point 
mapped: if a > 0, the image point moves down the interval [u, , u2} 
in the same direction as the original point moves down the interval 
[x1,%X2];ifa < 0, the directions of displacement of the image point 
and the original point are opposite. 

If a = 0, the mapping (4.7) is not invertible and therefore, of 
course, not homeomorphic. Here the function (4.7) is written down 
in the form u = b. It maps the whole of the Ox axis into one point b 
on the axis O’u, covered an infinite number of times. In the case of 
a = Othe mapping (4.7) is called degenerate. 

If, on the axis Ox, we take uniformly distributed points (i.e. the 
distance between each pair of neighbouring points is constant) then 
a non-degenerate (a # 0) affine mapping (4.7) maps them into 
points of the axis O’n, also uniformly distributed. 

(b) The plane case. In the plane case, an affine mapping is realized 
by means of a set of functions 


u=ax+tbyt+ec,, (4.9) 
v= Q,x + bay + 3. 
If the determinant of the system is non-zero: 
b 
711! = a,b, — ab, £0, (4.10) 
a, b, 
the set (4.9) can be solved with respect to x and y: 
X=ayut+ dv+ ce), (4.11) 
y= au + bhv +c), : 


and this shows, that the inverse of an affine mapping is also an 
affine mapping. Therefore, in the fulfilment of the condition (4.10), 
the affine mapping (4.9) turns out to be homeomorphic. 

If the condition (4.10) is not fulfilled then the mapping (4.9), hav- 
ing become non-invertible, ceases to be homeomorphic and is now 
called degenerate; it can map the whole plane Oxy into a straight 
line or into a point of the plane O’uv. 

The basic properties of affine mappings are briefly summarized 
below. 
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1°. If two systems of straight lines are constructed in a plane, 
each system consisting of straight lines parallel and equidistant from 
each other, the plane is cut up into regions bounded by equal par- 
allelograms. It is said that points at the vertices of these parallelo- 
grams are uniformly distributed in the plane. 

It turns out, that in carrying out the condition (4.10), the affine 
mapping (4.9) transforms a system of points uniformly distributed 
in the plane Oxy into a system of points uniformly distributed in 
the plane O’uv. No other mapping of form (4.3) possesses this 
property. 

2°. The expression the algebraic magnitude of the area of a region 
is understood to mean its area taken with the sign “+” if the con- 
tour of the region is traced out in the positive direction (i.e. so that 
the region itself remains on the left), and taken with the sign “—” 
if the tracing is done in the negative direction (i.e. in the direction 
opposite to the indicated one). 

We denote the algebraic magnitudes of the image-area (in the 
plane O’uv) and of the inverse-image-area (in the plane Oxy) by 46 
and As, and the modulus of their ratio by k, 


Ao 


k=|— 
As 


(4.12) 


It turns out, that for a non-degenerate affine mapping (4.9) this 
coefficient of distortion (of area) k is a constant independent of the 
shape of the region mapped, and equal to the modulus of the deter- 
minant of the mapping (4.9), 


k = la,b, ar azb,}. (4.13) 


The sign of the determinant of the mapping (4.9) can also be 
interpreted in a visual manner: if a,b, — a,b, > 0, this means that 
to the displacement of the inverse-image-point along the contour 
of the region being mapped in any definite direction (positive or 
negative), there corresponds the displacement of the image-point 
along the contour of the mapped region in the same direction; if 
a,b, — a,b, < 0, the image-point moves in a direction opposite to 
the direction of the movement of the inverse-image point. 

3°. An important particular case of affine mapping are affine 
mappings preserving distances between points. Such mappings pre- 
serve also the shape of the region and so its area. Hence it follows 
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that affine mappings of this kind should be sought among mappings 
of the form (4.9) in which 
k = |a,b, = a,b,| = l. (4.14) 


It turns out that those and only those affine mappings preserve 
distances which can be represented in one of the following four 
forms: 


u=xcosgFysing+¢c, } (4.15) 
= txsing + ycosp +c, 
and 
u=xcospFysing+c, (4.16) 
v= +xsing — ycosp + ¢2, 


where ¢ is an arbitrary angle. 

The equations (4.15) are the formulae for the transformation of 
coordinates in a plane: the parallel transfer of the coordinate axes 
with a new origin at the point O’(c,, c,) and the rotation of the 
system of coordinates either through the angle » (for upper signs) 
or through the angle — » (for lower signs). Therefore, in a mapping 
of form (4.15) the image of a given region is obtained by transferring 
it as a rigid body—first by rotation about the origin of the co- 
ordinate axes, and then by shifting it parallel to itself. Therefore, 
the affine mapping of form (4.15) is called the plane motion of a 
rigid lamina (region) or simply rigid motion. (The mappings of form 
(4.16) cannot be called motion in any sense, since they demand also 
the symmetrical reflection of the region with respect to a coordinate 
axis, which cannot be achieved by mere motion in a plane.) 

4°. The following belongs to a type of affine mapping commonly 


encountered: 2 
aed (4.17) 
v=ay, a#Q. 


This defines the transformation of similarity with centre at the point 
O(O, 0). The number a is called the coefficient of similarity. Suppose 
the plane O’uv coincides with the plane Oxy. Then, in the case 
a > 0, the point p(x, y) maps into the point qg(u, v) lying on the 
same ray as the point p(x, y) itself, and in the case a < 0 it maps 
into a point lying on the opposite ray, while in both these cases the 
ratio of segments Og and Op (the distances of the image and the 
inverse image from the centre of similarity) remains equal |a|. The 
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transformation of similarity maps any figure (region) into a figure 
(region) similar to the first one, with a coefficient of similarity |a|. 
(c) The space case. The affine mapping in the space case 1s realized 
by the system 
u=a,x+bytezt+d,, 
a,x + by + c2z + dp, (4.18) 
a3x + b3y + C3Z + d;. 


Il 


v 


w 


If we assume that the determinant of the system (4.18) differs from 
zero: 


a, b,c, 
é = /@2 b, C2 # 0, (4.19) 


then the system (4.18) can be solved with respect to x, y and z: 


x=ayut+ bu +ewt di, 
yr=aut bvt+ewt da, (4.20) 
z= au t+ byv + cywt dj, 


and this shows that a mapping inverse to an affine one is also 
affine mapping. Therefore, on fulfilment of condition (4.19), the 
affine mapping (4.18) turns out to be homeomorphic. 

If the condition (4.19) is not fulfilled, then the mapping (4.18), 
having become non-invertible, ceases being homeomorphic and is 
called degenerate: it may map the whole of the space Oxyz into one 
plane of the space Ouvw. 

If we construct in space three systems of planes each consist- 
ing of planes which are parallel and equidistant from each other, 
the space is cut up into regions bounded by equal parallelepipeds. 
It is said that the points at the vertices are uniformly distributed in 
space. 

It turns out that the non-degenerate affine mapping (4.18) trans- 
forms a system of points uniformly distributed in the space Oxyz 
into a system of points uniformly distributed in the space O’uvw. 
No other mapping of form (4.5) possesses this property. 

For the non-degenerate affine mapping (4.18), the coefficient of 
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distortion (of volume) k, i.e. the ratio of the volume of the image- 
region to the volume of the inverse-image region, is a constant in- 
dependent of the shape of the region and equal to the modulus of 
the determinant of the system (4.18): 


k = |dj. (4.21) 


4. Coefficient of Distortion: Jacobian 


The constancy of the coefficient of distortion (of length, of 
area, of volume) at all points (of an axis, of a plane, of space) holds 
for non-degenerate affine mappings and only for those. For non- 
affine mappings there arises the necessity of determining /ocally the 
coefficient of distortion. 

(a) The linear case. The name coefficient of distortion k(x,) at the 
point po(xo) of the mapping (4.1), homeomorphic at point po, is 
given to the limit of the ratio of the length of the mapped interval 
(on the axis O’u) to the length of the interval being mapped (on the 
axis Ox) beginning at point po, when that interval contracts to the 
point po. 

On the assumption of the differentiability of the function f(x) it 
follows from this definition that the coefficient of distortion equals 
the modulus of the derivative of the mapping function, taken at the 


elven port k(x0) = If’ Oxo). (4.22) 


(b) The plane case. The name coefficient of distortion k(xo, Yo) at 
the point po(xo, Yo) of the mapping (4.3), homeomorphicat point po, 
is given to the limit of the ratio of the area of the mapped region (in 
the plane O’uv) to the area of a rectangle being mapped (in the 
plane Oxy) with a vertex at the point p, and with sides parallel to 
the axes Ox and Oy, when this rectangle contracts unboundedly to 
the point po. 

On assuming the differentiability of the function f(x, y) and 
g(x, y) it follows from the definition that the coefficient of distortion 
equals the modulus of the Jacobian of the mapping (4.3): 

cu du 


Ou, v) | Ox dy 
a(x, y) cv av 


Gx oy 


(4.23) 
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Thus 
O(u, v) 


4.24) 
O(x, y) ( 


k(x, Yo) = | 


. 
x=%o0 
v=¥o 


(c) The space case. The name coefficient of distortion k(Xo, Yo; Zo) 
at the point po(xo, Yo; Zo) of the mapping (4.5), homeomorphic at 
point po, is given to the limit of the ratio of the volume of the mapped 
region (in the space O’uvw) to the volume ofa rectangular parallele- 
piped being mapped (in the space Oxyz) with a vertex at point po 
and with faces parallel to the planes xOy, yOz and zOx, when that 
parallelepiped contracts unboundedly into the point po. 

If the differentiability of the function f(x, y, z), g(x, y, z) and 
h(x, y, z) is assumed, it follows from the definition that the coeffi- 
cient of distortion equals the modulus of the Jacobian of the mapping 
(4.5): 


Guess ous Ou 
éx by az 
Ou, vw) _ | 60 ov ay) (4.25) 
A(x, y, Z) Ox Op @2z 
Ow Ow Ow 
ax oy. Oz 
Thus, 
K(X0, ¥os 20) = peer (4.26) 
A(2, Y, 2) |xwxo 


Y=Yo0 
zZ=Zo 


Conformal Mapping 
5. Suppose, the functions u and v, which are defined by the 


mapping (4.3), are harmonic, i.e. suppose they are twice contin- 
uously differentiable and that each satisfies Laplace’s equation: 


O7u 07u 
°F = 0 

Ox? ay? ; 

7 ay (4.27) 
+ = 0, 


Ox? Oy? 
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and suppose they are connected by means of one of the following 
relationships: 


ayes 
Ox dy’ 
(4.28) 
Cpe gee 
oy Ox 
or 
ne 
Ox oy 
4.29) 
du av ( 
oy ax 


Then, in the case of fulfilment of condition (4.28), the mapping 
(4.3) is called conformal (or regular) of the first kind, and in the case 
of fulfilment of condition (4.29) it is called a conformal mapping of 
the second kind. 

Conformal mappings possess the property that they map any in- 
finitely small region of the plane Oxy into an infinitely small region 
of the plane O’uv, similar to the first one. Here the coefficient of 
similarity equals the square root of the Jacobian of the mapping (it 
is assumed that the latter does not equal zero). Often these geo- 
metric properties of conformal mapping are used as a basis of its 
definition.f 

Note: In a three-dimensional case (and even more so, when 
n > 3) a conformal mapping can be reduced to transformation of 
shift, similarity and inversion only (Liouville’s theorem). 


§ 2. Curvilinear Coordinates in a Plane 


1. Let us consider the mapping 


u= I (x, y) ’ ! 
=e (x, y), 

ft Conformal! mapping is often understood to mean only mapping with a one- 

to-one correspondence. Sometimes a distinction is made between the ideas of 


conformity and of regularity of mapping, calling only those mappings conformal 
that are in one-to-one correspondence. 


(4.30) 
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homeomorphic in some region D of the plane Oxy, and the mapping 
inverse to it, 


x = 9(u, v), (431) 


y = plu, v), 


which is also homeomorphic in the region A of the plane. O’wv (A is 
the image of the region D). 

The curvilinear coordinates of point p, belonging to the region D 
and having as its rectangular cartesian coordinates the numbers x 
and y, are the numbers wu and v, which serve as rectangular cartesian 
coordinates of the point g in the region 4, which is the image of the 
point p for a given homeomorphic mapping. 

These numbers u, v can be called coordinates of the point p(x, y) 
since they are determined uniquely from chosen x, y (from a chosen 
point p) by means of the system (4.30), and, conversely, from any 
chosen pair of numbers u and v and with the help of the system (4.31) 
the pair of numbers x, y and so the unambiguous point p(x, y) is 
determined uniquely. 

The set of points of the region D, one of whose curvilinear co- 
ordinates is constant (u = uo = const or v = vp = const) is called 
the corresponding coordinate line in the given system of curvilinear 
coordinates. The coordinate lines u = up and v = vg in the plane 
Oxy are defined by the equations 


f(x, Y) = Uo (4.32) 


respectively. 8(%, y) = to 2?) 


For various values of uo and vg (however, such that the point po 
defined by them is never outside the region D) two systems of co- 
ordinate lines are formed covering the region D and subdividing it 
into curved quadrilaterals (in the case of affine mapping, the latter 
have the form of parallelograms). 


and 


Systems of Orthogonal Curvilinear Coordinates in a Plane. 
Conditions of Orthogonality 


2. Let us denote sets of coordinate lines of form u = up and of 
form v = vp by U and FV respectively. 

If any two coordinate lines, one of which is taken from the set U 
and the other from the set V, intersect at right angles, then the 
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system of curvilinear coordinates possessing this property is called 
rectangular or orthogonal. 

The mapping (4.30) defines an orthogonal system of curvilinear 
coordinates if 


ic eT Lop (4.34) 


This condition of orthogonality of the system is written down in 
the following form: 
S(t 2) = (4.35) 


where the symbol S means the sum of two terms: the expression 


within the brackets and the expression, analogous to the above, 
obtainable from the first one by exchanging x for y. 
It is possible to obtain also another condition of orthogonality: 


Ox 0x Cy oO 
5 


ou ov Cu Ov 


S (= =) _0. (4.37) 


Any conformal mapping (see § 1, sec. 5) defines a system of 
orthogonal curvilinear coordinates. The converse proposition does 
not hold, however. 


=0 (4.36) 


Or 


Lamé Coefficients and Differential Parameters of the First Order 
of a System of Curvilinear Coordinates in a Plane 


3. In various applications of curvilinear coordinates so-called 
Lamé coefficients |, and |, and differential parameters of the first 
order h, and h,, defined by the following formulae, are used: 


ae J S (=). 


eee (4.38) 


, = /s (=). 
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hy = J S (=): 
hm (S(Z). 


For the curvilinear coordinates of an orthogonal system, Lamé 
coefficients are inverse in magnitude to the corresponding differ- 
ential parameters of the first order, i.e. 


(4.39) 


Pele ee 
h, h, 
An Element of Length and an Element of Area in a System 
of Curvilinear Coordinates in a Plane 


4. For the element ds of the length of a curve in the system (4.30) 
of orthognal curvilinear coordinates the following formula holds: 


ds = JP du? + I? dv? = J 2 du? + = dv?. (4.40) 


The expressions for the elements ds, and ds, of the length of the 
coordinate lines u = uy and v = vp are as follows: 


ds, =1,du, ds, = I,dv. (4.41) 


For the element dq of the area of a region in the system of ortho- 
gonal curvilinear coordinates in a plane the formula 


dq = 1,1, du dv = 
holds. . 
On the other hand, it is known that the coefficient of distortion 
of area in mapping is the modulus of the Jacobian (see § 1). Denot- 
ing the Jacobian of mapping (4.31) by J, i.e. putting 


du dv (4.42) 


Ox Ox 
Ou av 

J= : (4.43) 
oy oy 


Ou = Ov 
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Merete dg = \J\ du do. (4.44) 


Hence it follows that for a system of orthogonal curvilinear co- 
ordinates 


J) = 4/4, = (4.45) 


hh, 


Some Systems of Curyilinear Coordinates in a Plane 


5. Below, we describe some widely used systems of curvilinear 
coordinates in a plane; we proceed according to the following 
scheme: we give (a) their definition (i.e. the expression of rectan- 
gular cartesian coordinates x and y in terms of the curvilinear co- 
ordinates u and v), (b) coordinate lines, (c) formulae for Lamé co- 
efficients J, and /, (the differential parameters of the first order 
h, and h, for orthogonal systems are calculated as the reciprocals 
of their values), (d) the formula for the element ds of length, and 
(e) the formula for the element dq of area. 


1°, CARTESIAN COORDINATES 
(a) x= aut bw Crs (4.46) 
y=ayut+ bv 4+ ¢3, 
where the constant magnitudes a’, b’, c’ are selected in such a way 
that the Jacobian J, = (x, y)/d(u, v) is non-zero. 
The system (4.46) is transformed into the following 
u=ax+byte, (4.47) 
v= a,x + by+ cz 
(a, b, c constant), and the Jacobian J = d(u, v)/(0(x, y) of the trans- 
formed system is also non-zero; it is reciprocal in value to 


jes, 
Jy 
(b) The coordinate lines are straight lines parallel to the straight 
lines 


| (4.48) 


a,x +bsy +c, =0 
a,b, — azb, 


and intersecting at an angle w for which tan w 3 
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Ou oO 
S “<)= aa, + b,b., (4.49) 
Ox Ox 


Since 


the cartesian system is, generally speaking, non-orthogonal. It is 
orthogonal only in the case when a,a, + b,b, = 0; here w = 7/2. 
Otherwise, it is called oblique. 

The condition of equality of scale in the systems Oxy and O’uv 
is that the equations 


a+ bf = az + by =af tay =b/7 + bp = 1. 


(c) 1 
= Ja’? + a2 ay + ay = . = 
af a; + by 
(4.50) 
l, = Vb? +b? = 
en 7 a 
must be satisfied. 
For unchanging scales J, = /, = 1. 
(d) (a? + a?) du? + (bf + b’7) dv? 
2 “Dae gee aes (4.51) 
a, + bf ay + b3 
For unchanging scales ds = di du? + dv’. 
(e) dq = J (ay + ay) (bY + 54’) du dv 
1 
=o a du dv. (4.52) 
V (ai + 57)(a2 + 53) 
For unchanging scales dg = du dv. 
2°. POLAR COORDINATES 
(a) Se ae v, \ (4.53) 
y=usinon, 


O<u<+o0, O<v<2n. 


It is customary to use different notation in polar coordinates: u = 0, 
v = 9; ¢ is the polar radius, is the polar angle. 
The system is orthogonal. 
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At the point (0, 0) the Jacobian of the polar system of coordinates 
equals zero. Therefore, the appropriate mapping in it is no longer 
homeomorphic; in the given point the coordinate u equals zero, 
and the coordinate v can take any value in the semi-open interval 
(0, 2x]. The origin of the coordinates is a special point for the sys- 
tem of polar coordinates. 

(b) Coordinate lines are concentric circles 


e+ey? = ug (4.54) 
with centre at the origin and radius uo and rays 
X= UCOSU9, Y= USIN Dg, (4.55) 


issuing from the origin and inclined to the axis Ox at an angle vo. 
The parametric equations of these rays, shown above, can be written 
down, in the case of v9 # 2/2, 37/2, in the form 


y = (tan r9)x. (4.56) 

(c) bits } (4.57) 
l,=u. 

(d) ds = Jdu? = u? dv”. (4.58) 

(e) dq = udu dv. (4.59) 


3°. GENERALIZED POLAR COORDINATES 


(a) x = au os v, } (4.60) 
y = busino, 


O<u<+o, O<v<2x, a>O0, b>O0, a#b. 


The point (0, 0) is a special point of the system of generalized 
polar coordinates. 

The system is not orthogonal (it is orthogonal only in the case 
a = b). 

(b) Coordinate lines are concentric ellipses 


ee (4.61) 
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with centre at the origin and with semi-axes au, bug, and the 
rays : 
X = aucoStp, y= busing, (4.62) 


issuing from the origin and with slope b/a tan v9. 


= Ja? cos? v + b? sin? v, 
(c) Bees eee (4.63) 
ee Ja sin? v + b? cos? v; 
2 m2 
n= [ee v | sin a 
a? b? 
oe eee (4.64) 
je l sin? v cos? v 
° url a b2 


Whena # bin this case i,k, 4 1 and /,h, # 1, since here the system 
of generalized polar coordinates is not orthogonal. 


(d) ds = [(a? cos? v + b? sin? v) du? + (b? — a*)u sin 2v du dv 


+ (a? sin? v + b? cos? v)u? dv?]’!?. (4.65) 
(e) dq = Gy) du dv = abu du dv. (4.66) 
d(u, v) 


4°. GENERAL ELLIPTICAL COORDINATES 


(u + a*)(v + a?) 
2_ 
seclaaeer eae 
(4.67) 
» _ (ut b?)(v + Bb?) 
er =e ae 
0<B<a’, -a<v< —b?, -B <u< +o. 


To every pair of coordinates u and v there correspond four points 
(x, y) (one in each quadrant) symmetrical with respect to the co- 
ordinate axes. Therefore, for homeomorphism it is necessary to 
limit oneself to one quadrant of the plane Oxy, for example, the 
first one: x > 0, y > 0. This whole quadrant is a region of homeo- 
morphism of a system of elliptical coordinates. 

The system is orthogonal. 


A.M.A.D. 9 
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(b) The coordinate lines are confocal ellipses 


2 2 
ee Ae en (4.68) 
Ug + a? Ug + 5? 
and hyperbolae 
2 2 
aera — oe = = l, — (Uo + b?) > 0, (4.69) 
Vo + a? = (vo + b?) 


with foci at points F,(—Va? — b?, 0) and F,(Va? — b?, 0). 


2_ luv 
(c) = 4 m(u) 
(4.70) 
fiat Ee 
? 4 —m(v) ’ 


where m(t) = (t + a”) (t? + 67). Note that m(v) < 0 for all ad- 
missible values v. 


l u—v u—v 
d ds = — |—— dy? dv? . 4.71 
() 2 J m(u) or — m(v) J ( ) 
(e) dq _— du dv. (4.72) 


~ 4,/ — m(u) m(v) 


5°. DEGENERATE ELLIPTICAL COORDINATES 


(a) x= cosh u eos (4.73) 
y = Sinhusinv, 


O<cu<+o0, O<v < 2n. 


Degenerate elliptical coordinates represent a particular case of the 
general elliptical coordinates which arises whena = landb = Oand 
on substituting sinh? and — sin?v for uw and v respectively. 

The system of equations determining degenerate elliptical coordi- 
nates maps homeomorphically the whole region Oxy from which 
the interval (— 1, + 00) of the axis Ox has been removed, into a 
semi-infinite strip of the plane Ouv, bounded by the three lines 


v=0,u>0; v=22,u>0; u=0,0>0. (4.74) 
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The degenerate elliptic coordinates u and v and the general elliptic 
coordinates u and v are connected with each other in the following 


manner: ~ . 
u dt v dt 
v= | ———, »o=-| —2—, @y 
92 /4m(0) -w i — Am(2) 
where the function m(f) is of the same form as above. 
The system is orthogonal. 
(b) The coordinate lines are confocal ellipses 
2 2 
= a ee a ee (4.76) 
cosh? up sinh? up 
and hyperbolae 
x y? I 32 
——— - — =1, v #0,—.2,—, (4.77) 
COS” Uo sin? v> 2 2 


with foci at points F,(— 1, 0) and F,(1, 0). 
(c) I, = 1, = .[cosh? u — cos? v. (4.78) 
(d) ds = ,[cosh? u — cos? v ,/du? + dv?. (4.79) 
(e) dq = (cosh? u — cos? v) du dv. (4.80) 


6°. PARABOLIC COORDINATES 


(a) x = u? — v?, (4.81) 
y = 2uv, 


—-om<u<+o0, O<v< +o. 


The system of equations defining parabolic coordinates maps 
homeomorphically the whole plane Oxy, from which the positive 
semi-axis Ox has been removed, into the upper half-plane v > 0 
of the plane Ouv. This mapping is conformal (see § 1, sec. 5). 

The system is orthogonal. 

(b) The coordinate lines are parabolae 


x= u —_— 4.82 
ogee (4.82) 
ae eae (4.83) 
x= — v . 
4u5 ° 


with parameters 2u2 and 2u¢ respectively. The axis of the first of the 
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parabolae is the ray (— 00, u2) and of the second is the ray (— v3, 
+ 00). 


(c) i, =1,=2./u2 + v?. (4.84) 
(d) ds = 2,/u? + v? du? + dv. (4.85) 
(e) dq = 4(u? + v7) du dv. (4.86) 


7°. BIPOLAR COORDINATES 


sinh u 

(a) = ——_—_—_——__, 
cosh u + cos v 

(4.87) 


sin v 


a 
coshu + cosv 


-om~<u<c+o0, O0<0 < 2x. 


The system defining bipolar coordinates maps homeomorphically 
the whole plane Oxy, from which the segment [— 1, l]ofthe axis Ox 
has been removed, into an infinite strip of the plane Ouv, bounded 
by the straight lines v = 0 and v = 22. This mapping is conformal 
(see § 1, sec. 5). 

The system is orthogonal. 

(b) The coordinate lines are circles 


(x — coth Uy)” + y? = oe (4.88) 
sinh? up 
and \ 
x? + (y + cot v9)? = — (4.89) 
sin? vo 


i l 1 ‘ 
of radii ————~ and ——— respectively. The centre of the first 
[sinh uo| [sin vo| 


one lies at the point (coth uy, 0) and of the second one at the point 
(0, —cot v9). 


(c) Ap ee (4.90) 
cosh u + cos v 
(d) ii — a ae (4.91) 
cosh u + cosv 
| 
e dg = —$§_ _  —— du dv. 4.92 
4 (cosh u + cos v)? 22) 
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§ 3. Curvilinear Coordinates in Space 


1. The name curvilinear coordinates of the point p, whose rectan- 
gular cartesian coordinates are the numbers x, y and z is applied to 
the rectangular cartesian coordinates u, v and w of point g, which 
serves as the image of the point p in the mapping 


u = f(x, y, 2), 
» = g(x, y,2), (4.93) 
w = h(x, y, 2), 


homeomorphic in some region Q containing point p. 

The set of points of region Q, oneof whose curvilinear coordinates 
isconstant (uw = uo = const, or v = ¥» = const, or w = wg = const), 
is called a coordinate surface in the given system of coordinates, and 
the set of points of region Q, two of whose curvilinear coordinates 
are constant (u = up and v = vg OF U = Ug and W = Wo OF U = Uo 
and w = w), is called @ coordinate line in the given system of co- 
ordinates. 

The coordinate surfaces u = ug, v = Ug, W = Wo in the space 
Oxyz are defined by equations 


S(x,y, 2) = Up, g(x, y,2Z) = 00, A(x, y, Zz) = Wo. (4.94) 


Coordinate lines are formed at the intersection of pairs of co- 
ordinate surfaces and are defined by the sets of equations 


ee S(%, y, Z) = Uo, g(x, y, Z) = vo, 


(4.95) 
Q(X, Y, Z) = Uo, h(x, y, Z) = Wo, h(x, y, Z) = Wo. 


For various Wg, U9, Wo (such, however, that the point which they 
define does not leave region Q) three systems of coordinate surfaces 
form a grid covering the region Q and subdividing it into curved 
hexahedra (in the case of affine mapping the latter take the form of 
parallelepipeds). Let us denote sets of coordinate surfaces of form 
u = Uo, Of form v = vg and of form w = wg by U, V and W re- 
spectively. If any three coordinate surfaces, of which one is taken 
from the set U, another from the set V and the third from the set W, 
intersect in pairs at right angles with each other, the system of 
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curvilinear coordinates with this property is called rectangular or 
orthogonal. 

The condition of orthogonality of a system of coordinates is the 
simultaneous fulfilment of the equations 


5 (2%) a0, §(%%)=0, S(2%)a0 


Ox “ax. Ox Ox Ox Ox 
(4.96) 


in which the symbol S denotes the sum of three terms: of the ex- 


pression in brackets and similar ones obtained in substituting first y 
for x, then z for x in it. 

The condition of orthogonality can be expressed otherwise in the 
following form: 


s(2 a) a0, s(2 a) =o, s(% a=) = 


du dv ‘ou aw dv aw 
(4.97) 


(the symbol S has the same meaning as before). 


The Lamé coefficients L,,L, and L,, and the differential para- 
meters of the first order H,, H,, H,, for a system of curvilinear co- 
ordinates in space are expressed as follows: 


n= /S(2Y. t= [S(2). tem [SCZ 


(4.98) 
m= 1S) + &= /S(G) > = S(Z)- 
(4.99) 


If the system of coordinates is orthogonal its Lamé coefficients 
are reciprocal in magnitude to the corresponding differential para- 
meters of the first order: 


L,= » L, = 6 Ly — a. 
A, A, H,, 


(4.100) 
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The elements ds of length of the space curve, do of the area of 
surface and dw of volume of a body in the system of orthogonal 
curvilinear coordinates are expressed as follows: 


ds = [L? du? + L? dv? + L?, dw? 


1 l l 
= J 2 du? + me” + re (4.101) 


do = ,{(L,L, du dv)? + (L,L,, du dw)? + (L,L, dv dw)?, (4.102) 
dw = L,L,L,, du dv dw. (4.103) 


In particular, for elements ds,, ds, and ds,,—of the lengths of co- 
ordinate lines— we obtain the formulae 


ds,=L,du, ds,=L,dv, ds, = L,dw. (4.104) 


If the surface S in the space Oxyz is defined by the parametric 
equations 


X= Plu, v”), y= plu, v), z= x, v), (4.105) 


the element do of its area can be expressed by the formula 


do = ,|EG — F? dudv, (4.106) 
where 
= 2 
Bae S ' pa Gio 2s), gaS(= . (4.107) 
Gu Ou dv Ov 


The magnitudes £, F and G are called the Gaussian coefficients of 
the surface S in the given system of curvilinear coordinates u, v. 
The element ds of length of line on the surface S equals 


———= a 
= [S(Zu+ Sa) = JE du? + 2F dudv + Gav’. 
u v 


(4.108) 


Certain Systems of Curvilinear Coordinates in Space 


2. The description of common systems of curvilinear coordinates 
in space is given below, according to the following scheme: for 
orthogonal systems, we are given (a) their definition (i.e. the ex- 
pression of rectangular cartesian coordinates x, y, z, through curvi- 
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linear coordinates u, v, and w, (b) coordinate surfaces, (c) formulae 
for Lamé coefficients L,, L,, L,, (the differential parameters of the 
first order H,, H,, H,, for orthogonal systems are calculated as their 
reciprocals), (d) the formula for the element ds of the length of a 
line, (e) the formula for the element do of the area of surface, (f) the 
formula for the element dw of volume. For non-orthogonal systems, 
the description of their principal properties is given. In some neces- 
sary cases certain explanations are included in the text. 


1°, CARTESIAN COORDINATES 


(a) x=aut+but+cwtd,, 
Yraut bvicwt+ d, (4.109) 
z= au + bjv + cyw t+ dj, 


: O(x, y, Z 
where a’, b’, c’,d’ are constant and the Jacobian J, = (x, Y» 2) 
O(u, v, w) 
is a non-zero one. This system is transformed into the following 
one: 
u=a,xt+tbyt+ez+d,, 
v= a,x + by +¢,z7+ ao, (4.110) 
W = 43x + byy + C3z + dy, 


: O(u, v, Ww 
where a, b, c, dare constants and the Jacobian J = Olu, v, W) = 
is also non-zero. O(x, y, 2) 


A system of cartesian coordinates in general is not orthogonal, 
since the magnitudes 


S($2) = aja, + bb, + eye2, 
x 


I/g, 


Ox 0 
Cu Oo 
S( ==) = aay + bibs + e103, (4.111) 
Ox Ox 
Ov Ow 
— —)= a,a3 + 5264 4+ ©2¢ 
S(z | ue a si 


do not equal zero for all a, 5, c. 
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The condition for the invartability of scales of an orthogonal sys- 
tem is that the equations 
a+b+c=at+b+ed =a t+b+c3 
=(a7+ap tap =b7 +67 4+ bP =cP +ecfP +c7) = 1 
be satisfied. (4.112) 
(b) The coordinate surfaces are planes parallel to the planes 
a,x+b,y+ez2+d, =0, 
a,x + boy + coz + d, =0, (4.113) 
a,x + bsy + e432 + d,s = 0. 


c , / l 
(c) i = Ri + a,” + a,” a ———————— 
Ja? +b¢+¢ 
l . 


L, = Jb;? + 63? + by? = : (4.114) 


Ja? +63 +c? 
ee 
j@+b+c. 

(Here, and below, it is assumed that the system is orthogonal.) 

(d) ds? = (a;? + a3? + a4”) du* + (bj? + 63? + 57) dv? 
! 


+ (cl? + 4? + €52) dw? = ——————_ di? 
e i. a+bh+ei 


Pope A : ae dv? + prey ear i 7 mae dw?, (4.115) 
(e) do? = (a;? + ay? + a37) (6)? + 03? + 557) (du av)? 
+ (aj? + a3? + a3”) (cj? + c3? + 37) (du aw)? 
+ (6)? + 63? + b37) (c;? + 3? + ¢37) (dv dw)? 
_ (du dv)? 
(a +B? +c?) (a2 + BF + €3) 
(du dw)? 
(a? + b? + c?) (a2 + BF + c§) 
(dv dw)? 
(a3 + by + €3) (a3 + 63 + c3) 


Coe Jer? +¢,7 +37 = 


(4.116) 


124 MATHEMATICAL ANALYSIS 


(F) dw* = (aj? + a3* + a3”) (61? + b2” + 53’) x 


x (ec? + 3? + ¢357) du? dv? dw? 


= du* dv? dw? 
(4B +c) +b 4c) G2 + B43) 
(4.117) 
2°, CYLINDRICAL COORDINATES 
(a) x = ucosy, 
y=usine, (4.118) 
z= yp; 


O<u<+o, O<v<2n7, -wo<w< +o. 
The system is orthogonal. 
(b) The coordinate surfaces are circular cylinders 
x+y? =u, (4.119) 


whose axes coincide with the axis Oz and the radius equals u,, 


the half-planes . _ cos Vo, Y= USN U9, (4.120) 


which pass through the axis Oz and forming an angle vo with the 
plane Oxz, and the planes 


ewe: (4.121) 
parallel to the plane Oxy. 
©) L=1, L=u, L,=1. (4.122) 
(d) ds = /du? + u2dv? + dw?. (4.123) 
(ec) do = Ju2(du dv)? + (du dw)? + u2(dv dw)?. (4.124) 
(f) dw = ududvdw. (4.125) 


Often, generalized cylindrical coordinates u, v, w of point p(x, y, Zz) 
are used, connected with x, y, z as follows: 


X = au cos v, 
y = busin», (4.126) 


z= cw, 


O<u<+o, O<v<2n7, -w<w< +0, 
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where a, 5, c are positive constants. When a # 6 the system is non- 
orthogonal. For this system 


O(x, Y, Z) 
d(u, v, w) 


dw = du dv dw = abcududv dw, = (4.127) 


In general, the name orthogonal cylindrical can be given to any 
system of curvilinear coordinates of the form 


x= (u,v), y=yu,v), z=vw, (4.128) 


where the first two relationships define some orthogonal system of 
coordinates in the plane Oxy. For such spacesystems, thecoordinate 
surfaces are planes parallel to the plane Oxy (w = const) and 
cylindrical surfaces, whose generators are parallel to the axis Oz. 


3°, SPHERICAL COORDINATES 


(a) = “COS VSiN Ww, 
y =usinvsinw, (4.129) 
z= ucosw, 


O<u<+t+o, O<v<2n, O<we. 


The system is orthogonal. 
(b) The coordinate surfaces are spheres 


xp yr>+z2= ub (4.130) 
with centre at the origin and of radius uy, half-planes 
xX = UuCOSUoSINW, Y = USIN Dg Sinw, (4.131) 


which pass through the axis Oz at an angle vg to the plane Oxz, and 
circular cones 
te x? + y? = 2? tan? wo (4.132) 


(z = 0 when wo = 2/2) with vertex at the origin and generator in- 
clined to the axis Oz at an angle wo. 


(c) L,=1, L,=usinw, L, =u. (4.133) 


(d) ds = du? + wv? sin? w dv? + 12 dw?. (4.134) 
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(e) do = Jw sin? w(du dv)? + u?(du dw)? + u* sin? w(dv dw)’. 

(4.135) 
(f) do = u? sin w du dv dw. (4.136) 
Use is often made of generalized spherical coordinates u, v, w of 


the point (x, y, z) connected with x, y, z, as follows 


xX = aucosvusinw, 
bu sin v sin w, (4.137) 


Z = cucosw, 


O<u<+o, O<v<2n, Ox<wega, 
where a, b,c are positive constants. For a # b the system is not 
orthogonal. For it 
A(x, Y, Z) 
Au, v, w) 


dw = du dv dw = abcu? sin w du dv dw. (4.138) 


4°, GENERAL ELLIPSOIDAL COORDINATES 


(u + a?) (v + a?) (iv + a?) 


(a) a= (b? — a*) (c? — a?) 
2 Cae 2 US ae (4.139) 
(a? — b*) (c? — b) 
ce (u + c?)(v + c*) (w + c?) 


(a? = c?) (b? = ¢?) ? | 
0O<e’<BP<a’, -@WPa we —-BPeve —c? custo. 


The system is orthogonal. 
(b) The coordinate surfaces are confocal ellipsoids 


x? 2 22 


ee eee ee eee (4.140) 
Ug + a? Ug + b? Uy + c? 
hyperboloids of one sheet 
2 2 2 
pat ieee IAT 


Vo tar vg + 6% ~— — (9. +: €??) 
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hyperboloids of two sheets 


——{ - ———____ - ——__ = 1. 4.142) 
Wo + a —(W + 67) —(Wo + €’) 
jcc. Gea) 4 Se) 
"4 M(u) 7" 4 -Mv) 
L2 _!@-w-y) 
"4 MW)” 
(4.143) 


where M(t) = (¢ + a*) (t + 67) (t + c?), so that M(u) > 0, M(v) 
< 0, M(w) > 0. 


(d) ds = ~ x 
u /= v)(u— 0) a? P (u — v)(v — w) dv? rau —w)(v—- W) ay? 
M(u) — M(v) M(w) 
(4.144) 
(e) pea jee (du dv)? 
4 — M(u) M(v) 
% (u — v)(u — w)? (ve — w) (du dw)? 
M(u) M(w) 
4 Ce ew im), any ft (4.145) 
— Mv) Mw) 
Gy. ee US RS Bian. (4.146) 


8 i —M(u) M(v) M(w) 


Ellipsoidal coordinates depend on the parameters a’, b?, c?, which 
obey the conditions a? > b? > c? >0. Extending the definition 
of coordinates to limit cases, i.e. to cases in which one, two or three 
of these inequalities are changed to equations, we arrive at systems 
of coordinates which can be usefully regarded as degenerate cases 
of the system of general ellipsoidal coordinates. These degenerate 
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systems remain orthogonal. In particular, spherical coordinates (see 
§ 3, sec. 2, 3°) are degenerate ellipsoidal coordinates in the above 
sense: the first are obtained from the latter, if we take c = 0, put 
u = u?,v = b* sin?v, w = —(a? — b*)sin?w — b*, where u#, v 
and w are general ellipsoidal coordinates, and then we make first } 
and then a tend to zero. 

Other cases of degenerate ellipsoidal coordinates are given in the 
following two sections. 


5°, DEGENERATE ELLIPSOIDAL “ELONGATED” 


COORDINATES 
(a) x = sinh ucos v sin w, 
y = sinh usin vsin w, (4.147) 


z = coshucos wv, 


O<u<+o, O<v<2a, O<weca. 


The system is orthogonal. It is obtained from the general ellip- 
soidal coordinates u, v, w if we take c = 0, put 
u=a’sinh?u, v= —b*sin?v, w= —(a? — 6?) sin? w—b? 
(4.148) 


and regard b as tending to zero and a = |. (After that, it is still 
necessary to interchange the notation of coordinates x, y and z.) 
(b) The coordinate surfaces are “elongated” ellipsoids of rotation 


2 2 2 
Bs ede. ee: (4.149) 
sinh? uy ~— cosh? uy 
half-planes 
y = (tan v9)x, vo # > =, (4.150) 


and two-sheeted hyperboloids of revolution 


2 2 
a He 0. > x. (4.151) 


sin? Wo COS? Wo 


(c) L, = J/sinh? wu + sin? w, L, = sinhusin w, 


Ly = /sinh?u + sin? w. 


(4.152) 
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(d) ds = (sinh? wu + sin? w) (du? + dw?) + sinh? usin? w dv?. 


(4.153) 
(ce) do 
= ,/(sinh? u + sin? w) sinh? usin? w(du? + dw?) dv? + (sinh? u + sin? w)? (dudw)?. 
(4.154) 
(f) dw = (sinh? uw + sin? w) sinh uw sin w du dv dw. (4.155) 
6°. DEGENERATE ELLIPSOIDAL “FLATTENED” 
COORDINATES 
(a) x = cosh ucos vsin w, 
y = cosh usin v sin w, (4.156) 


z = sinh u cos w, 


@<u<+o0, O<sinhu<2a, OD<cwca., 


The system is orthogonal. It is obtained from the system of general 
ellipsoidal coordinates u, v, w, if we take c = 0, put 
u=a’sinh?u, v = —b?cos?v, w= —(a? — 5?) cos*w—b? 

(4.157) 


and regard b = 1 anda— 1. 
(b) The coordinate surfaces are “‘flattened”’ ellipsoids of rotation 


x? 4 y? z2 


——- = 1, 4 #0, 4.158) 
cosh? ug sinh? uo " ¢ 
the half-planes 
y = (tan v9)x, U9 # £. = , (4.159) 
2 2 
and one-sheeted hyperboloids of revolution 
2 2 2 
wy _* 1, wo #0, 2.x. (4.160) 
sin? Wo COS? Wo 2 


(c) L,=Vsinh?u + cos?w, L, = coshusinw, 
L, = V sinh?u + cos? w. 


(4.161) 
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(d) ds = V(sinh?u + cos? w) (du? + dw?) + sinh?u sin? w dv’. 


(4.162) 

(e) do = {(sinh?u + cos? w) cosh? u sin? w(du? + dw?) dv? 
+ (sinh?u + cos? w)? (du dw)?]!/. (4.163) 
(f) dw = (sinh?u + cos? w) cosh u sin w du dv dw. (4.164) 


7°. SPHERO-CONICAL COORDINATES 


(a) ais u(v + a?) (w + a?) 
(a? — b?)a2 
_ uv + b?)(w + 5?) 
y= aT a (4.165) 
2 uvw 
te 


-@<we -BW<v<O0O<u< +o. 


The system is orthogonal. 
(b) The coordinate surfaces are spheres 


x? + yp? + 27 = uy (4.166) 


with centre at the origin, elliptical cones 


2 2 


x y =i 


Vo + a? Vo + b? — Uo 


=0 (4.167) 


with vertex at the origin and axis situated on the axis Oz, and elliptical 
cones 


— - ———_ - —_ =0 (4.168) 
Wo +a — (Wo + b?) _* Wo 


with vertex at the origin and axis situated on the axis Ox. 


(c) L, ae b= 5 fea), 
— N(v) 


(4.169) 
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where N(t) = ¢(t + a) (t + 57), so that N(v) < 0, N(w) > 0. 


Owes ja? WoW) gn, MO) aye (4.170) 
2V u — N(v) N(w) 
(e) 
I os = 2h =) eae 
do = — | Ce ay = aay aa 
4V — Mv) N(w) — Nv) NW) 
(4.171) 
u(v — w) 
(f) do = ————————. du dv dw. (4.172) 
8 a — uN(v) N(v) 
8°, PARABOLICAL COORDINATES 
(a) x = 2uwcos v, 
y = 2uwsin»v, (4.173) 
z=u? — w?, 
0O<u<+t+o, O<v<2a, O<we+o. 
The system is orthogonal. 
(b) The coordinate surfaces are paraboloids of revolution 
2 2 
Y= 2, uo £0, (4.174) 
4u5 


with vertex at point (0,0, u2) obtained on rotating parabolae 
y?|(4uz) = u2 — z about the ray (— 00, u2) of the axis Oz, the half- 
planes 

y=(ano)x, #2, =, (4.175) 


passing through the axis Oz and forming an angle vg with the posi- 
tive (x > 0) half-plane Oxz, and paraboloids of revolution 


ee pt 


—— = wa+Z, Wo #0, (4.176) 
4wo 


4.M.A.D. 10 
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with vertex at point (0, 0, — w2) obtained on rotating parabolae 
y?|(4w2) = w2 + z about the ray (— w2, + 00) of the axis Oz. 


(c) Ly=2V? +, Ly=2uw, Ly=2etw, (4177 
(d) ds = 2/(u2 + w?) (du? + dw?) + u2w? do?. (4.178) 
(e) do = 4/ (v2? + w2)u2w?(du? + dw?)dv? + (u2 + w?)? (du dw)?. 

(4.179) 
(f) da) = 8(u? + w*)uw du dv dw. (4.180) 


9°, TOROIDAL COORDINATES 


sinh u cos v 


Sica Cc 
cosh u — cos w 


sinh w sin v (4.181) 


y = ———_, 
cosh u — cosw 
sin w 
Se 
cosh u — cosw 


O<u<+o0, O<vu<2n, -xa<wen. 


The system is orthogonal. 
(b) The coordinate surfaces are foruses 


(./x? + y? — coth up)? + 2? = sta=, uo #0, (4.182) 
sinh? up 
obtained by rotating the circle (y — coth ug)? + z? = 1/sinh? uo 
about the axis Oz (this circle does not intersect the axis Oz, since 
coth up > 1/sinh uo), the half-planes 
P= ene. oP, = (4.183) 
2 2 
passing through theaxis Oz and forming an angle vp with the positive 
(x > 0) half-plane Oxz, and spheres 


x? + y? + (z — cot Wo)? oa : : ’ Wo # 0, (4.184) 
sin? Wo 


with centre at point (0, 0, cot wo)? and radius equal 1/|sin wo]. 
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(cc) L,= ee L, eee 
coshu — cosw coshu — cosw 
1 
| (4.185) 
cosh u — cos w 
I ry 2 1 2 2 2 
(d) ds = ————-——— Vd? + sinh?u dv? + dw’. (4.186) 
cosh u — cosw 
(e) 
l ey, i a Ee 
do = —_—_—__—_ J sinh? u(du* + dw?) dv* + (du dw)?. 
(cosh u — cos w)? 
(4.187) 
(f) Pe eau (4.188) 
(cosh u — cos w)? 
10°. BIPOLAR COORDINATES 
(a) aid sin u COS UV 
cosh w — cosu’ 
pe sin u sin v (4.189) 
cosh w — cosu 
sinh w 
z= ——__——__,, 
cosh w — cos u 
O<u<n, O<v<2na, —-w<we< +00. 


The system is orthogonal. 
(b) The coordinate surfaces are the surfaces of revolution 
1 


(/ x? + y? —cotu)’ + 2 = — 
sin? uo 


, Uo 0, (4.190) 


obtained by rotating the circle (y — cot uo)? + z? = 1/sin? ug about 
the axis Oz (this circle does intersect the axis Oz, since |cot up| 
< 1/sin ug), the half-planes 
3 
y = (tan v)x, v9 # =" — (4.191) 
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passing through the axis Oz and forming the angle vg with the posi- 
tive (x > 0) half-planes Oxz, and spheres 
1 


x? + y? + (z — cothwy)? = ————,, wo #0, (4.192) 
sinh? wy 


with centre at point (0, 0, coth w,) and radius equal to 1/|sinh wo]. 
1 sin u 


(c) L, = ———————_.,_ L, = ————————__ vy 
u v 
cosh w — cosu cosh w — cos u 


a ae (4.193) 


cosh w — cos u 


Gy, ais Be Ge ent o. “194 


cosh w — cos u 


(©), 


do = oo V sin? u(du? + dw?)dv? + (du dw). 


7 (cosh w — cos u)? 
(4.195) 


(f) Ayes (4.196) 
(cosh w — cos u)? 


CHAPTER V 


THE INTEGRATION OF FUNCTIONS 


§ 1. The Indefinite Integral 


1. The primitive (otherwise, the original or anti-derivative) of the 
function f(x) defined in the interval [a, b] is the name given to a 
function F(x) defined in the same interval and satisfying the condi- 
tion: 

F(x) = f(x) or dF(x) = f(x) dx. 


THEOREM 1. If the function f(x) is continuous at every point of the 
interval [a, 6], then its primitive exists and is continuous at every point 
of this interval. If the function f(x) has discontinuities at certain points 
of the interval [a, b], then its primitive exists and is continuous every- 
where in [a, b], except, perhaps, at points of discontinuity of f(x). 

At points of removable discontinuity or of discontinuity of the 
first kind (a finite jump) the primitive is continuous. When there is 
an infinite discontinuity in f(x), the primitive F(x) may be con- 
tinuous or may have a discontinuity. 

A given function f(x) has an infinite number of primitives, which 
differ from each other in their constant term only; i.e. the difference 
between two primitives of one function is a constant. The graphs of 
all primitives of a given function can be obtained from one of them 
by means of a parallel shift along the axis Oy. 

The general expression F(x) + C, where C is an arbitrary con- 
stant for all primitives of the given function f(x) is called its in- 
definite integral 

F(x) + C = f f(x) dx. 

2. The indefinite integrals of the principal elementary functions 

can be obtained by the inversion of the formulae for derivatives. 


In more complex cases, the integral of a given function can be trans- 
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formed into the integral of other functions with the help of the fol- 
lowing properties of the indefinite integral: 

(a) kf) dx = kf f(x) dx (k = const, k #9), 
i.e. a constant factor can be taken outside the integral sign. 

(6) f L4G) + o@) — yQ)] dx 

= { f(x) dx + J p(x) dx — fy) dx, 

i.e. the integral of an algebraic sum of a finite number of functions 
equals the sum of the integrals of the separate terms. 

(c) SI) dx = J flO] vO at, 


where x = o(ft); this equation is called the rule of substitution or 
change of variable. 


(d) J FC) 'Q) dx = F(X) oO) — J PODS'C) dx 
is the formula of integration by parts. It should be kept in mind that 
the equations (a), (b), (c), (d) mean that both sides of each equation 
are sets of primitives of the same function. In order to verify such 
an equation it is sufficient to check that the derivatives of the left 
sides are equal to those of the right sides. 

3. The formula of integration by parts can be generalized to a 
form with whose help the finding of the integral of the product 
S(x) v(x) is reduced to the integration of the product f(x) g(x). 
Such a formula is called the formula of successive integration by 
parts and has the form 


J FO) P(X) ax = f(x) PO) — £0) oP? PO) 
+I) POM) — 0 (= F(R) GR) 
+ (= I" J FC) p(x) dx. 
As an example of the application of this formula let us work out 
the integral ji e*P (x) dx, 


where P,(x) is a polynomial of degree 1. Putting g(x) = e**/a" we 
note that g(x) = e**, whence, on applying the formula for suc- 
cessive integration by parts, we find that 


fe*P,(x) dx 
2 ar _ Pal) Pula) ee are fel a 


a a? aq’ 
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It is often necessary to find several successive primitives for the 
function f(x); this necessity arises, for example, when a differential 
equation of the form y” = f(x) is integrated. 

The expression for the mth successive primitive is given by the 
Cauchy formula 


f dx dx... [ f(x) dx = aap — ty"! f(t) dt + P,_,(x), 
(n — 1)! 


where after integrating, ¢ is changed to x on the right, and P,_,(x) 
is a polynomial of degree n — 1 with arbitrary coefficients. 


§ 2. The Integration of Elementary Functions 


1. As is already known (see Chapter J) the operation of differ- 
entiation of elementary functions always leads to elementary func- 
tions. In carrying out integration—an operation which is inverse 
to that of differentiation—the situation is entirely different. The 
integration of rational functions always leads to a sum of a finite 
number of elementary functions, but the integrals of other elemen- 
tary functions often cannot be expressed by a finite number of ele- 
mentary functions. Such integrals serve as one of the sources out 
of which arise new non-elementary functions, so-called higher trans- 
cendental functions. These are often encountered in practice and are 
thoroughly well known and tabulated; they are used in mathematics 
and its applications just as much as the elementary ones are. 

2. The integral of a rational function is either rational or is 
represented by a sum of a rational function and a finite number of 
logarithms and arctangents of rational functions with constant co- 
efficients in front of the sign of logarithm and arctangent. 

1°. An entire rational function of the nth degree is integrated 
directly and leads to another entire rational function of degree 
n+l: 

J ox" + ayxt-! + ax"? + +++ + ayy + a,) dx 
a 


w= 70 yt gp SF yn 
n+ 1 n n—1 


a2 xh 4 eee 


+ tx +a,x+C. (5.1) 
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2°. The integral of the simplest fraction with a linear denominator 
is a logarithmic function 


d. 

Sinn ee: (5.2) 
X — Xo 

and that of the simplest fraction with a quadratic denominator, 

which has complex roots, is the sum of a logarithmic function and 

arctangent: 


Mx+N 
———_—— dx 
x? + px +q 
yee xe 

M 2 2 

ee + px + q| + === arctan tec 
eae ti 
(5.3) 


Pp? 
—-—>0O0}. 
a) 


3°. If the denominator is a linear binomial of degree k, the in- 
tegral is a fractional rational function 


dx 1 
ca a oo 


If the denominator has complex conjugate k-fold roots, it is possible 
to apply the recurrence formula, having first transformed the frac- 
tion under the integral sign thus: 


— Mxt+M — Me  Oxt+p) 
(x? + px + q)* 2 (x? + px + q)} 


M, it 
2 (x? + px + q)* 


and having split up the integral into a sum of two terms. The first 
term is integrated directly and leads to a fractional rational function 


| 2x + p com M, | 
2 


x9 per = Ge 2 race 
(x? + px + q) 2(k — 1) (x? + px + q) 


(5.5) 
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and the integral of the second term leads to the sum of a fractional 
rational function and an analogous integral of a fraction with a 
denominator (x? + px + q)*?: 


x+e 
ae. 
2 : - 
(x? + px + 4) 2(k — D(9- Ze + px +g) 
a nt dx 
2(k — D(4 -F) dx (x? + px + aa 7 
4 


(5.6) 


A second application of this recurrence formula leads to the integral 


ee 
dx 1 2 
[oo arctan 4C¢ 
x? + px +q es Pe a fa 
4 4 
2 
(2 - = > 0), (5.7) 
and, therefore, the integral i eee ees ; ax is also an ele- 
mentary function. (x? + px + q) 


4°. The integration of rational functions, in the general case, is 
carried out as follows. If the rational fraction F(x)/Q(x) is irregular 
(i.e. the degree of the polynomial F(x) is greater or equal to the 
degree of polynomial Q(x)) then on dividing F(x) by Q(x) according 
to the rule of dividing a polynomial by another polynomial, it is 
possible to represent the fraction F(x)/Q(x) in which the coefficient 
of the highest power of the denominator can always be made equal 
unity. 
A regular rational fraction P(x)/Q(x) can be expanded into a sum 
An sae Mix + Nix whiek 
(x — x,)* (x? + pix + ay 
can be integrated in the manner indicated above. 


of partial fractions of form 
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In particular, if all zeros x,, x2,..., X, Of a polynomial of nth 
degree Q(x) are real and different, then 


Q(x) = (x — x1) (% — X2)... (x — X,) 
and 


PO) _ 41 4 An gg) 


Ox) x*-—-X, xX -X% x— X, 


where coefficients A, are determined from formulae 


GLO. fc 2 on feet, 1456) 
Q’(x;) Q'(x2) Q' (xn) 
In practice the coefficients A,,, My, Ni, are often found by the 
method of indeterminate coefficients. 
In the general case, the fraction under the integral is represented 
in the form of a sum of partial fractions thus 


P(x) A A, A, B, 
a ee 
Q(x) x— xX (x — x,)? (x — x,)' X— X2 
ee Be eg Ma 
(x — x2)? (x — x2)” x? + px+q 
M,x + N2 eee M,x + N, 
(x? + px + q)? (x? + px + q)’ 
(5.10) 
where 


Q(x) = (x — x,)' (x — x2.)"... (x? + px t+q)’... 
dx 


EXAMPLE 1, Evaluate the integral | G@ + 1)? @? +1? ; 


We have 
1 A B Cx+ D Ex + F 


@+ie@+i?  xtit @ti?? +i @EH 
whence 
1= A + 1) @? + 1)? + BO? + 17 
+ (Cx + D) (x + 1)? Ge? + 12) + (Ee + FY (x 4 1). 
We rewrite the latter identity in the form 
1=(A 4+ OC)x5 + (A+ B+ 2C-+ D)x* + (244-204 2D+4 E)x3 
+ (2A + 2B + 2C4+ 2D+ 2E+ F)x? + (44 C+ 2D4 E+ 2F)x 
+(A+ B+D+F). 
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Comparing coefficients of equal powers of x on the left and on the right of 
the identity we obtain a set of equations 
A+C=$0, 
A+ B+2C+ D=0, 
2A+2C+2D+E=0, 
2A4+2B+2C+2D+2E4 F=0, 
A+C+2D+E+2F =0, 
A+ B+D+F=1, 
whence we find 
A=4, C=-4, B=D=}, E=-}, F=0. 
Therefore, 
dx 


1 1 
SS pase Ss aes 2.3 
le NGisip In |x+- 1 ree In (x? + 1) 


ea xt 


J 1 I 
+ Faas + 7 2a +C. 

In integrating rational fractions it is also possible to apply the 
Ostrogradskii method, which enables us to reduce the integration 
of an arbitrary regular rational fraction to the integration of a 
fraction, whose denominator has simple roots only. For that, the 
denominator of the regular fraction P(x)/Q(x) must be represented 
in the form 


Ox) = Xie) X27)... XFO), (5.11) 


where X;(x) is the product of linear and quadratic factors, corre- 
sponding to simple roots, and X,(x) is the product of linear and 
quadratic factors, corresponding to the i-fold roots. Then 


BO jg cs oO) as | OO) 4 (5.12) 
O(x) U(x) V(x) 
where 
U(x) = X,X3... XP", (5.13) 
Vix) = X,X,... Xp, (5.14) 


and H(x) and G(x) are polynomials with indeterminate coefficients 
of degrees less by one than those of the polynomials U(x) and V(x) 
respectively. 

The polynomials U(x) and V(x) can be found, without expanding 
Q(x) into its simplest factors: U(x) is the greatest common divisor 
of the polynomials Q(x) and Q’(x) and V(x) = Q’(x)/U(x). 
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The coefficients of the polynomials H(x) and G(x) can be found 
by differentiating the identity (5.12), which leads to a new identity 
f _ , V 

P= (UH' — HU’) 


+-6U. (5.15) 
U 


The coefficients of equal powers of x on both sides of this identity 
should be compared and a set of algebraic equations should be 
obtained for finding the required coefficients of polynomials H(x) 
and G(x). 


EXAMPLE 2. Calculate the eae 


lw eS 


Here 
Ox) = + x+ 1), 
O'(x) = 20xe5 + x + 1) 5x*4+ 1), 
UZ) =xi+x+1, 
V(x) = Q) =xi+x+1 
U(x) 
and 
F(x) G(x) 
fe ee eres Ne See ax 
(Re raresyics ee hee 
Putting 
A(x) = Apx* “++ Ayx? + Apx? + Ayx+ Ag, 
G(x) = Box* + Byx3 + Bax? + Byx + Ba, 
we have 


4x5 — 1 = (x5 + x + 1) (Box* + Bix? + Bx? + B3x + By) 
+ (x5 + x + 1) (4Agx? + 3Ayx? + 2A2x + As) 
— (5x* + 1) (Agx* + Ayx? + Azx? + A3x + Ag). 
Comparing the coefficients of equal powers of x on both sides of the latter 
identity, we find 
Ag = A, = A, = Ag =0, Az = —1, 
Bo = B; = By = Bz = B, = 0, 
and therefore 
x 
epee = Prep 
3. The integral of an algebraic function, i.e. a function defined 
by the equation f(x, y) = 0, where /(x, y) is a polynomial of x and 
y, may not be elementary. 
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In the case when the integral { R(x, y) dx, where R is a rational 
function and y is an algebraic function of x, is elementary, it is either 
an algebraic function or a sum of an algebraic function and a finite 
number of logarithms and arctangents of algebraic functions with 
constant coefficients in front of the logarithm and arctangent signs, 
and all the algebraic functions of which the expression consists 
are rational with respect to x and y. 

In order to clarify whether the integral { R(x, y) dx is an elemen- 
tary function or not, it is necessary to investigate the curve, whose 
equation, f(x, y) = 0, defines the function y. If this curve is rational, 
i.e. the coordinates x and y of the points of this curve can be ex- 
pressed as rational functions of some parameter ¢, then an appro- 
priate substitution reduces { R(x, y) dx to an integral of a rational 
function, as a result of which the integral turns out to be an elemen- 
tary function. 

In the case when the curve f(x, y) = 0 is not rational, the in- 
tegral f R(x, y) dx is not, generally speaking, an elementary func- 
tion. It is necessary to keep in mind that the rationality of a curve 
is sufficient for the integral ) R(x, y) dx to be elementary, but it is 
not necessary. 

Some types of integrals of irrational functions can be reduced to 
integrals of rational functions by means of the above-mentioned 
substitutions. 

1°. The integral 


ax+b\™ f/ax+6\2 ax + b\72 
Ri x, { ——— | , {———- }e. , ..., [ —_—__ }» | dx 
cx +d cx +d ex+d 
(5.16) 
or, in particular, 
2 


[ rlx, (ax + Be , (ax + be , weep (AN + bye | dx, (5.17) 


where R is a rational function of its arguments, and m,, m2, ..., Mp, 
N,,Mz,...,M, are integers, is reduced to an integral of a rational 
function by the substitution 


ax +b _ yn 


= (5.18) 
ex+d 


(in the given particular case: ax + bz + t%) where N is the least 
common multiple of numbers 7,, 72, ..., My- 
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EXAMPLE 3. Calculate the integral | Ji — =. Putting == (? we 
have 1+xx 
stat pias ac 
1+ 2?’ (1 + £2)? 
and, therefore, 
{ Va eds =) 
Ilt+xx J A-—)0+4+94 ~— 
On resolving the function under the integral sign into partial fractions, we get 
— 4r? 1 | 2 
aQ+)0d—)ad+2) pe, ery eee 


and further 


= 1—x }Jfltx—f/1—xl. 
=tee [E+ eae aed a 


EXAMPLE 4. Calculate the integral 
dx 

ire: x pfl+x 

Putting 1+ x = ¢®, we have dx = 6r5 dt and 
dx 6t° dt 3 dt 
loop flee lees 

= 247 — 317+ 6t—6ln|t+1]/+C 

=2W1-+x—32/iextoc/itx—6in(S/1tx4 1)+C. 


The integral { R[x, (x — a)?/", (x — b)”"] dx, where R is a 
rational function and p, q, n are integers, is an elementary function, 
if p + q = kn, where k is an integer. 

2°. The integral [ R(x, y) dx, where R is a rational function of x 
and y = Jax? + bx + ccanbe reduced to an integral of a rational 
fraction by means of one of the following substitution (Euler’s sub- 
Stitutions): 


y=t+txva (@>0), (5.19) 
y=trive (c>0), (5.20) 
y=t(x—-x;) (ac — b? <0), (5.21) 


where x, is one of the roots of the trinomial ax? + bx + c. 
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The integral { R(x, Vax? + bx + c) dx can be brought to the 
form f Ri(sin t, cos t) dt, where R, is also a rational function of 
sin t and cos t, by means of the trigonometric substitutions 


sin f, 
x + ae = ( 0, 4 b? < 0) 
os pee os a<0Q, 4ac — b? <0); 
2a JP? — 4ac 
cos t 
2a (5.22) 
Jb? — 4ac 
sec f, 
is ae = zi 0, 4 b? 
-F dena (a>0, 4ac — b? <0); 
cosec ¢t 
2a (5.23) 
/ 4ac — }? 
tan f, 
Xx + 2 = ( 0, 4 b? > 0) 
= ee a>Q, ac — > J), 
2a J4ac — b? 
—_—_—__——- cot t 
2a (5.24) 


Euler’s substitutions and trigonometric substitutions sometimes 
lead to complicated computations. Therefore, in order to calculate 
the integral { R(x, y) dx, where y = Jax? + bx + cit is possible 
to apply the method of the expansion of the function under the 
integral sign into a sum of terms. 

A rational function R(x, y) can always be represented in the form 


P,(x) + P2(x)p 
P3(x) + Pa(x)y | 
where P, (i = 1, 2, 3, 4) are integral polynomials. On multiplying the 
numerator and the denominator of the fraction by P3(x) — P,(x)y 
ates R(x, y) = Rix) + Ralx)y, 


where R,(x) and R,(x) are rational functions of x. 
The integral of the first term is taken in its finite form. We multiply 
and divide the second term by y; we have the function 


aoe) (5.26) 


Vax? + bx +e 


R(x, y) = (5.25) 
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We separate the integral part P,,(x) of the rational function R.(x), 
and we resolve the remaining regular fraction into partial fractions. 
Then, the integral of the second term is reduced to integrals of the 
following three types: 


Jax? + bx +e 
| a (5.28) 
(x - xt Jax? + bx +e 
(x? + px + gt Vax? + bx +e 


where all coefficients are real and the roots of the trinomial x? + px 
+ q are imaginary. 

The integral (5.27) is taken by means of the method of indeter- 
minate coefficients, according to the formula 


| P,(x) ae 
Vax? + bx +e 


S616) 4 ae be ek | dx 


> (5.30) 
at + bx +c 


where 
O,-1(x) = Ayx"-! + Ax? + Agx 3 +++ + Any + Ay. 


On differentiating both sides of the identity with respect to x and 


multiplying both sides of the identity obtained by Vax? + bx + a 
we get 


P,(x) = Q7_1(x) (ax? + bx + c) + $0,_1(x) ax + b) + 4. 


Both sides of this identity contain polynomials. Comparing the co- 
efficients of equal powers of x we arrive at a set of n + 1 linear 
equations, from which we determine the coefficients of the poly- 

nomial Q,_,(x) and the constant A. 
Thus, the separation of the algebraic part of the integral 
P,(x) 


———————— dx has been carried out. We still have to work 
“/ ax? + bx +c 
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x 


d. 
+ bx +c 
(5.28) becomes an integral of type (5.27) by the substitution x — x, 
= lft. 

In the case in which ax? + bx + c differs from x* + px + qin 
the constant factor only, the integral (5.29) takes the form 


| Mx+N 


out the integral , considered earlier. The integral 
ax? 


sear aX (5.31) 


(ax? + bx +c) 2 


and is represented by the sum of two integrals 


al 2ax + b _— dx 
2a} (ax?+ bx +0) 2 
Mb dx 
+ (w — | | ——————,,,-» 65.32) 
(ax? + bx +c) 2 


the first of which is evaluated directly, by the substitution t = ax? 
+ bx + cand the second one is reduced to the integral of a poly- 
nomial by means of Abel’s substitution 


b 
ax+— 
2 


t= (Jax? + bx +)’ =r - 
NPR + bx+ec 


In a more general case, it is possible to annihilate the terms of the 
first power in the integrand by means of a linear-rational substitu- 
tion x = (at + f)/(t + 1), where @ and # are indeterminate co- 
efficients, for b/a # p and by means of a linear substitution 
x = t — p/2, for b/a = p, and to obtain a sum of integrals of the 
form 


{#4 (m=1,2,...,k). (5.33) 
(2 + ayr/at? + B 


Each of these integrals resolves into two: 


A| at dt : a | dt 
a (t? + A)™ Var? + B (12 + A™ Vat? + B 


A.M.A.D, 11 
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the first of which is worked out by means of a substitution 
u= I at? + B and the second one by means of Abel’s substitution 
u = at/Vat? + B. == 

Thus, integrals of the type f R(x, Vax? + bx + c) dx are always 
taken in the finite form and are expressed by means of the same 
functions as the integrals of rational functions and also by means of 
Square roots. 

In particular, the integral 


ax? + Bx+ec 
Vax? + bx +c 
algebraic function, if the condition 


= 872 2 
een eenad, 4a(co + bf) = 8a*y + 3b?x (a #0) (5.34) 


3°. The integral [ x"(a@ + bx")’dx, where m, n, p are rational 
numbers (the integral of the binomial differential) is expressible in 
terms of elementary functions only if one of the following conditions 
is fulfilled (7chebyshev’s conditions for the integrability of a binomial 
differential): (a) if p is an integer, (b) if (@m + 1)/n is an integer, 
(c) if Gm + 1)/n + p is an integer. 

In the case (a) for p > O we obtain a sum of power integrals; for 
p < 0,asubstitution x = 2%, where N is the common denominator 
of fractions m and n, leads to an integral of a rational function. 

In the case (b) we put a + bx" = 2%, where N is the denominator 
of the fraction p. 

In the case (c) the substitution a + bx" = z%x", where N is the 
denominator of fraction p, is applied. 


dx represents an 


EXAMPLE 5, Calculate the integral 
f WES V14 33/2 dx. 
Here (m+ 1)/n = 2, and it follows that we put 
1+ 32/x? = 23, 
— (2 — 1h 


seer) a 


nd 
Wa) EY 1 7 3A 
[ve afi 3 2 /e ae -5]°@-na-F-F+e 


(14 32/x7)" (14 33/27)? 
cee ” ieee see 


whence 


NE (z3 — 1)'/2 2? dz 


dx = ~— 
2 


a 


+ C, 
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EXAMPLE 6. Calculate the integral 


ee. 
Ise Jit x* 


Here (m + 1)/n + p = —3; putting 


we have 
1 Bite. zdz 
* (2 — Dla? &* ~ 9022 — Ha 
and 
5 3 
ae See cages hae a Pee 
ll V1 +4 x4 2 10 3 2 
1J/a asc Va+x4? 1 VIE poe 
10 x10 3 x® 2 x? 


The integral § V1 + x" dx, where m is a rational number, re- 
presents an elementary function, if m= 2/k, where k = +1, 
2 es 

4. A general theory of integration of other elementary functions 
does not exist. Separate cases are known when an integral may be 
transformed into an integral of a rational or algebraic function by 
means of an appropriate substitution. However, the number of 
classes of elementary functions, whose integrals are also elementary, 
is very limited. Such integrals as, for example, 


SS (x, e*) dx, f(x, In x) dx, J f(x, sin x, cos x) dx, 
Sf(e, sin x, cos x) dx, 


where f is an algebraic, or even a rational function, represent, 
generally, new non-elementary functions. 

The integral | R(x) e* dx, where R is a rational function, whose 
denominator has real roots only, is expressible in terms of elemen- 
tary functions and the non-elementary function 


| Oo dx =li(e*) + C, (5.35) 
x 


where 


In x 


li (x) = | ay (5.36) 
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The integral [ P(1/x) e* dx, where P(1/x) = ag + a,/x + @2/x? 
+... + a,/x", and do, a;, @2, ...) d, are constants, represents an 
elementary function, if the condition a, + @,/l1! + a3/2! 4+... 
+ a"/(n — 1)! = Ois satisfied. 


SOME PARTICULAR CASES 


1°. The integral 
f Fle”, ef, ..., &) dx, (5.37) 


where F is an algebraic function, and a, b, ..., k are commensurate 
numbers, can be reduced to an integral of an algebraic function, In 
particular, the integral 
f Re, e°*, ..., e) dx, (5.38) 
where R is a rational function, is always elementary. By means of 
the substitution x = ay, it is reduced to the integral f R,(e”) dy 
which is transformed into an integral of a rational function by means 
of a new substitution e” = z. Since sinh x and cosh x are rational 
functions of e**, it follows, hence, that integrals 
J R(sinh x, cosh x) dx, f R(sin x, cos x) dx (5.39) 


represent elementary functions. For the second of these integrals 
the substitution given above is imaginary; it is more convenient to 
use in its case, the so-called universal substitution 


tan . =f; (5.40) 


also leading to an integral of a rational function, since 


jeSag? dx 2 dt 


sin x = » cOSx = : = ——. (5.41) 

1+? 1+? 1 + ¢? 

An analogous substitution 
tanh =¢ (5.42) 
2 
can be applied also to the first integral. Here 
2 

sinh x = ele, cosht = ad < @Q0= ae: (5.43) 

1 — ¢? 1-—f 1 — t? 
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If the equality 
R(sin x, —cos x) = — R(sin x, cos x) 
or 
R(— sin x, cos x) = — R(sin x, cos x) 


holds, it is useful to apply the substitutions 


sinx =t (5.44) 
or 


I 


COS x 


ti (5.45) 
respectively. 
If the equation 
R(— sin x, — cos x) = R(sin x, cos x) 
holds, the simplest substitution to use is 


tanx =f. (5.46) 


The same occurs also in connection with the first integral. 
Integrals 


J R(sioh x, cosh x, sinh 2x, ..., cosh mx) dx, (5.47) 
f R(sin x, cos x, sin 2x, ..., cos mx) dx (5.48) 


belong to the two types indicated. 
2°. The integral 
J P(x, e%, e, ..., &) dx, (5.49) 


where a, 6, ..., k are arbitrary numbers and P is a polynomial, is 

always an elementary function, since it can be represented in the 

form of a sum ofa finite number of integrals of the form { x?e%* dx, 

which are calculated according to the formula given on p. 137. 
The following integrals can be reduced to that type: 


fx™(sin px)" (cos gx)’ dx, { x™(sinh px)" (cosh qx)” dx, (5.50) 
f x™e-*(sin px)" dx, f x™e-**(cos gx)” dx, 


where m, u and » are integers. 
In the same way, the integrals 


f P(x, In x) dx, J P(x, arcsin x) dx, and others, (5.51) 
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where P is a polynomial, can be reduced to the types of integrals 
shown above by means of the substitutions x = e”, x = sin y and 
others. 
fa) . 
3°. The integral f sin” x cos” x dx (5.52) 
is reducible to a sum of power integrals by the substitution sin x = z, 
when yz is odd and greater than zero, and by the substitution 
cos x = z when » is odd and greater than zero. 
In the case when both y and » are even and positive, the degree 
can be lowered by applying the identities 
fo I cos 2x : l cos 2x 
sin? x = — — » cos? x = — + —— 


Zz Z 2 2 


sin x cos x = 4sin 2x. 


? 


By means of the substitution cos x = y we can reduce the integral 
(5.52) to the integral of the binomial differential J y*(1 — y?)%" ?/?dx. 
The integral is taken in the finite form only when yz or » is a whole 
odd number, or when the sum yu + » is a whole even number or 


zero. Thus, for example ) J sin x dx is a transcendental function 


as is J Vtan x ax. 
4°. The integrals 


f tan” x sec’ x dx, f cot” x sec’ x dx, 
J tan“ x cosec’ x dx, J cot” x cosec’ x dx, 


(5.53) 


where » is positive and even and y is arbitrary, is reducible to a sum 
of power integrals: the first two by means of the substitution 
tan x = z, the second two by means of the substitution cot x = z. 
The integrals shown below can be calculated by the method of 
indeterminate coefficients, applying the following formulae: 
jee dx = Ax + Bln |asinx + bcosx| + C;, 
asin x + bcos x 


(5.54) 


asin x cosx +y 
presreeae 


asinx + bcosx +c 
dx 
asinx + bcosx+c’ 
(5.55) 


= Ax+ Binjasins + beosx tel +C | 
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a sin?’x + 28 sin xcos x + Y COS? x 4 
asinx + bcos x 
. dx 
= Asinx + Bcosx + C | ——_—_———_—_—__, (5.56) 
asin x + bcosx 


k x sin x + Bcos x 
B ax 


asin?x + 2bsin x cos x + c cos? x 


oe eee eee (5.57) 
kyu; + A, k2u, + Az 


where A, B, C are indeterminate coefficients, 4,, A, are the roots 
of the equation 


a—A b 

=O (A, #A4,), 

b rey ( 1 2) 

uy = (a — Ai) sinx + bcosx, k,= | (i = 1,2). 
a—A, 
Similarly 

= pee ae 

(a sin x + bcos x)" (a sin x + bcos x)""* 


dx 


+ C | —————_——__,,__ (5.58) 
(a sin x + bcos x)*"! 


dx _ Asin x +B dx 
(a+ bcosx)" (a+ bcos x)! (a + bcos x)""! 


+ c|— (jal # |d|). (5.59) 


(a + bcos x)" 


§ 3. The Definite Integral 


1. Suppose that the function /(x) ts defined in the interval [a, 5} 
(a < b). Let us subdivide this interval into n elementary intervals 
by means of the points a = x9 < x1 < x. <... < x, = 6 and 
let us select an arbitrary point in each. The sum of products of the 
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values of the function in the points selected by the lengths of the 
corresponding subdivisions 


mu = 5 SE) dex, (5.60) 


where &, is the selected point of the interval [x,_,, x,] and A,x 
= X, — X,_, is the length of that interval, is called the integral sum 


Fic. 10 


(the Cauchy—Riemann sum) for the function f(x) in the interval 
[a, b]. 

If, on the unlimited increase of the number of subdivisions, where 
the length of each subdivision tends to zero, there exists a limit of 
the integral sums and it does not depend on the method of sub- 
dividing the interval [a,b] or on the selection of points &,, the 
function f(x) is called integrable in the interval [a, b]. The limit of 
the integral sums 


@ 


lint y fli) Ax = | 


n> 
max 4x70 


is called the definite integral of the function f(x) with respect to the 
interval [a, b] 

This definition means that for any e > 0, there can be found a 
6 > 0 such that for any subdivision, whose elementary intervals 
are smaller in length than 6, i.e. max 4,x < 6, and for any choice 
of points &, the following inequality holds 


¥ fed dex =f fl) dx 


F(x) dx (5.61) 


< €. 


Geometrically, the definite integral, for f(x) > 0, expresses the 
area under the curve (Fig. 10). 
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If a function f(x) is continuous in the interval [a, b], it can be in- 
b 


tegrated in that interval, i.e. the definite integral { (x) ax exists. 


A function can be integrated also if it is bounded in the interval [a, b) 
and has a finite number of discontinuities of the first kind (finite 
Jumps) in it. 

The definite integral with respect to the interval [a, b] can also be 
defined for a > b. Here, the differences A,x = X44, — %,, Con- 
tained in the integral sum, are the lengths of the corresponding 
subdivisions but are of negative sign. 

2. The definite integral of the functions f(x) and g(x) to be in- 
tegrated possesses the following properties: 


(a) | ; f(x) dx = 0. (5.62) 


(b) | I(x) dx = - | : f(x) ax. (5.63) 


(c) f k f(x) dx =k | #09 dx (k = const). (5.64) 


a eu 


(a) | Li) + o()] dx = | Ore { ox) dx. (5.65) 


~~ 


(c) { fo) dx = i f(x) dx + | f(x) dx. (5.66) 


b 
(f) If a <b and f(x) >0 then | fx) dx > 0; if f(x) > 0, then 
6 a b 
i (x) dx > 0; for continuous functions, it follows from | S(x)dx =0 


and f(x) > 0 that f(x) = 90. 
(g) Ifa < b and f(x) > 9(x) then 


f fs) dx > { g(x) dx. (5.67) 


(h) | f(x) dx <| [fo] dx. (5.68) 
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These properties are used in calculations and in estimates of the 
values of definite integrals. Frequent use is also made of the mean 
value theorem. 

THEOREM 2 (THE FIRST MEAN VALUE THEOREM). If the function f(x) 
is continuous in the interval [a, b] (a < b) and the function p(x) can 
be integrated and is of constant sign in [a, b], then there exists in the 
interval (a, b) a point €, such that 


| I(x) p(x) dx = 70) | g@(x)dx (a<E<b). (5.69) 


In particular, for g(x) = 1, the first mean value theorem gives 
for the continuous function f(x) 


f(x) dx = f()(b- a) @<é&<)). (5.70) 


The value °° \ 


f= 


b 
| T(x) dx (5.71) 
b-ajl, 
is called the mean value of the function f(x) in the interval [a, b}. 
Geometrically, the mean value of a function equals the altitude of 
a rectangle equal in area to the area under the curve and having a 
common base with it. (Cf. Fig. 11.) 
THEOREM 3 (THE SECOND MEAN VALUE THEOREM). /f the functions 
F(x) and ¢(x) are bounded and can be integrated in [a, b],a < b, and 


Fic. 11 


the function (x) satisfies the inequalities A < g(x) < Bin [a, b] 
and does not decrease, then there exists a point & in the interval [a, b}, 
such that 


{409 g(x) dx = A [1 dx + Bf fe dx. (5.72) 
a a $ 
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If the function yx) does not increase, then 
b g h 
| T(x) v(x) dx = | T(x) dx + al T(x) dx. (5.73) 
a a ¢ 


In particular, in these formulae we may put A = g(a + 0), 
B = o(b — 0), i.e. for a non-decreasing function g(x) we have: 


b £ b 
| fx) ox) dx = o(a +0) | fx) dx + ob —0) | fx) de. 
* 65.74) 


The same kind of formula holds for the case when (x) does not 
increase, since in this case the converse can be taken: 


A=q(b-0), B= (a+ 0). 


If the function g(x) is strictly monotonic, then 
b fod b 
| L(x) p(x) dx = ota) | f(x) dx + v(t) | f(x) dx. (5.75) 
a a & 


3. The indefinite integral, considered in § 1, is a function of the 
variable of integration x. On the contrary, the definite integral of a 
given function with respect to a given interval is a fixed number, 
independent of the variable of integration. Therefore, the variable 
of integration can be denoted by any letter 


| I(x) dx -| f(u) du -{ f(t) dt. 


If the function f(x) is continuous on the interval [a, b] and x is 
any point in the interval, the integral i S(t) dt exists (the variable 


of integration is denoted by another letter, to distinguish it from 
the upper limit of integration), is completely defined by the choice 
of point x, and alters when x is altered. Thus, the definite integral 
is a function of its upper limit: 


x 


F(x) = | S(t) dt. (5.76) 


a 
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The definite integral is a continuous and differentiable function of its 


upper limit and d [® 
ral S(t) dt = f(x), (5.77) 
dx }, 
d | 10 dt = f(x) dx (5.78) 


at all points of continuity of f(x), i.e. the definite integral, as a func- 
tion of its upper limit, is one of the primitives for the function under 
the sign of the integral. Namely it is that primitive which becomes 
zero for the value of x equal to the lower limit of integration. 
Since all primitives differ only by the constant term, therefore, if 
we denote an arbitrary original of the function f(x) by ®(x), we 
find b b 
| (x) dx = ®(6) — Ga) = GX) (5.79) 


(the Newton-Leibniz formula), i.e. the definite integral equals the 
increment in the interval of integration of the primitive of the function 
being integrated. 

The Newton-Leibniz formula is the basic tool for the calculation 
of definite integrals; it reduces the evaluation of these integrals to 
finding an indefinite integral (i.e. a primitive) of the relevant func- 
tion. In the case when, for the purpose of finding the primitive, the 
indefinite integral has to be transformed in some sort of way, use 
is made of formulae for substitution (change of variable) or of 
integration by parts for the definite integral. 

THE FORMULA FOR SUBSTITUTION: Suppose the function f(x) is 
continuous in [a, b] and the function x = g(f) is of constant sign 
and is continuously differentiable in [«, 6], and a <9(t) <5), 
g(a) = a, o(f) = b. Then 


b B 
| ore | Fl@(O] "(0 at. (5.80) 
THE FORMULA FOR INTEGRATION BY PARTS 


10) 9) dx = f(0) ob) — fla) (a) ~ | ADS) dx (5.81) 


a 


or b 
udv = uv 


oe tt a a 


i [» du. (5.82) 
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THE FORMULA FOR SUCCESSIVE INTEGRATION BY PARTS: 


b 
| uww™dx = [uv-P + uv? + u've) + --- 


a 
6 


+ (— 1) tu Yop, — (- yr | up dx. (5.83) 


CAUCHY FORMULA: 


[. dx, [. des [| ¥e0 Heo ail. ¢ — 1-1 f(0) de. 
Xo Xo Xo (n — 1)! x 
(5.84) 


Note. If we assign a number J[y(x)] to each function y = y(x) 
of some system of functions M, it is said that we are given a func- 
tional J in M. Here, if J satisfies the following conditions: 


(1) JD: + 2) =JO1 + 2); @) Jy) = ADI, 


where A is any real number, then J[y] is called a@ linear functional 
in M. b 
The definite integral J[y] = | y dx is a linear functional in the 


class of functions capable of integration, y = y(x), defined in [a, 6]. 

4. Suppose that the function y = f(x) is defined and is bounded 
in the interval [a2, b]. Then it has an upper and a lower bound in the 
whole interval as well as in any part of it. Let us subdivide the 
interval [a, b] into elementary segments. We denote the length of 
the kth elementary segment by 4,x, and the upper and lower 
boundaries of the function in this segment by M, and m, respec- 
tively. 

The names “‘upper” and “lower integral sum’ (Darboux sums) are 
given to the sums of products of upper and lower bounds of the 
function in the elementary segments by the length of the latter 
respectively : 


s.= v M,A,x, (5.85) 
k=1 
Ce s m,A,X. (5.86) 
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For any subdivision of the interval, the Darboux sums and the 
Cauchy—Riemann sums are connected by the following relationship 


> mdA,x <Y flEdax <¥ MAX. (5.87) 
k=1 k-1 k=1 


The upper integral I* of the function f(x) in the interval [a, 5] is the 
name of the limit of the upper integral sums 


[* = lim y M,A,x. (5.88) 
eae . : 
Similarly, the lower integral I, is the name of the limit of lower 
integral sums 


I, = lim »y m,A,Xx. (5.89) 
na k=1 
maxd,.x70 


The existence of the upper and lower integrals is established by the 
following theorem. 

THEOREM 4 (Darboux theorem). If the function f(x) is bounded in 
the interval [a, b), then its lower and upper integral sums have a limit, 
i.e. any bounded function possesses a lower and an upper integral. 

The proof of the Darboux theorem is based on two important 
properties of upper and lower sums: 

(a) In changing from a given subdivision to a new one, which is 
obtained by adding new points of subdivision, the lower integral 
sum does not decrease and the upper one does not increase; 

(b) The lower integral sum for any subdivision is not greater than 
the upper integral sum for any other subdivision. 

5. Upper and lower integrals, defined in § 4, can have different 
values, or they can coincide. If the upper and the lower integrals of 
the function f(x) with respect to the interval [a, b] coincide, their 
common value is called the Riemann integral of the function f(x) 
with respect to this interval and we write 


(R) | f(x) dx =I* =I. (5.90) 


b 
Functions f(x) for which(R) | f(x) dx exists are said to be Riemann- 
integrable. 7 


f The limits of integrals are understood in the sense indicated in sec. 1. 
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The condition of integrability which is simplest to formulate is 
the following: the function f(x) is Riemann-integrable in the inter- 
val {a, b] if, and only if, it is bounded and 

lim (S, — s,) = 0, (5.91) 
max 4,.x—-0 
i.e. the limit of the difference of the upper and lower integral sums 
equals zero. 

The boundedness of a function is insufficient to ensure that it is 
Riemann-integrable. Thus, the function, defined in the interval [0, 1] 
by the equation 


fi) = } 


1, if x is a rational number, x = p/q, (5.92) 
0, if x is irrational 


(Dirichlet function), is bounded. However, for any segment in any 
subdivision we have M, = 1, while m, = 0. Asa result of this, the 
upper sum always equals 


Sr = > M,A,x => ¥ A,x = I 
k=) k=1 
and the lower sum 


in = VL mA,x = 0. 
k=1 


Thus, for the Dirichlet function /* = 1, J, = 0 and the Riemann 
integral does not exist. 

The class of functions which are Riemann-integrable includes 
functions continuous in a given interval, and, more generally, func- 
tions which have in that interval a finite number of discontinuities 
of the first kind, and also bounded monotonic functions and, more 
generally, functions of bounded variation. 

Since Cauchy—Riemann sums are enclosed between Darbouxsums, 
the Riemann integral is the common limit of the integral sums of 
Darboux and of Cauchy—Riemann. Therefore the Riemann integral 
coincides with the usual definite integral considered in sec. 1, so that 
the sign (R) in front of the integral is usually omitted. It also follows 
that the properties of the Riemann integral coincide with the prop- 
erties of the definite integral considered in sec. 1. 

Darboux sums may be constructed also for a function which is 
not necessarily defined at every point of the interval, while for 
Cauchy sums such an assumption is necessary. Therefore it can 
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be formally reckoned that the class of functions which are Riemann- 
integrable is wider than that of those integrable in the sense of the 
definition in section 1. 

6. A numerical sequence {x,}, all of whose points belong to the 
interval [0, 1], is said to be uniformly distributed in the interval if 
the number of points of the sequence with suffixes smaller than a 
given 1, which find themselves in the segment [«, 8] of the interval 
[0, 1] at its limit, is proportional to the length of the interval. More 
exactly, if »,(a, 8) denotes the number of points of the sequence with 
suffixes smaller than n belonging to the segment [a, 8], then 


fe ee age (5.93) 
nc n 

In the terms of the theory of probability this definition means 
that the probability of a random element of the sequence falling on 
the segment [«,B] equals the length of this segment. (See volume 69 
of this series.) 

The simplest example of a uniformly distributed sequence is the 
sequence of all proper vulgar fractions, namely, of fractions of 
form m/n (n = 2,3,...; m = 1,2,...,m — 1). This sequence has 


the form 
112412 3 


29 3° 39> a% 4? ar°°° 


A great number of examples of uniformly distributed sequences 
can be constructed with the help of the following theorem: 

THEOREM 5, If @ is irrational, then the sequence x, = nb — [n}) 
(n = 1,2, ...) is uniformly distributed in the interval {0, 1], where the 
symbol [n3] denotes the integral part of the number n@, i.e. the 
greatest whole number not exceeding nd}. 

Sequences, which are uniformly distributed in an interval, can be 
utilized in the calculation of integrals. Their role in working out 
integrals is based on the following theorem. 

THEOREM 6. If the numerical sequence {x,} is evenly distributed in 
the inteval [0, 1], then for any function f(x) integrable in [0, 1] the 
following asymptotic relation holds 


lim (x1) + f(x2) apo + f(%n) 
na n 


= | f(x) dx. (5.94) 


Conversely, the consequence of the truth of this asymptotic rela- 
tion is that the sequence {x,} is evenly distributed in the interval. 
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Thus, this relationship is a necessary and sufficient condition of the 
uniform distribution of the sequence, so that it can be regarded as 
the definition of uniform distribution. 

As acorollary of the basic asymptotic relation it should be noted 
that for the sequence, {x,} uniformly distributed in the interval [0, 1], 
for every positive integer & the following relation is satisfied 


k k Sn k 
reriacad Oi Se ee (5.95) 
n-a n k+ 1 


It can be obtained by putting f(x) = x*. 

A more general asymptotic relation also holds. If the sequence 
{x,} is uniformly distributed in the interval [0, 1] and {q,} is a 
monotonically decreasing sequence of positive numbers with a di- 
vergent sum, then 


lima 1 f(x.) + %2f(%2) + 0+ + Mnf (%n) 


ce Mato +a, 


= | f(x) dx. (5.96) 


§ 4. The Integration of Functions of 2 Variables 


1. It seems possible, for functions with several variables, to define 
the different concepts of an integral in a way dependent on the num- 
ber of dimensions of the domain of integration and on the number 
of arguments of the function. First, we consider functions with two 
variables. 

A bounded closed region G of the plane xOy is called squarable, 
if the upper bound of the areas of polygons inscribed in it coincides 
with the lower bound of areas of polygons, circumscribed about G. 
The general value Q of these bounds is called the area of the region. 
The diameter 6 of the region G is the name given to the upper bound 


of distances between any two points of the region G. 
Suppose the function of a point of the region z = f(P) or z 


= f(x, y) is defined in the region G which isbeing squared. We sub- 


divide the region G into a finite number of elementary squarable 
parts, whose areas are A,, (k = 1, 2,..., m). We select an arbitrary 
point (£,, 7) in each elementary area, and compile the sum of 


A.M.A.D, 12 
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products of the value of the function in selected points by the areas 


of the elementary subdivision: 


2S (Ex, Mang. (5.97) 


This sum is called the (double) integral sum for the function f(x, y) 
in the region G. For a bounded function /(x, y) it also is possible 
to construct (double) upper and lower Darboux sums 


Sn =) MAiqQ, Sn ae mA,q, (5.98) 
=1 =1 


where M, and m, denote the upper and lower bounds of the function 
F(x, y) respectively on the corresponding elementary areas. 


The name a double integral If SI (x, y) dq or { | Ff(P) dq of the 
G G 


function f(x, y) in the region G is applied to the limit of the integral 
sums, when the diameters of all elementary regions of subdivision 
tend to zero: 


| | JO jaS ta Shpesaa= tin. Ag 


n>o k=1 n>ao k=1 
max 6,70 max 6,70 
A 
= lm Ym}. (5.99) 
a>ao k=1 
max 6,70 


This means that for any ¢ > 0 there can be found a number 
7» > 0, such that for any subdivision of the region G, for which the 
greatest diameter of an elementary region is smaller than 7, 
max 6, < 7, the following inequality holds: 


| I(x, y) dq — YFG, Aq | < €- 


A similar inequality holds also for Darboux sums. 

Sometimes, the upper and lower integrals are defined, as for a 
function of one variable, as limits of upper and lower Darboux 
sums respectively, and if they coincide their common value is called 
the double Riemann integral. 
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Double integrals possess properties analogous to those of the 
definite integral: 


(a) | | kf(x, y) dq = aul f(x, y) dq (k = const). (5.100) 


0 | | Ue») & ees mae 


2 | | fx, 9) dq + | | we, y) dq. (5.101) 


(c) If the region G is split up into parts G, and G,, then 


| | fa ydq = | | Ce | | f(x,y) dq. (5.102) 


(d) Jf at all points of the region G the inequality f(x, y) > (x, y) 
holds, then 


{ | ied | | DE. (5.103) 


(e) If f(x, y) = 1, then 
{| dq =Q, (5.104) 


where Q denotes the area of the region G. 
(f) If at all points of the region G, the inequalities m < f(x, y) 
< M hold, then 


mQ < | T(x, y) dq < MQ. (5.105) - 


(g) If f(x, y) is continuous in the region G, including the boundary, 
there exists a point (€, n) lying inside G, for which 


| | fix, 9) dg = fe, no 


(the mean value theorem). 

The value of /(€, 7), defined by the latter equation, is called the 
mean value of the function f(x, y) in the region G. 

The existence of a double integral can be guaranteed for the 
classes of functions indicated in the following theorems, where the 
region of integration is always assumed to be bounded and squarable. 
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THEOREM 7. The double integral of a continuous function exists. 

THEOREM 8. If the function f(x, y) is bounded and its points of dis- 
continuity lie on a finite number of curves, which are graphs of the 
continuous functions y = (x) or x = yy) then it is integrable. 


Zz 


Fic. 12 


This theorem is a particular case of the following more general 
theorem. 

THEOREM 9. If the function f(x, y) is bounded and the set of points 
of discontinuity has zero area, then there exists a double integral of 
such a function. 

Geometrically, the double integral of a positive function ex- 
presses the volume of a body, which is customarily known as a 
cylindroid (Fig. 12). In order to calculate double integrals they are 
reduced to repeated ones; these are usually written down in the 


form i i I(x, y) dx dy. 


The name repeated (or twofold) integral 


b u(x) B P2() 
| el Gaye a | aie ieeyyae 


a P(x) a vit) 


is given to a finite integral of a definite integral 


b (2) 
| @(x) dx, where (x) = T(x, y) dy, (5.106) 
a pi(x) 


of v2) 


p 
| Y(y) dy, where ¥Y(y) = I(x, y) dx. (5.107) 


yily) 
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In order to find a repeated integral, the inner integral should first 
be calculated, by integrating the function f(x, y) in y (or in x) and 
then one should integrate the obtained function D(x) (or ¥/(y)). 

If the region G is bounded by continuous curves y = 9,(x) and 
y = 9,(x) (a <x <b, s(x) < G2(X)) and by the ordinates x = a, 
x = b(Fig. 13), and there exist the double integral gt I(x, y)dxdy 


p2(x) 


G 
and the definite integral ®(x) = I(x, y) dy for any x ina, b, 


(x) b v2(x) 
then there also exists the repeated integral | dx T(x, y) dy 
and the following equation holds: a gi(*) 


\| I(x, y) dx dy = if dx ~ S(x, y) dy. (5.108) 
G 


a 1) 


Similarly, if the region G is bounded by continuous curves x = y,(y) 


and x = p(y) («@ <y <B, ¥10) < p20) (Fig. 14) and by the 
straight lines y = a, y = B, then, in the same conditions 


B yey) 
| | Sx, y) dx dy -| dy( fx ydx. (5.109) 


a vily) 


If the region G has more complicated boundaries, then, in order 
to reduce a double integral to a repeated one, the region should be 


subdivided into parts, whose shape is depicted in Fig. 13 or Fig. 14. 

Suppose the function f(x, y) is defined in the region G and the 
image of the region J of the plane wu, v into the region G is given by 
means of the functions 


x= x(u,v), y= yu, v). 
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Then the double integral in the region G is transformed according 
to the formula 


{| (x, y) dx dy = I. fix(u, v), y(u, v)] Dy, y) »y) 


du dv, 
Dy, v) 


(5.110) 


which is called the formula of change of variable in a double integral. 
Just as in Chapter III, 0(x, y)/0(u, v) denotes the Jacobian of the 


Fic. 14 


mapping. In particular, inchanging to polar coordinates the formula 
of change of variable takes the form 


{| T(x, y) dx dy = {| f(e cos gy, a sing)e dodp. (5.111) 
G G 


The transformation of double integrals is considered in greater 
detail in Chapter VII. 

2. The volume of a three-dimensional region V can be determined 
with the help of the volumes of inscribed and circumscribed poly- 
hedra, in a way similar to that used in sec. 1 for area. Regions hav- 
ing volume are called cubable. 

For the function f(x, y, z) defined in a cubable region, a (triple) 
integral Cauchy—-Riemann sum is constructed: 


LS (Ex> Mu» CxAyv. (5.112) 


When the function is bounded, then, in addition to the Cauchy-— 
Riemann sum, it ts also possible to construct upper and lower Dar- 
boux sums {see sec. 1). 


THE INTEGRATION OF FUNCTIONS 169 


If the integral sums have a common limit when the diameters of 
all elementary regions tend to zero —a limit which does not depend 
on methods of subdivision and selection of points (¢,, 7, ¢,) (for 
the Cauchy—Riemann sum), then this limit is called a triple integral 
of the function f(x, y, z) in the given region V. It is written down in 


the symbols 
{{J fle, ys 2) do, ‘i f(P) de 


\| { T(x, y; z) dx dy dz. (5.113) 


Or 


In order to calculate the triple integral it is reduced to a three- 
fold one, which is found by means of three successive integrations 
with respect to each separate variable: 


‘b y2(x) p2(xsy) 
{{{ S(x,y, 2) dx dy dz -{ ax| dy S(x,y, 2) dz. 
Vv a wi(x) o(x.y) 
(5.114) 


Just as for double integrals, the formula of change of variable 
in the triple integral has the form 


{| S(x, y, 2) dx dy dz 
Vv 


={[ | tt, oom, ylu,v,w), z(u,v, w)] x 
2 


. | P@¥2) 
Diu, v, w) 
if the region §2 is mapped into the region V by means of functions 


du dv dw, (5.115) 


x=x(u,v,w) y=yu,v,w), Zz = z(u,v, w). 


3. Suppose that in n-dimensional space a certain measure is 
defined, which sets up a correspondence between certain m-dimen- 
sional regions and definite positive numbers —z-dimensional vol- 
umes. For functions defined in these measurable (i.e. having an 
n-dimensional volume) -dimensional regions, it is possible to define 
Cauchy—Riemann’s integral sums, and the integral as the limit of 
these sums. 
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If the function is bounded, then, in addition to Cauchy—-Riemann 
sums, it is possible also to construct upper and lower Darboux sums 
and to define the n-dimensional Riemann integral as the common 
limit of the upper and lower Darboux sums. 

The whole theory of double and triple integrals extends almost 
automatically to include the n-dimensional case. 

4. In secs. 1 to 3 we considered the integration of functions of 
n variables (n = 2, 3, ...) in a region of n dimensions. It is possible, 
however, to have integration in manifolds of a smaller number of 
dimensions. Let us examine particular cases. 

Let the function f(x, y) be defined in the points of a plane curve 
L. Let us subdivide the curve into m segments and let us select in 
each of them a point (&,, 7,). Then it is possible to construct the 


integral sum in 
2 Sbas me) Ais, (5.116) 


where 4,5 denotes the length of the corresponding segment of the 
curve, whose limit, when the lengths of all segments of subdivision 
tend to zero, is called the integral over a curve (or, more exactly, 
the integral over a curve of the first type, or the integral over the 
length of an arc). It is denoted 


| jojes in ewote, Cia 


na 
max Jd ,.s70 


The curve L is called the path or contour of integration. 
The definition of the integral along a curve | S(x, y, z) dx of a 
L 


function of three variables (a space curve) does not require any 
modification. 

In order to calculate an integral over a curve of the first type, it 
has to be reduced to an ordinary definite integral. Thus, if the space 
curve is given parametrically by means of the equations 


then YT OD Y= IO, Z= 2, Wo SESH, 


| I(x, y, 2) ds 


= {| [x(t), (0), z(2)] JF + [y'(@))? + [2’@)? de. (5.118) 
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The same formula, containing x and y only, can be used to cal- 
culate the integral over a curve in a plane. 

The values of the function f(x, y, z) can be given also on the 
surface S. Suppose that we subdivide the surface into elementary 
areas, whose size we denote by 4,c. Then, having selected a point 
(Ex, M5 ¢,) in each of these areas, we construct the integral sum 


LSE Ne» Sr) Ayo, (5.119) 


whose limit is called the integral (of first type) over the surface S of 
the function f(x, y, Zz). It is denoted by the symbol 


| | soo 2) do (5.120) 


and it is calculated by means of a reduction to a double integral. If 
the surface S is given by means of an explicit equation z = z(x, y) 
in the region G of the plane xOy, then 


[ | te2.2¢e 


=| | Sere m+ P+ EP axay. 6.120 


More general cases are considered in Chapter VII. 

We now give a general definition of an integral over a manifold 
of a smaller number of dimensions. Suppose a function of n variables 
S(%1, X25 «++, Xp) 1S defined in an m-dimensional manifold R(m < n) 
possessing an m-dimensional volume (see section 3). Subdivide R 
into elementary parts, whose m-dimensional volumes we denote by 
A,v, and select a point (&, EM, ..., E). Then it is possible to 
construct the integral sum 


DIE, ESP, oes En) Ae, (5.122) 


whose limit is called the integral of a function of n variables in an 
m-dimensional manifold over the measure of the region. The prop- 
erties of integrals over the measure of the region are fully analogous 
to the properties of the ordinary definite, double, etc., integrals (see 
Chapter VII, § 2, sec. 1). 
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5. Alongside the integrals over the measure of the region it is 
also possible to define integrals of the second type in an m-dimen- 
sional manifold — integrals in coordinates. Integral sums, whose limit 
gives integrals of the second type, can be obtained from integral 
sums of section 4 by means of the exchange of the m-dimensional 
volume of an elementary part of the manifold R for an m-dimen- 
sional volume of a projection of this part into m-dimensional hyper- 
planes. Let us quote particular cases for m = 2 and a = 3. 

Let f(x, y) be a function of two variables defined along the plane 
curve L. Let us subdivide the curve L into elementary segments, 
each of which we then project onto the coordinate axes Ox and 
Oy. Then it is possible to construct two integral sums 


X fe, mx and Y fEy may, 6.123) 


whose limits, if they exist, give two integrals over a curve in co- 
ordinates (of the second type) 


| S(x,y) dx and | T(x, y) dy. (5.124) 


It is usual to consider, as an integral over a curve of the second 
type, a composite integral 


| ee oes (5.125) 
L 


where P and Q are arbitrary integrable functions. 

For a space curve, the elementary segments of an are can be 
projected onto the axes Ox, Oy and Oz, which gives three integral 
sums 


iG Nk» ) A,x, YE Nes C;) Ayy, 
- . ee (5.126) 
DI Eas tes fx) Az 


and, therefore, three integrals 


| eon aas, [ tex [ fonda. (5.127) 
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As for a plane curve, often a composite integral is considered: 
| P(x, y, z) dx + O(x, y, z) dy + R(x, y,z)dz. (5.128) 
L 


The path of integration is assumed in both cases to be oriented. 
This means that a definite direction of motion along the curve is 
given, which is regarded as positive. 

If the curve is an open one, an indication is given as to which of 
the two end-points is its beginning and which is the end. For a 
closed curve in the case of a plane, the chosen positive direction is 
usually anticlockwise, i.e. in tracing out the contour bounding the 
region the latter remains on the left. 

If the function f(x, y, z) is given on the surface S, then, instead 


of considering the integral { F(x, y, z) do, we can consider the 
composite integral . 


| | P(x, y, z) dy dz + O(x, y, z) dz dx + R(x, y, z) dx dy, 
RY 
(5.129) 


where P, Q, R are integrable functions of three variables. The in- 


tegral | i P dy dz is defined as the limit of the integral sum 
n RY 

Y PlExs Me» x) 4,0(x, y), while 4,o(xy) denotes the area of the pro- 
k=1 


jection of an elementary area onto the plane xOy. Two other in- 
tegrals are defined analogously. 

The surface S should be two-sided. This property is defined as 
follows. At every point of the surface, let us select a definite direc- 
tion of the normal, which alters continuously while the point moves 
over the surface. Let the moving point describe an arbitrary closed 
curve, not intersecting the boundary of the surface. If, on the return 
of the point to its original position the direction of the normal in it 
coincides with the original one, the surface is called two-sided or 
orientable. 

In order to construct an integral over the surface, the latter has 
to be orientable, i.e. a side to be regarded as positive has to be 
selected. The choice of a side is conditioned by the choice of one 
of two possible directions of a normal to the surface at every point, 
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which in turn influences the sign assigned to the value of the projec- 
tion A,o. This value is taken with the sign plus, if the normal forms 
an acute angle with the axis perpendicular to the corresponding 
coordinate plane, and with a minus in the opposite case. 

For a closed surface, the side selected to be positive is usually 
the one at which the normal is directed outside the region bounded 
by that surface. 

The properties and methods of calculation of integrals in co- 
ordinates and also their connection with integrals over the measure 
of the region are considered in Chapter VII. Here we demonstrate 
only the application of integrals over curves of the second type for 
the construction of functions of several variables from complete 
differentials. 

6. Let P(x) and Q(x) be functions of two variables, continuous 
together with their partial derivatives in the simply connected closed 
squarable region G. The differential expression Pdx + Qdy is called 
integrable in the region G if it represents a complete differential of 
a function of two variables, i.e. if there exists a function U, differ- 
entiable in the region G, such that 


ot = Plx,»), = = Q(x, 9). (5.130) 


THEOREM 10. Jn order that the expression Pdx + Qdy be integrable, 
it is necessary and sufficient that at every point of the region G the 
equation 


should be satisfied. 
This equation is called the condition of integrability. 
The condition of integrability is also the necessary and sufficient 


condition that the integral [ Pdx + Qdy is independent of the 
L 


path I’ of integration provided the end-points of I’ are fixed. Thus we 
have the following theorem: 
THEOREM 11. The integral over a curve | Pdx + Qdx does not 


L 
depend on the path of integration, if, and only if, the expression 
Pdx + Qdx is a complete differential of a function of two variables. 


THE INTEGRATION OF FUNCTIONS 175 


Since the integral does not depend on the path, it is sufficient to 
indicate, instead of the path of integration, the points (x9, yo) and 


(x, y) which serve as the ends of the arc of the curve L. 
(*,9¥) 
THEOREM 12. The integral i Pdx + Qdy,regardedasa func- 
(X0»¥o) 
tion of the point (x, y), is the original function for the expression 
Pdx +Qdy under the integral sign. If U(x, y) is one of such originals, 
then 


(x,y) 
| P(x, y) dx + O(x, y) dy = U(x, y) — U(xo, yo), (5.131) 


(x9. Yo) 


i.e. the integral over a curve of a complete differential equals the in- 
crement of the original function (the Newton-Leibniz formula). 

An analogous property holds also for the integral of a space 
curve. The differential expression Pdx + Qdy + Rdz, where P,Q, 
R are functions of three variables, continuous together with their 
partial derivatives in the cubable simply connected region G, is 
called integrable in G, if it is a complete differential of a function of 
three variables. 

In order that the expression Pdx + Qdy + Rdz be integrable, it 
is necessary and sufficient that the conditions 

a _ 2 OD _ AR AR _ Pay 
oy Ox Oz oy Ox Oz 


are fulfilled at every point G (conditions of integrability). The same 
conditions are necessary and sufficient for the independence of the 
integral over a curve Pdx + Qdy + Rdz of the path of integra- 
tion. 

THEOREM 13. The integral over a curve 


| Pdx+Qdy+4+ Rdz 
L 


does not depend on the path of integration if, and only if, the ex- 
pression Pdx + Qdy + Rdz is a complete differential of a function 
of three variables. The integral 


(x.¥,Z) 
| Pdx+Qdy+ Raz, 


(xo »Yo.Zo) 
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regarded as a function of the point (x, y, z), is the original function 
for the expression Pdx + Qdy + Rdz under the integral sign. If 
U(x, y, z) is one of such originals, then 


(2,¥,z) 
f Pdx+Qdy+Rdz= U(x, y, Z) — U(x0, Yoo Zo)» 
(X9.¥o1Z9) 


(5.133) 


i.e. the integral over a curve of a complete differential equals the in- 
crement of the original function (the Newton-Leibniz formula). 

The integral over a curve of a function of n variables can be used 
in the same way for the reconstruction of a function of n variables 
from its complete differential. 


§ 5. The Application of Definite Integrals to Problems 
of Geometry and Mechanics 
1. THE EVALUATION OF AREAS OF PLANE FIGURES 


1°. The area Q of a curvilinear trapezium bounded by the graph 
of a continuous, positive in the interval [a, 6], function y = y(x) by 


Fic. 15 


the Ox axis and by two straight lines x = a and x = b (Fig. 15) 
equals 


Q= i yx) dx. (5.134) 


If the function y(x) is of alternating sign, the formula for the area 
should be applied separately to each segment, in which y(x) pre- 
serves a constant sign, and add up the absolute values of the figures 
obtained. 
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2°. If the equations of a curve are given in a parametric form 
x = x(t), y = y(t), while a = x(to), b = x(T), then the area of the 
trapezium equalsf 


Q =| Y(t) x'() dt. (5.135) 


=p 
I 
M 
ot 
C z 0 I 


Fic. 18 Fic. 19 


3°. If the trapezium is bounded by the graph of the function 
x = x(y), by the Oy axis and by the two straight lines y = c, y = d 


(Fig. 16) then d 
Q= | x(y) dy. (5.136) 


4°. The area Q of the figure AMNB (Fig. 17) bounded by two 
continuous curves y = y;(x), y = y2(x) (y2(x) > y,(x)) and by two 
straight lines x = a and x = b equals 


Q = | C= WNOlae (5.137) 


+ Here and further, it is assumed that the function under the integral sign 
is positive and the upper limit of integration is greater than the lower one. 
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5°. If x = x(t), y = y(t) (to < t < T) are parametric equations 
of a piecewise smooth, simple closed curve which bounds on its left 
a figure of area Q (Fig. 18), then 


T T 
ue | y(t) x(t) at -| x(t) y'(0) dt 


To to 


ay | [x(0) ¥'() — y(t) x'(0) dt. (5.138) 


6°. The area Q of the curvilinear sector OMN (Fig. 19), bounded 
by the continuous curve given by the equation in polar coordinates 
o!= o(¢) and by two rays y = 2, y = B equals 


B 
G=A | loo)? dp. (5.139) 


7°. The area Q of a plane region D situated in the plane xOy 


equals 
o=|| a=] | dea=| | odode. (5.140) 


8°. The area Q of a plane region D bounded by a simple piecewise 
smooth closed contour C equals 


Q= -¢ yar= ¢ xdy= 4 xdy—ydx. (5.141) 
c c c 


* 


2. THE CALCULATION OF THE LENGTHS 
OF ARCS OF CURVES 


1°, The length s of the arc AB (Fig. 20) of a segment of a smooth 
(continuously differentiable) curve y = y(x) (a < x < b) equals 


b 
s =| 1+ b’QO)f ax, (5.142) 
and of the curve x = x(y) (c < y < d) equals 


os |v 1 + [ODF ay. (5.143) 
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2°. If the curve is given by equations in the parametric form 
x = x(t), y = WD) (to < ¢ <T), where x(), y(t) are continuously 
differentiable in the segment (fo, 7] of the function, then the length 
of the arc of the curve s, equals 


$= | VEO? +b ‘OF dt. (5.144) 


Fic. 20 


3°. In polar coordinates the length s of the arc of the segment of 
the curve eg = e(y) (« <¢@ < B), where 0(¢) is a function, continuous 
together with its derivative o’(p), equals 


8 
je | Je@l + b@F ap. (5.145) 


3. THE EVALUATION OF SURFACE AREAS 


1°. The area Q of a smooth curved surface z = z(x, y) equals 


0 =(j qq =| | 1 + ey rn (=) dx dy, (5.146) 
p cosy D Ox oy 


where D is the projection of a surface onto the plane xOy and y is 
the angle formed by the normal to the element of surface and the 
axis Oz (the angle between the element of surface and the plane 
xOy). 

2°. If the surface is given by parametric equations x = x(u, v), 
y = y(u, v), 2 = 2(u,v), where the point (wu,v)e D and D is a 
bounded closed squarable region in which the functions x, y, z are 
continuously differentiable, then the area Q of the surface equals 


Q -({ VEG — F? du dv, (5.147) 
D 


A.M.A.D. 13 
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E= OE oy ne a | 
ou Cu Ou 
Ox \? ey \? dz \? 
G=(2)+(7) +(—), (5.148) 
Ov Ov Ov 
Pg Oe eee 
Ou dv Cu dv Cu Ov 


where 


3°, If the surface is given by an equation in cylindrical coordinates 
z = 2(9, »), then the area Q equals 


QL. 


Q = | { Je ede el + (=) do dp. (5.149) 
D do dg 


4°, The area Q of a surface formed by the revolving of the arc 


AB of a smooth plane curve y = y(x) (@ < x < b) about the axis 
Ox (Fig. 21) equals 


(B) b et 
Q = 2n | yds = an yo V1 + [yQOF dx. (5.150) 


(A) 


Fic. 21 Fic. 22 


5°. If a plane curve is given by equations in a parametric form 


x = x(t), y = y(t) (to <t < T) then the area Q of the surface of 
revolution (about the axis Ox) equals 


(3B) T — 
Q= 2n | yds = 2n | y(t) J ix'(OP + fy’)? dt. (5.151) 


(A) 


THE INTEGRATION OF FUNCTIONS 181 


6°. The area Q of a surface formed by the revolution of an arc 


AB of a smooth plane curve x = x(y) (c < y < d) about the Oy 
axis (Fig. 22) equals 


Q= an [at = anf x(y) Ji + [x’Q)}? dy. (5.152) 


(A) 


4. THE EVALUATION OF VOLUMES 


1°. The volume v of a cylindroid, bounded from above by 
the continuous surface z = 2(x, y) or, in cylindrical coordinates 
z = z(0, y) and from below by the plane z = 0 and on the sides by 


Fic. 23 Fic. 24 


a right cylindrical surface, whose intersection with the plane xOy is 
the squarable region D (Fig. 23) equals 


v -({ zdq = {| zdx dy = {{ zododp. (5.153) 


2°. The volume v of a closed space region V (Fig. 24) equals 


o= [I dv. (5.154) 


Here, if the surfaces bounding the surface are given in cartesian 


coordinates, then 
iS | {i dx dy dz, (5.155) 
: Vv 
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if they are given in cylindrical coordinates then 


v= | | o dz do dy, (5.156) 
we wV 


and if they are given in spherical coordinates then 
v -{{J o? sin 3 do dp dé. (5.157) 
V 


3°. The volume v of a body of arbitrary form, enclosed between 
two planes x = a and x = b, perpendicular to the axis Ox, and 


Fic. 25 


with an area of cross-section S = Q(x) when the body is traversed 
by a plane perpendicular to the Ox axis at the point x (Fig. 25) 
equals 


v= [ Q(x) dx. (5.158) 


4°. The volume v of a body formed by the revolution about the 
Ox axis of a plane figure, bounded by the curve y = y(x), where 
y(x) is a continuous non-negative function, by the Ox axis and by 
two straight lines x = a and x = 5, equals 


b 
v= 2X Ly(x)]? dx. (5.159) 

5°. In a more general case, the volume v of a ring formed by the 
revolution about the Ox axis of a plane figure bounded by two 
curves y = y,(x), y = y2(x), where y,(x) and y,(x) are continuous 
non-negative functions, and by two straight lines x = aand x = J, 
equals 


ne | (Da)? — bi} de. (5.160) 
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6°. Similarly, the volume v of the solid of revolution formed by 
the revolution about the Oy axis of a plane figure, bounded by the 
curve x = x(y), where x(y) is a continuous non-negative function, 
by the axis Oy and by two straight lines y = c and y = d, equals 


v= «[ bor dy. (5.160) 


5. GULDIN’S THEOREM 


THEOREM 14 (Guldin’s first theorem). If an arc of a plane curve of 
length L revolves about an axis, with which it does not intersect, and 
the curve lies in the same plane as the axis, the area of the surface of 
the solid so formed is calculated from the formula 


Q = L x 2nd, (5.161) 


where d is the distance of the centre of gravity of the arc from the axis 
of rotation. 

THEOREM 15 (Guldin’s second theorem). If a plane figure of area Q 
revolves about an axis, with which it does not intersect and which lies 
in the same plane as the curve, the volume of the solid so formed is 
calculated from the formula 


v =Q x 2nd, (5.162) 


where d is the distance of the centre of gravity of the area of the figure 
from the axis of rotation. 


6. THE CALCULATION OF MASS 


1°. The calculation of mass M of a curvilinear segment / with a 
variable linear density 6 is carried out according to the formula 


M = | 6 ds, (5.163) 
t 


where 6 = 6(x, y) for a plane curve and 6 = 4d(x, y, z) for a space 
curve. 
2°. The mass M of a plane figure D with a variable surface 


density 6 equals 
M =| | 6 dq. (5.164) 
D 
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In cartesian coordinates this formula acquires the form 


M= {{ 6(x, y) dx dy, (5.165) 
D 
and in polar coordinates 
M = || dle, p)e do dp. (5.166) 
e D 


3°. The mass M of a curvilinear figure S with a variable surface 
density 6 = d(x, y, z) equals 


M ={[ A(x, y, 2) do. (5.167) 


4°. The mass M of a body V with a variable solid density 6 equals 


M -{{J d dv. (5.168) 
Vv 


In cartesian coordinates this formula takes the form 


M= if] O(x, y, z) dx dy dz, (5.169) 
V 
in cylindrical coordinates 
M = {ff 6(0, p, z)e do dy dz, (5.170) 
sa 


and in spherical coordinates 


M= nll d(o, y, 9) 0? sin 6 do dp dé. (5.171) 
v 


7. THE CALCULATION OF THE COORDINATES 
OF A CENTRE OF GRAVITY 


1°. The coordinates of the centre of gravity C of an arc of a 
homogeneous plane curve y = y(x) (a < x < b) of length L are 
determined from the formulae 


[. x wi + [y’(x)]? dx { y(x) V1 + [y’'(x)]}* dx 
i 
L L 


(5.172) 
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For a closed curve 


ee 


| x {V1 + PGP + V1 + PGP} dx 


? 


L 


| Ly.OoV1 + DIG? + 200 V1 + DiGOP) de 


L 


y 


’ 


(5.173) 


where y = y,(x) and y = y,(x) are equations of the upper and 
lower parts of the contour respectively, and L is the length of the 
entire contour. 


2°. The coordinates of the centre of gravity C of an arc of the 
curve / with a variable density 6 and mass M equal 


| xa [ ova 
t t 


Xo = ——_, = —————— 5.174 
c M Ve M ( ) 


for a space curve 


| bx ds | dy ds | 6z ds 
I I i 


yi : = Se SS 7 65.175) 
Cc M Ve M c M ( 


where 6 = d(x, y, Z). 
3°. The coordinates of the centre of gravity C of a plane lamina 


D with variable density 6 and mass M = | | 6 dq equal: 
in cartesian coordinates 


{| 6x dx dy i dy dx dy 
D D 


a y= 


{| 6 dx dy 
D 


where 6 = d(x, y); 


(5.176) 
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in polar coordinates 


{| do? cos » do dp {| do? sin y do dp 
— D icra ——— = pr eta FI 


c= Ve 


{J de do dp I) de do dp 


where 6 = 6(@, 9). G17) 


If the lamina is homogeneous, 6 = | in these formulae. 
4°. The coordinates of the centre of gravity C of a body V with 


variable density 6 and mass M = | | I, 6 dv equal 


fies fle Ui 


xo = 2c = 


M M 


in particular, in cartesian coordinates (5.178) 


Affe [If aaa 


Le 
aii 6 dx dy dz ae 6 dx dy dz 


alike 
icc 


where 6 = 6(x, y, z). (5.179) 
If the body is homogeneous, these formulae should have 6 = 1. 


8. THE CALCULATION OF MOMENTS OF INERTIA 


1°, The moments of inertia J, and J, of a plane lamina D with 
variable density 6 = d(x, y) with respect to the coordinate axes Ox 
and Oy are determined by the formulae 


L= {| éy*dxdy, I,= {| 6x? dx dy, (5.180) 
D D 
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and the moment of inertia J) with respect to the origin O equals 
I= {| O(x? + y?) dx dy. (5.181) 
D 


2°. The moment of inertia 7, of a plane lamina D of variable 
density 6 = d(@, y), with respect to the polar axis Ox, equals 


i= {| 603 sin? @ do dp, (5.182) 
D 


and the moment J, is given by the equation 


Io -({ do? do dp. (5.183) 
D 


3°. If 7, J,, are moments of inertia of a plane figure D of area 
Q with respect to two parallel axes / and /), of which /, passes 
through the centre of gravity of the figure, and d is the distance be- 
tween those axes, then 
I, = I, + Qa’. (5.184) 
4°. The moment of inertia J of a plane figure D with respect to a 
straight line passing through the centre of gravity O(O, 0) and form- 
ing an angle « with the axis Ox, equals 


I = I, cos* « — 2/,, sina cosa + J, sin? a, (5.185) 


where J, and J, are moments of inertia of the figure with respect to 
the axes Ox and Oy and J,, is the centrifugal moment equal to 


Ly = {| dxy dx dy. (5.186) 
D 


5°. Moments of inertia J,,, J,,, I,, of a body V with a variable 
density 6 = d(x, y, z) with respect to coordinate planes are deter- 
mined by the formulae 


i -(f I 6z? dx dy dz, 
Vv 

i= if dx? dx dy dz, (5.187) 
Vv 

i -{{f dy? dx dy dz. | 
Vv 
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The moment of inertia of the body V with a variable density 6, 
with respect to the axis /, equals 


I= ({ J 6r? dx dy dz, (5.188) 
Vv 


where r is the distance of the variable point (x, y, z) from the 
axis /, 
In particular, for coordinate axes we have 


| Oe APRS Pes A oe RE Se Oe RT 


for example in cartesian coordinates 


d(x, y, z), (5.190) 


LS {J 6(x? + y?) dx dy dz, where 6 
Vv 
in cylindrical coordinates 
= {J 603 do dp dz, where 6 = d(@,9,2z), (5.191) 
Vv 


and in spherical coordinates 


i {fy 6o* sin* 6 de dp dé, where 6 = d(0,¢9, 6). (5.192) 
V 


6°. The moment of inertia J) of a body V with variable density 6, 
with respect to the pole O, equals 


i= {ff or? dv. (5.193) 
Vv 


In particular, in cartesian coordinates 


fy = {I 6(x? + y? + 2?) dx dydz, where 6 = d(x, y, 2), 
Vv 


(5.194) 
in cylindrical coordinates 


ae | | | Soto Pip do ande,, hele Bb). G95) 
V 
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and in spherical coordinates 
Ih = {{{ 6o* sin 6 do dp d6, where 6 = d(0,¢, 6). (5.196) 
V 


7°. There exists a relationship 
hy Pisa (5.197) 


8°. If 7, is the moment of inertia of a body with respect to some 
axis /, J,, is the moment of inertia with respect to an axis parallel 
to J and passing through the centre of gravity O of the body, d is 
the distance between the axes and M is the mass of the body, then 


I, = 1, + Md? (5.198) 


9°. The moment of inertia of a body V with respect to an axis / 
passing through its centre of gravity O(0, 0, 0) and forming angles 
a, 8,» with the coordinate axes equals 


I, = I, cos?« + I, cos? + I, cos? y — 2K,, cos « cos B 
— 2K,,cosacos y — 2K,,cosBcosy, (5.199) 


where J,, J, and J, are moments of inertia of the body with respect 
to the coordinate axes, and 


K,, = {| Oxy dx dy dz, 
Vv 

Ky, = {{] 6xz dx dy dz, (5.200) 
Vv 

K,, -({j dyz dx dy dz 
Vv 


are centrifugal moments. 


9. THE CALCULATION OF THE POTENTIAL 
OF A FIELD OF GRAVITY 


The potential u(x, y, z) of a field of gravity, or the Newton 
potential of a body V at the point P(x, y, z) is the name given to the 


integral 
u(x, y, Z) = | {{ 6(, 7, €) ———+> = " dt (5.201) 
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where 6 = 6(€, n, ) is the density of the body and 
r= J€—-x? +(7—-y?+E—D?. (5.202) 


A material point of mass m is attracted by the body with a force 
F, whose projections X, Y, Z onto the coordinate axes Ox, Oy 
and Oz equal 


Taal fo 


y- km = km ne Y gt dndt, | (5.203) 


a p= dé dn dt, 
oz - re 


where & is the gravitational constant. 


* dé dndt, 


10. THE CALCULATION OF WoRK, PATH 
AND FORCE OF PRESSURE 


1°. The work A of a force F = F(x) in displacing a material 
point along the straight line Ox from x = a to x = b(a < 5), 
provided the direction of the force is the same as that of the axis Ox, 
equals 


A= | ; F(x) dx. (5.204) 


The work A which is done by the force F = F(r) in a space field 
of force in displacing a material point along a curve / equals 


A= [ Fe dr = | Xdx + Ydy+Zdz, (5.205) 
t I 


where X(x, y, z), Y(x, y, z), Z(x, y, Z) are projections of the force F 
onto the coordinate axes. 
In a plane field of force 


A= | Xdx + Ydy, (5.206) 
rf 


where X(x, y) and Y(x, y) are projections of the force F onto the 
coordinate axes. 
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2°. The path s traversed by a point moving in a straight line with 
velocity v = v(¢) in the time-interval from t = t to t = T equals 


T 
= | v(t) dt. (5.207) 
To 

3°. The pressure p exerted by a liquid of specific gravity y on one 
side of a vertical lamina immersed in it, when the distance x of the 
points of the lamina from the level of the liquid varies from x = a 
to x = b and the length y of a horizontal section through the 
lamina is a function of x : y = y(x), equals 


b 
p= | yxy(x) dx. (5.208) 


CHAPTER VI 


IMPROPER INTEGRALS. INTEGRALS 
DEPENDENT ON A PARAMETER. 
STIELTJES’ INTEGRAL 


§ 1. Improper Integrals 


b 
1. In the definition of the integral | I(x) dx, given in Chapter V, 


§ 3, it was assumed that the interval of integration [a, 5] is finite 
and the function f(x) is continuous in this interval, or has a finite 
number of discontinuities of the first kind. The extension of the con- 
cept of a definite integral to cover the case when the function f(x) 
has an arbitrary set of points of discontinuity, while remaining 
bounded, leads to Riemann’s integral (Chapter V, § 3) and to its 
further generalizations, studied in the theory of real variables. 

In this chapter, we investigate cases when either the interval of 
integration becomes infinite, or the integrand ceases being bounded; 
here it is unbounded in the neighbourhood of a finite number of 
points only, points which can be situated at the ends of the interval 
as well as inside it. In all these cases, in order to define the integral, 
it is necessary to carry out one more limiting process. Integrals, 
obtained as a result of this new limiting process are called improper; 
the integrals in ordinary sense are henceforth called proper ones. 

2. Suppose that the function f(x) is defined in the semi-open 
interval [a, + 00) and is properly integrable in the interval [a, /], 
where / is any number greater than a. 

The name improper integral of the function f(x) in the semi-open 
interval [a, + 00) is applied to the limit of the proper integral taken 
in the interval [a, /} on condition that / tends to infinity, 1.e. 


4) dx = im [709 dx, (6.1) 


192 
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i-.@) 
where the symbol | J(x) dx is the notation of an improper in- 
tegral. a 

If this limit exists, the improper integral is called convergent. In 
the contrary case, the integral does not exist or diverges. In this case, 
two possibilities should be distinguished: 


i 
(1) lim | (x) dx equals + co or — 00, 
I-a a 


i 
(2) | J (x) dx does not tend to a limit at all (whether finite or in- 
finite) i.e. it is an oscillating function of its upper limit /. 


If the original function F(x) of the function f(x) is known, it is 
easy to verify directly whether the improper integral is convergent 
or not. Since 


| 7) ein ROE hee a 62) 


the question of convergence of the integral is reduced to revealing 
the existence of a limit of the function F(x) when x > oo. 


EXAMPLE 1. 


[Perna = lim (—e“!' + 1 =1, 
0 loa 


iso) 
therefore | e~* dx is convergent. 
0 


EXAMPLE 2. 
ie Ge erin? es 


1X tna 
EXAMPLE 3. 


ie sin x dx = lim (1 — cos /) does not exist. 
0 t-a 

In the second and third examples the improper integral diverges, 
and in the second example it tends to infinity and in the third ex- 
ample it oscillates between 0 and 2. 

Geometrically, the improper integral of the type under considera- 
tion, on converging, expresses the area between a curve and its 
asymptote. 
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The improper integral in the semi-open interval (— 00, a] is 
defined in an analogous way: 


{ St (x) dx = lim | 70 dx. (6.3) 


en i>-2a 


If both limits of integration are infinite (here it is assumed, that the 
function f(x) is defined over the entire numerical axis and is prop- 
erly integrable in any interval), then, by definition, 


[70 dx = { T(x) dx + [7 ax, (6.4) 


where a is any number, on whose choice the improper integral does 
not depend. The latter definition can also be written down in the 
form 


[10 dx = lim [ #09 dx; (6.5) 
— 2 t 


7, 
U4+00 


here the limiting processes / - — oo and /’ > + oo are carried out 
independently of each other. If the original function f(x) is known 
and its limits for x > +00 and x > — oo exist, then 


[709 dx = F(+ 0) — F(— 0). (6.6) 


If a least one of the limits shown does not exist, the integra 
diverges. 


EXAMPLE 4. 


+a dx 
= if eco) — t _ — as 
( lax arctan (+ cc) — arctan (— oo) = 
In the examples quoted, the integrand tended to zero, when 
x — oo, for convergent integrals. However, this is by no means a 
necessary condition of convergence of an integral. Geometrically, 
it is clear that if an improper integral converges and at the same 
time the integrand tends to some limit, this limit can only be zero 
(the fact that the tendency of the integrand to zero is not a sufficient 
condition of convergence of the integral is shown by Example 2). 
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However, an integral may converge even when the integrand does 
not end to any limit. An example of that is afforded by diffraction 
integrals (Fresnel integrals) 


{ sin x? dx -| cos x? dx = rom 
0 0 2,/2 


Moreover, it can be shown, for example, that the integral 


{ ae 

o 1+xsin?x 

converges in spite of the fact that the integrand, remaining positive 
all the time, is not even bounded (/(kxz) = kz). The graph of this 


function has an infinite number of “spikes’’, whose height increases 
unlimitedly, and the width of the “base” tends to zero. At points 


Fic. 26 


lying outside the bases of these spikes, the function tends swiftly to 
zero, when x > 00 (Fig. 26). 

In the cases when the original function F(x) is unknown, the in- 
vestigation for convergence of an integral can create considerable 
difficulties. Usually, in such an investigation use is made of tests 
for convergence (or existence) of an improper integral. 


3. In the following only the improper integral { S(x) dx is con- 
iP) 


sidered, since the tests of convergence in the two remaining cases 
are formulated completely analogously. 


A.M.A.D. 14 
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The convergence of the integral i) JS (x) dx is equivalent to the 
@ a 

convergence ofthe integral | f(x) dx, where Nisany number greater 
N 


than a, since the difference of these integrals is a proper integral. 
CAUCHY TEST FOR CONVERGENCE. For the convergence of the 


e*) 
integral | (x) dx it is necessary and sufficient that to every num- 
a 


ber, positive and as small as desired, there can be found a corre- 
sponding number /, such that for any q > p > / the following in- 


equality holds: a 
| I(x) dx| <e. (6.7) 
p 


This test is a direct consequence of Cauchy’s general test for con- 
vergence of numerical sequences. 


In general, it should be noted that there is much in common between the 
tests of convergece of improper integrals and the tests of convergence of numer- 


ical series (or sequences). The convergence of an improper integral with a posi- 
@ Gn+1 


tive integrand is equivalent to the convergence of the series > I(x) dx, 
where ag = aand the sequence (a, | increasing Asriotonieally tence is infinity (on 
other counts, the selection of the sequence {a,} is arbitrary). This follows from 
the monotonic increase of the integral J (x) dx with the increase of /, in con- 


sequence of which it is possible to find, for any number /, a k, that 


t 
Se<X | fonax < Sears 


where s, is a partial sum of the series. Here, the condition that the integrand be 
a 

positive is of importance. This isshown by theexample of the integral i sinx dx, 
0 


which is divergent, while 
fo) 2(n+1)n 
>; | sin x dx = 0. 


n=0 ann 


In this example it is easy to detect an analogy with the divergent series 1 — 1 
+ —1+--: which becomes convergent if each two neighbouring terms are 
joined together. 


Just as in the study of numerical series, the idea of absolute 
convergence of improper integrals plays an important role. An im- 
proper integral is called absolutely convergent if it converges after 
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substituting for the integrand f(x) its absolute value, i.e. if 
{ | f(x)| dx is convergent. 


Oo 
Any absolutely convergent integral converges. This follows from 


the inequality - 
[ 70 dx <| [f(x)| dx 
P P 


and the Cauchy test for convergence. 

An integral which converges but does not converge absolutely 
is said to converge conditionally. 

The signs of absolute convergence of an integral are, as a rule, 


t 
based on the fact that if i | f(x)| dx remains bounded for / + oo, 


then, on the basis of Weierstrass’ test for convergence, it converges. 
COMPARISON TESTS. 1°. Suppose that for all values x > N >a 
the inequality 
FOI < Ip)! 
holds. 


If the second of the integrals | F(x) dx and | g(x) dx converges 


absolutely, then the first also does. If the first integral does not con- 
verge absolutely, then neither can the second one. 
2°. If the function y(x) does not alter in sign for sufficiently large x 


and 
nO (6.8) 


then either both integrals are absolutely convergent, or both are 
absolutely divergent. 

The test 2° is found to be more convenient in practice than the 
test 1°. The functions most frequently used as a comparison func- 


tion is 1/x* (« > 0). For this function | dx/x* (a > 0) converges 


when « > I and diverges when a < 1. 
If the function f(x) has the form y(x)/x*, where p(x) is a function 


a 
bounded when x — oo, the integral | (x) dx (a > 0)is absolutely 


a 
convergent fore > 1. If, onthe other hand, « < 1 and the function 
w(x) preserves a constant sign and does not tend to zero, the given 
integral diverges. 
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Using the test given above, it is possible to establish, for example, the con- 
2) dx fre) 
vergence of the integrals [ ia ae { xe~“dx, whenn> 0,a> 0. 
rxJl+x 0 © sinx 
Applying this test, it is possible to establish that integrals [. Ia dx and 
© d : ; : 
{ = Oe are absolutely convergent, etc. On being applied to the inte- 
) x( + ay. x) 
© sin x F . 
gral | —— dx the test does not give an answer, since, althougha = 1, the 
1 


x 
function sin x is of alternating sign. 


It is particularly simple to apply the given test if f(x) is a rational 
function; in this case, it is sufficient and necessary for the con- 
vergence of the integral, that the power of the denominator should 
be greater by at least two than the power of the numerator. 

TESTS OF NON-ABSOLUTE CONVERGENCE OF AN INTEGRAL, 1°. Sup- 
pose the functions f(x) and g(x) are defined in the semi-open interval 


[a, 00), and | J(x) dx converges and g(x) is monotonic and bounded. 
Then | T(x) g(x) dx converges. 
Indeed, from the second theorem about mean value (see Chap- 
ter V, § 3) 
4 $ q 
| Fo) go) ax = a(0) | Fo) de + 8 | fla) de, 
P D ¢ 


where p < § <q. The given test follows from the Cauchy test 
applied to the convergent integral | : F(x) dx. 
2°. If the function f(x) has a iafoper integral in any interval [a, 1] 
(I > a) and the integral | i fey a < M, where M is a constant, 
and the function g(x) tends monotonically to zero for x + 0, the 
integral | ° T(x) g(x) dx is convergent. 
a 


Both the above signs are analogous to the Abel and Dirichlet tests 
of convergence of numerical series. On the basis of test 2°, the 
following integrals, for example, are convergent: 


| ES dy and | anisbid dx for «>0O. 


z a 
o & ae 
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In particular, for « = 1 we obtain the convergence of the inte- 


gral | seit (Dirichlet’s integral), which equals 
x 


(0) 


ea os 
sin xX ML 4 
dx ==. (6.9) 
o x 2 
oa aa é © |sin x| é 
Prove that this integral converges conditionally, i.e. that | dx diver- 
0 «x 
ges. We utilize the note made above and we consider the series 
oo (n+ 1) |sin x| 
Y | dx. 
x 
n=O nn 
Estimating an arbitrary term of this series 
(n+1)2 |sin 1 (nt+1i)x 2 
| [ein 2 ae aie | isin x| dx = —“—_, 
nn x (n+ 1)x nn (a+ 1)x 
rae : ee | 
we find that it is greater than a term of the divergent series — ry ‘ 
Hort i 


In investigating integrals containing periodic functions, the fol- 
lowing test is often useful. 

3°. Suppose the function f(x) is defined in the semi-open interval 
[a, 00) and has a period w > 0, and the function g(x) is monotonic 


and tends 1o zero when x > oo. 
at+q@ 


Pa) a+q@ 
If I(x) dx = 0, then | JS () g(x) dx converges. If { F(X) 
a (9) 1) a 
x dx # 0, then | f(x) g(x) dx converges or diverges at the same 
0 @ 
time as the integral | g(x) dx. 
0 


Additional notes. In the case when the corresponding original 
function is not expressible in terms of elementary ones, many im- 
proper integrals may be evaluated with the aid of special devices 
(among the more important of those are integration and differ- 
entiation with respect to a parameter (see § 2, secs. 3 and 4) and 
the application of the theory of deduction). 

Certain improper integrals can be reduced to Frullani integrals, 


ra [SOE as (a>0,b>0), (6.10) 
0 x 


which are easily calculated given the following assumptions about 
the function f(x). 
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1°. If f(x) is continuous for x > 0, and there exists a finite limit 
lim f(x) = f(oo), then 


I= [/0) -—f(~)] In. (6.11) 


2°. If f(x) is continuous for x > 0 and the integral i ( f(x)/x] dx 
converges for any A > QO, then a 


PopOvin.. (6.12) 
a 


Integrals of Unbounded Functions 


4. In investigating the integrals of unbounded functions it is 
sufficient to confine oneself to the case when there is only one point 
of infinite discontinuity in the interval [a, 5]; in the contrary case, 
the interval {a, 6] should be subdivided into parts each of which 
contains only one point of the above type. 

Let the function f(x) be defined and continuous in the interval 
[a, b] except at one point in it, where (@ < c < Bb), in which it in- 
creases unboundedly. The point c we shall call a singular one. 

An improper integral of the function f(x) in the interval [a, b] is 
the name given to the sum of limits of proper integrals taken over the 
intervals [a,c — 6'] and [c + 6”, b} on condition that 6’ and 6" tend 
to zero independently: 


b e— 5’ b 
[1 dx = im ( J (x) dx + lim JS (x) dx. (6.13) 
a 50 Ja 8°90 J c+ar 
If the point c coincides with the end a of the interval, there remains 
only one limit, and if with the end 8 then the first one. 
If both the given limits exist, the improper integral is called con- 
vergent; otherwise, it is called divergent. In agreement with this 


6 
definition i dx/(x — c)* is convergent and equals 


1 I l 
l-—» a -ct (a - | 
if « < 1, and diverges if « > 1. 
Just as before, the question of the convergence of the integral 
can be solved easily, if the original function F(x) is known. Namely, 
the following theorems holds: 
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THEOREM |. If the function F(x) is defined and continuous in the 
interval [a, b], including the singular point c, the improper integral 
converges, and 


[70 dx = F(b) — F(a), (6.14) 


i.e. the Newton-Leibniz formula holds true. 

In applications, the most frequent cases encountered are those 
in which, when x tends to c from the right or from the left, the 
function f(x) tends to infinity of a definite sign. On this condition, 
if an improper integral converges, it converges absolutely, i.e. the 


integral [. | f(x)| dx converges as well. 


The geometric sense of improper integrals of the type indicated 
is shown in Fig. 27. 
If the improper integral converges, the areas enclosed between 
the graph of the function and its asymptote have finite values. 


0 a Cc b 


Fic, 27 


The tests of convergence of integrals of unbounded functions are 
analogous to the corresponding tests for integrals with infinite 
limits. Since the definition of an improper integral in the case when 
c is an inner point of an interval demands the existence of integrals 
in both semi-open intervals [a, c) and (c, 6], therefore in the formu- 
lation of tests of convergence it is sufficient to confine oneself to 
considering one of the cases. In the following, we shall assume that 
the singular point is at the right end. 
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CAUCHY TEST. For the integral | (x) dx to converge, it is neces- 


sary and sufficient that to any number ¢ > 0 as small as desired, 
there corresponds a number 4, such that for all 6’ < 6 and 6” < 6 
the following inequality holds 
c— 5" 


I(x) dx| <e. (6.15) 


c— 0’ 


COMPARISON TESTS. 1°. If, excluding the singular point c, 


IF) < lp, 


then the absolute convergence of f. I(x) dx follows from the abso- 
lute convergence of f. g(x) dx; if, on the other hand, the integral 


of f(x) is not absolutely convergent, the integral of g(x) also cannot 
be absolutely convergent. 
2°. If v(x) does not alter its sign when x > c and 


lim 2&2 


=A#0, 
x+e G(x) 


then both integrals simultaneously either converge or diverge. 

3°. If f(x) = w(x)/(c — x)* and y(x) is a function, continuous in 
the interval [a,c], while y(c) # 0, the integral converges when 
a < 1 and diverges when « > I. 

If in the interval of integration, which may be infinite, there is 
a finite number of singular points, then the improper integral 


b 
| f(x) dx is defined as a sum of improper integrals, taken over 


a 
intervals, each of which contains only one singular point (if the end 
intervals are semi-infinite, it is assumed that there are no singular 
points in them). If the conditions of Cauchy’s test are fulfilled in 
the neighbourhood of each singular point and at infinity, the inte- 
gral is convergent and its value does not depend on the method of 
subdivision of the interval. 


ExamPLe 5. The integral 


iv w) 
i x*-le-> dx (a >> 0) (6.16) 
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defines the so-called Euler’s gamma-function I'(a). On representing it in the 
1 me 
form [_ + | , it is easy to verify the convergence of both intcgrals, The first 
J 1 
integra) converges because of the property 3°, and in the other one the integrand 
xen tem Ax, 


5. In view of the fact that the general properties of improper 
integrals refer to integrals of both types, in future the notation 


b 
i J(x) dx is used, it being understood that a may equal — co andb 


may equal + oo. 

The properties (a)-(g) of Chapter V, § 3, cover improper integrals 
without any alterations (it is assumed here, that all integrals present 
in the Fight-hang sides are convergent). 


If f. J(x) dx is convergent, then ®(x) = ie J(x) dx is a continuous 


function in the interval [a, bj]. If here b = + oo this means that 
there exists the limit lim ®(x) = @(+ oo). 


x7+0 
If the function f(x) is continuous at the point x9, then 


O'(Xo) = f(Xo). 


The first theorem about mean value does not apply to improper 
integrals, and the second one holds as before in the following form: 

If f(x) is monotonic and bounded in the interval [a, 6] and g(x) 
is integrable, then f(x) g(x) is also integrable and 


b € b 
| fear a7@) | a(x) dx + f(b) { ex) dx. (6.17) 
a a € 


Integration by Parts. Change of Variable 


6. Let /(x) and g(x) be two functions, continuous in the interval 
(a, b], whose derivatives, f’(x) and g’(x), exist everywhere, except 
at a finite number of points, the derivatives having, perhaps, isolated 
discontinuities. Then the equation 


| FO) 9x) dx = i) oOE | ox) f(x) dx (6.18) 


(where a and b may become — o and + oo) holds, if any two of the 
three terms of the formula have a definite value. 
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EXAMPLE 6, The integral defining Euler’s gamma-function J(a) om le-* dx 
is easily evaluated, when a is an integer (a = n), 


@ wo 
I(n) = I Me dx = —[xtte*]> + (n — vf? x"-2e-* dx, 
i.e, 


[(n) = (n — 1) TM — 1). (6.19) 
Continuing integration by parts we get 


In) = (n— 1)! (6.20) 
The formula 


b f 
| fx) dx -( floley|e'(o at, (6.21) 


where a = g(a) and 6 = 9(), holds when the derivative y’(#) is con- 
tinuous and is non-zero inside the interval (a, 8). At the ends of 
this interval both the function ¢(t) itself and its derivative p’(t) may 
have discontinuities. 

The rule remains valid when « and £ become infinite; here both 
a = lim g(t) and 5 = HD g(t) may also become infinite. These 


t-¢@ 
limits, finite and infinite: always exist, since the function ¢(¢) Is 
monotonic. 


EXAMPLE 7. By means of this rule, it is possible to establish by substitution 
the convergence of integrals of diffraction 


(e sin (x?) dx = sae Je 
0 


the integral in the right-hand side converges on the basis of the analogue of 
Dirichlet’s test. 


7. In certain cases improper integrals can be defined (and some- 
times calculated approximately) by means of infinite sums of certain 
forms. _ 

Let f(x) be continuous and monotonic in the interval (0, 1) whose 
ends may be singular points. 


1 
If the improper integral | J(x) dx converges, then 
0 


[09a = tim #(- x) =i ime ee A% —"), (6.22) 
nao I k=1 nao HM k=1 2n 
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If the function f(x) is monotonic for x >0 and the integral 


{ (x) dx converges, then 
0 


| ” fG0) dx = lim h ¥ flo). (6.23) 


h>+0 n=1 


The Principal Value of an Integral 


8. Suppose that the function f(x) has one singular point c in the 
interval [a, b]. 
If neither of the limits 


5-0 8-0 J e465’ 


c-3é 
im | t(x) dx and lim T(x) dx 


b 
exists, then | J (x) dx is called singular. 


In many cases it is possible to give to this integral quite a 
definite meaning. 

DEFINITION. The name Cauchy principal value of the singular 
integral is given to the limit (if it exists) 


im [, - fC) dx +f fo) axl. (6.24) 


c+6 


The principal value of the singular integral is usually denoted by 
the same symbol as the integral itself: 


| "f(a de, 


so that, if the integral is proper or improper, but convergent, its 
principal value coincides with the value of the integral itself. 


Note. In earlier works the notation used for the principal value of a singular 
integral was the symbol p j or the symbol v. p. j (valeur principale), 


The principal value of the singular integral cannot exist if the 
function f(x) tends to infinity of one sign for x + c + 0. Also, if 
only one of the two limits does not exist, then neither does the limit 
defining the principal value of the integral. 
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It is usual to consider only those functions which tend to infinity 
of a definite sign when x — c from the left and from the right 
(Fig. 28). 

In this case, the sense of the principal value of the integral con- 
sists in just this fact, that both the terms of the sum tend to infinity 
of different signs, but their sum tends to quite a definite limit. 


4 


Fic. 28 


As an example, let us consider the singular integral 


b 
| x , a<ce<d. 


ax—-cCc 


This integral diverges in the usual sense, since 


c- 3’ b = 
ee eee 


a x—e c+" x— ec c—a 6” 


and the limit of the second term depends on the way in which 6’ and 6” tend to 
zero. But the principal value of the integral does exist, since 


. e~5 dx b dx b—-—e 
lim = In ; 
630 eres c+bx—C c—a 


In the same way, it can be proved that the principal value of the integral 


b 
J re — exists if is an odd number. If, on the other hand, 77 is an even num- 
a(x— 


ber, the principal value of the integral does not exist, since for x> ec + 0, the 
function 1/(x — c)" tends to + co, 
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In applications, integrals of the type 
b 
{ p(x) dx 
ax—-c 


are often encountered. If the function g(x) satisfies Hélder’s conditiont then 
the principal value of this integral exists and 


b & ox) — = 
[= «-| OO WO ke eine 


ax—c a x—c c¢—a 


where the improper integral on the right converges. 


+@ 
Similarly, the principal value of the integral S(x) dx is de- 
fined as the limit (if it exists) — 
N 
lim | F(x) dx. 
N>@ Jon 


Here it is assumed that the function f(x) is integrable in any 
finite interval. 

It is often necessary to consider integrals in which the principal 
value is understood in both senses at the same time. 

For example 


+a e-6é N 
? Siete N-o@ 
-@ 5-0 —wN ct+é. 


Here the following sufficient condition of existence of the principal value of 
ex) 
a) D it 
If f(x) satisfies Hélder’s condition in the neighbourhood of the point c, and 
if it has the following form for large values of |x|:* 


the integral dx is present. 


fasae (=) (u> 0), (6.25) 


[>| 
the principal value of the integral does exist. 


9. Improper double integrals are obtained in a similar way to 
ordinary ones if infinite domains of integration or unbounded 
functions are considered; integrals taken in the sense of § 4 are 
called proper from now on. 

t The function 9(*) is said to satisfy Hélder’s condition in the interval [a, 5] 
if for any two points x, and x, of this interval 

(x2) — P(x4)| < A [x2 — xAl*, 


where A > 0 and 0 < « < 1. Sometimes this condition is known as Lipshitz’s 
condition of order a and it is written down as 9(x) € Lipa. 

* It follows hence, among other things, that, for x —- + co and for x — —-co, 
the function f(x) tends to the same limit A. 
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Let the domain of integration D extend to infinity in all direc- 
tions, or, at least, in some directions (for example, a strip or a 
sector bounded by two straight lines), and the function f(x, y) be 
non-negative in this domain and properly integrable in any finite 
part of it. 

The name improper integral | | S(x, y) dx, dy is given to the limit 

D 


of the proper integral] taken in any finite part D’ of the region D on 
condition that D’ tends to D: 


{| T(x, y) dx dy = lim {| T(x, y) dx dy. (6.26) 


Here D’ can tend to D in any way; either in all directions at once 
or in the various directions in succession. It follows from the non- 
negativeness of the function f(x, y) that if a limit (finite or infinite) 
exists for any one sequence of regions {D’}, it also exists for any 
other sequence and these limits are all equal. If this limit is finite, 
the integral is called convergent; if the opposite is the case it is called 
divergent. 

The case of the non-positive function is reduced to the preceding 
one by change of sign. Suppose the function f(x, y) does not preserve 
a constant sign. Then the integral 


| | flx,9) de dy 


is considered as existing only when it converges absolutely, i.e. when 


the integral 
| | L/Ge, y)| dx dy 
D 


exists. If this condition is satisfied, then the limiting process can be 
completed in an arbitrary fashion. 

The idea of conditional convergence does not extend to im- 
proper double integrals. Put f(x, y) = f+ =f-whereft =f if f>0 
and f+ = 0 if f <0; similarly, f/- = —f if f< 0 and f- = Oif 
Jf > 0. Then, 


| | jepieie | | Sls, y) dx dy — | | f(x, ») dx dy, 
(6.27) 


IMPROPER INTEGRALS 209 


and 


[| f(x, y)| dx dy -|f ft dx dy +{] f-dx dy. (6.28) 


If integrals of functions f+ and f- exist the integral converges, 
and absolutely at that. If one of the integrals shown diverges (here 
it must do so to infinity) the given integral also diverges to infinity 
(of a definite sign). If the integrals of both the functions f+ and f- 
diverge, their difference is indeterminate. If the function f(x, y) is 
bounded, then it is always possible to select a sequence of regions 


D' > D, such that the limit of i | I(x, y) dx dy can be made equal 
Be 


to any given number. (The analogue of Riemann’s theorem for con- 
ditionally converging series.) 

Suppose now that the domain of integration D is finite and 
bounded by the squarable contour C, and the function f(x, y) is 
non-negative and has points or lines of discontinuity which satisfy 
the conditions given in § 4 of Chapter V, but in whose neighbour- 
hood the function can no longer be unbounded. Such points of dis- 
continuity are called as before, singular points. It is put by definition 


[ [ fo ndeay tim [| serndeay, 629) 


where the region D’ is obtained from the region D by the exclusion 
of all singular points and lines; here, isolated singular points and 
lines of discontinuity which do not subdivide the region D are 
encircled by closed contours, and lines of discontinuity which do 
subdivide the region are enclosed by two infinitely close contours. 
Just as in the case of the infinite region, it follows from the non- 
negativeness of the function f(x, y) that the limit in the right-hand 
side does not depend on the way in which D’ tends to D and for this 
limit to exist it is sufficient that the integral over any region of D’ 
be bounded. 

If the function f(x, y) is of alternating sign, then its improper 


double integral is regarded as existing only when i i (f(x, y)| dx dy 
D 


is convergent. The idea of conditional convergence does not extend 
to improper integrals of finite regions either. 
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EXAMPLE 8, Consider the integral 


[| oz + said dy, 


where D is a rectangle, bounded by straight lines x = 0, x =a,y =0,y = 6 
(a> 0,b> 0). Let us exclude the origin by cutting off a small rectangle by 
means of straight lines x = « and x = #. Then, denoting the remaining region 
by D’, we find that 


b B 
| des ea dxdy = i a — — arctg ae 


The limit of this double integral depends on the limit of the ratio B/a when a 
and f tend to zero, i.e. the integral diverges. 


The reduction of improper double integrals to repeated ones in 
both cases considered above is based on the following rule: 

If the function f(x, y) does not change sign in the region D, then 
the improper double integral is reducible to the repeated integral in 
accordance with the usual rule, provided the integration in one variable 
leads to a function of the second variable, which is integrable properly 
or improperly. 

If f(x, y) changes sign in the region D, then, in order to check 
the validity of the reduction to a repeated integral, it is sufficient 
to subdivide the region D into parts, in each of which the function 
is of constant sign, and to verify that the conditions of the given 
rule are satisfied in each of them. 

The formula of transformation of double integrals 


| | f(x, y) dx dy = {| \7| B(u, v) du dv (6.30) 


has the same sense, as formula (5.110), i.e. if one of the integrals 
exists then the other one exists also, and they are equal. Here, the 
regions D and A may be either finite or infinite. 

By means of transformation to polar coordinates, it can be 
established, that, if the region D is infinite, does not contain the 
origin and the integrand has the form 


fi,yy = 82 oe metre, 63D 
x+y 


then the integral converges for « > 1 and diverges for « < 1. Con- 
versely, if the region of integration is finite and the function has 
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only one singular point, for example, the origin, in whose neigh- 
bourhood the function has the form (6.31) the integral converges 
for « < 1 and diverges for « > 1. 

If the function p(x, y) is required to be bounded only, i.e. 
[p(x, y)| < M, the integral converges, when « > | in the first case 
and « < 1 in the second. 


Using these tests it can be proved, for example, that the following integrals 
converge: 


| J is e-*?-¥? dy dy taken over any infinite region; 
ff (x + y) e~@+») dx dy taken in the first quadrant x > 0, y> 0; 
D 
the integral ie In ,/x? + y? dx dy taken in the circle x? + y? < 1 iscon- 


—x2—y2 
vergent and the integral | i aaa 
+ y? 
EXAMPLE 9. Let us calculate the integral 
coordinates. -o J -a 
Selecting, as a sequence of regions D’, circles of radius R, we obtain 


(a) a 2n R 
| ax { e~*?-y¥? dy = lim ll dp | eo" rdr] =i. 
-@ —@ R-« i) 0 


Taking regions D’ in the form of squares |x| < a, |y| < a, we find from the 
independence of the limiting process, that 


[2] a 
i ed | e~-’ dy =x, 
—@ — oO 


| e-* dx =4/n. (6.32) 


dx dy, in the same region, diverges. 


@ 


e~*?—¥? dx dy in polar 


i.e. 


The latter integral plays an important part in the theory of probability and is 
called Poisson’s integral. 


If the function f(x, y) becomes infinite on approaching the bound- 
ary of the region, then it is frequently possible to make use of the 
following test: 

If the function f(x, y) is continuous in the region D:a <x <b, 
0 <y < g(x), where g(x) is a continuous function in the interval 
[a, b], then the integral 


ree _¥% Y) dx dy, 0<m < |y(x, y)| < M, 
p [g(x) — y]* 


converges for x < | and diverges for x > 1. 


A.M.A.D, 15 


212 MATHEMATICAL ANALYSIS 


Improper multiple integrals, where the number of variables is 
greater than two, are defined in a way similar to the double ones. We 
note the sufficient conditions for the convergence of these integrals. 

The integral 


5 Kea tok5 He) 
we | Peta Mae My de... dx, 6.33 
{I (xP tbe vee 
a” 


where |y(x,, Xi, ---,; X,)| < M, taken over an infinite region, not 
containing the origin of the coordinates, converges if « > n/2; the 
same integral, taken over any finite region containing the origin, con- 
verges ifa < n/2. 


- § 2. The Limiting Process under the Sign of the Integral. 
Integrals Dependent on a Parameter 


1. Let {f,(%)} be a sequence of functions all of which are defined 
in the same interval {a, b]. Is it possible to conclude from the con- 


b 
vergence of this sequence, that the sequences | SAX) dx| or 


{{ S(t) a (a <x <b) converge or otherwise? If the sequences 


5 
{ fa(x)} and {| F(x) ax| converge, is there a connection between 


their limits? These problems are usually known as problems about 
the possibility of the limiting process under the integral sign. 


Simple examples show that the convergence of the sequence {f,(x)} at every 
point of the interval does not secure the convergence of the sequence of integrals 


| “fade. | 


EXAMPLE 10. Let us integrale the terms of the sequence { f,(x)} in the inter- 
val [0, 1], as shown in Fig. 29, i.e. 


mx when jexes, 
n 
SAX) = 2 2n? — nix when z <x< =. 
n n 
2 
0 when —<x<l 
n 


LIMITING PROCESS UNDER SIGN OF INTEGRAL 213 


The sequence {f,(x)] converges at every point of the interval [0, 1], because for 
any point x, except x = 0, there can be found N, such that for all n > N we 
have x > 2/n, whence it follows, that f,x) = 0 for n> N. Thus lim f,(x) = 0 
which holds also for x = 0, since f,(0) = 0 for all n. na 

On the other hand, the integral 


1 1 2 
| fina =| rade |3 (2n? — n>x) dx =n, 


0 0 77 


1 
whence it follows that the sequence {| x Fnfx) dr| diverges. 


It is just as simple to single out the example of the sequence { f,(x)} 
converging at every point, for which the sequence of integrals 


b 
{ SX) ax| converges but I 
: val 


b b 
lim | f,(x) dx # ae Flo} dx. 
Lt Boat 2) a a no 

EXAMPLE 11. Suppose we are given a sequence of 
functions, defined as in Fig.29, but with value 7 and not 
n* at the point 1/n, i.e. 


As above, it is easy to prove that lim f,(x) = 0 at every 
n-> ao 
point of the interval [0, 1] and, therefore, 


1 
[ {lim f,(x)) dx = 0. Q\/27 r 
| Ona an 
However, Fic. 29 


1 i 2 
| f(x) dx -| rete | 3 (2n — n?x) dx = 1, 


ce] 0 a 


L 
as a consequence of which lim Six) dx = 1. 
n> 00 0 


Thus, the convergence of the sequence { f,(x)} at every point of 
an interval does not guarantee the admissibility of the limiting 
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process under the integral sign; more rigid requirements are neces- 
sary here. 
For Riemann’s integral the possibility of the limiting process 
under the integral sign is assured by uniform convergence. 
THEOREM 2. If a sequence of functions {f,(x)}, continuous in the 
interval [a, b], converges uniformly in this interval to the function 


S(x), then the seguence of functions {f. Silt) a converges uniformly 
to the function “f0 dt in the interval [a, 5). 

If we regard the functions f,(x) as partial sums of the functional 
series x u,(x), we can deduce the following proposition. 

THEOREM 3. If the functions of the series {u,(x)} are continuous 


when a <x < band the series ¥\ u,(x) converges uniformly in [a, b) 
n=1 


to the function {(x), then the series 
y | u,(t) dt (6.34) 
n=1]q 

also converges uniformly fora < x < b, and 


3 | : u,(t) dt = | 70 dt (a<x <b). (6.35) 
In particular, 


3 [ U(x) dx = | F(x) dx. (6.36) 


Since a series of positive continuous functions having a con- 
tinuous sum always converges uniformly, a series of this kind can 
always be integrated term by term. 

2. The integrals of the functions of the sequence [ T(x) dx are 


a particular case of integrals f. (x, x) dx, dependent on a parameter. 


Suppose that f(x, z) is a function of the variable x and the para- 
meter a, and is defined in the closed rectangle a < x <b, % <2 
<«,. On integrating this function with respect to the variable x 
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over the interval [a, b] we obtain an integral, which is known as an 
integral dependent on a parameter. 
The integral 


[. f(x, x) dx = F(a), (6.37) 


dependent on a parameter is a function of the parameter a. 

An important method of representing a function analytically is 
one whereby the function is given by an integral dependent on a 
parameter. 

THEOREM 4. If the function f(x, «) is continuous in the closed rect- 


b 
anglea <x <b,a9 <a <@,, then the integral F(a) = [ se a)dx, 


dependent on a parameter, is a continuous function of the parameter a 
in the interval [ag, «,]. 

The possibility of differentiation of an integral with respect to a 
parameter is established by the following theorem. 

THEOREM 5 (Leibniz’s rule). If the function f(x, «) has a partial 
derivative in «, continuous in the closed rectangle a<x <b, 


5 
Xy <a < ay, then the integral F(a) = | J (x, «) dx, dependent ona 


parameter, is a differentiable function of parameter «, and its deriva- 
tive can be obtained by means of differentiating with respect to the 
parameter under the sign of the integral. 

In other words, the following formula holds: 


b 
F'(a) = | fila, x) dx. (6.38) 
a 
The application of Leibniz’s rule makes it easier to calculate certain definite 
integrals. 
EXAMPLE 12. It is known that 
1 dx 1 1 
————- = — arctan—. 
o x? + a? a a 


Regarding a as a parameter, and differentiating this equation with respect to a 
(here the integral on the left is differentiated with respect to parameter a under 
the integral sign), we find 


1 —2adx _ ee ee ee 1 as 
2 2\2 — a2 a a at 
ae + a’) 1-4 1 


a 


2 
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whence 1 de 7 a aber E | = oe 
i (x2 + a2)? 2a a 2aX(a? +1) 
Similarly, we find after the following differentiation: 
1 dx 3 1 3 1 
—_—_—_—_ = — arctan — + ——__- +- ——~___ 
I, (x? + a7)? 8a5 a “ Ba*(a2 +1) 4a2(a2 + 1)? 


etc.; thus, by means of differentiation in a, it is possible to obtain the value of 


: 1 dx 
the integral ip @aiay for any whole n. 


Leibniz’s rule can be extended to include a more complex case, 
when the limits of integration also depend on the parameter @. 
THEOREM 6. If y(a) 
F(a) = | I(x, «) dx, 
g(a) 
where the function f(x, 2) has a partial derivative in x, continuous for 
g(a) <x < ye), % <a <a, and the functions o(«) and y(«) are 
continuous and are continuously differentiable for 7» <a <@,, then 
the function F(«) is differentiable and 
yla) 
F(a) = Falx, x) dx + fly(a), «] y'(@) — lp), «1 9’). 
g(a) 


(6.39) 


The possibility of integration with respect to the parameter under 
the sign of the integral is ensured by the existence of the double 
integral of the function f(x, ~) over the rectangle being considered 
(see § 4). In this case 


ie ({ T(x, x) ax) dx = { ( | fe a) a) dx, (6.40) 


3. The rules and propositions formulated in §2 hold, without 
any additional provisos, only for proper (see § 1) integrals. For 
integrals with infinite limits, or for functions unbounded in the 
domam of integration, additional assumptions are necessary. 

In the case of improper integrals, dependent on a parameter, with 
infinite limits, it is possible, as was shown in § 1, to confine oneself 
to the consideration of an integral with an infinite upper limit only: 


F(x) = | fe x) dx. (6.41) 
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Suppose the function /(x, «) is defined for x >a,% <a <a, 
and the improper integral F(c) exists for all a in the interval [a , «,]. 


wo 
The improper integral | J (x, «) dx is said to be uniformly convergent 
a 


with respect to the parameter « in the interval [x 9, «,)ifforanye > 0 
there exists such a number A > a such that 


<e (6.42) 


fe I(x, «) dx 


for all c > A for any « in the interval [xo, «,]. 

The definition of a uniformly convergent integral is analogous 
to the definition of a uniformly convergent series. Moreover, a 
uniformly convergent improper integral can be represented in the form 
of the sum of a series of uniformly convergent proper integrals. This 
analogy helps to establish the following properties of uniformly 
convergent improper integrals. 

(a) If the improper integral 


F(x) = | Anand (6.43) 


where f(x, «) is defined and continuous for x >a,% <«* <a, 
exists and converges uniformly in the interval [xo, «,], then it is a 
continuous function of the parameter «. 

(b) Given the same assumptions, the following equation holds: 


i dx [% x) dx = is dx [se a) dx, (6.44) 


a azo 


and the existence of the right-hand integral is guaranteed. 
(c) If the function f(x, «) satisfies the preceding conditions and 
possesses a partial derivative in x, continuous for x > a,% <%* <a, 


and the improper integral | fa(x,x) dx existsandconverges uniformly, 
a 


then the improper integral (6.43) dependent on the parameter has 
in the interval [%9, %,] a continuous derivative in «, which can be 
obtained by differentiation with respect to the parameter under the 
integral sign: 


F’(a) = [" SAX, «) dx. (6.45) 


va 
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In order to establish the uniform convergence of an improper 
integral it is sufficient to make use of the following theorem. 
THEOREM 7. If there exists a function yx), for which the integral 
wm 
| \@(x)| dx converges, and if for all x > a and for all« of the inter- 


a 


val [%q, &,] the equation | f(x, «)| < |p(x)] holds, then the improper 
io 2) 

integral i I(x, «) dx converges uniformly with respect to « in the 
a 

interval [xo, «]. 


EXAMPLE 13. The integral Fs e-*sin ax dx converges uniformly with respect 


to a in any interval because 
le-* sin ax| << e* 


and the integral te e~* dx exists, as was shown in § 1. By means of direct integra- 
tion we get 


ie e—*sinaxdx = (6.46) 
0 


1+ a2” 


Since the integral converges uniformly, it can be integrated with respect to the 
parameter a within the limits from 0 to y. Then 


’ = eo y ; © .1—cosx 
{ aa | e* sin ax dx = | dx ( e~* sinax da = [ e-2 —— SAY ay 
0 0 o Jo Jo 


whence 


a — 
| oe OY ce ay, (6.47) 
i) ~ 2 


The differentiation of the original integral with respect to « gives the integral 

. x e—* cos ax dx, which also converges uniformly, since |x e—* cos ax| < xe—* 

and the integral J . x e~* dx exists. Therefore the differentiation with respect to 
the parameter under the integral sign is possible and 


1 — a? 


(+4 a2)? . (6.48) 


fe a} 
i xe—* cos adx = 
0 


a 
EXAMPLE 14. Suppose it is required to calculate the integral i — 5° 
Si ee dtheintegrat [~~ oes 
ince —_-—— and the integra a converges, therefore our 
x? +02 x24 1 . is : 


integral converges uniformly. Direct calculation gives 


=. (6.49) 


fe dx a 
Jo x?+ a? 2x 
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Integrating in « from 1 to y we find 
@ 
arctan 2 — arctan am 
x 


- * dx = iny. (6.50) 


Indeed 


y ra) @ y @ azy 
| as | — =| ax { Bi =| [-- arctan © dx 
1 9 x? +a 0 1x7 + a? o Lx x Ja=1 

co 


1 
arctan ak — arctan — 
x 


= ——___—__—_—____—— dx. 
x 
0 
4. All definitions and theorems of § 3 are easily applied to the 
case of improper integrals of unbounded functions. In future, we 
consider only the case in which the function f(x, «) becomes in- 
finite in a finite number of points x of the interval [a, 6] independent 
of a, i.e. either in isolated points of the rectangle a < x <8, 
aq <a <a, or along segments of straight lines parallel to the 
a-axis. In the remaining points of the rectangle, in whose neighbour- 
hood the function /(x, «) is bounded, we assume it to be continuous. 
Suppose, to begin with, that the function f(x, «) can become in- 


b 
finite only when x = b. Then the improper integral | I(x, «) dx 


is said to be uniformly convergent with respect to « in the interval 
[%o, @,], if, for any e > 0, it is possible to find such a 6 > 0 in- 
dependent of «, that for all numbers 7, satisfying the condition 
0 < 7 < 6, and for all values of « considered, the following in- 
equality holds, 


< &. 


{ JS (x, «) dx 


If f(x, z) can become infinite only for x = a, then, in place of the 
latter inequality, the following inequality should hold 


< E. 


[se a) dx 


If several discontinuities are present, the interval [a, b] should be 
subdivided into segments in such a way that in each of them 
F(x, «) will have only one point at which it can become infinite. If 
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each of the constituent integrals converges uniformly, the same can 
be said of the given integral. 

The properties of uniformly convergent improper integrals de- 
pendent on a parameter given in sec. 3 apply also to the case of 
integrals of unbounded functions. 

(a) An improper integral dependent on a parameter « is a con- 
tinuous function of this parameter in every interval in which it con- 
verges uniformly. If the integrand is positive, then in order that the 
integral with respect to the parameter be continuous it is necessary 
and sufficient that it converges uniformly. 

(b) Integration with respect to parameter « under the sign of the 
improper integral is possible in any finite interval in which there is 
uniform convergence. The integral thus obtained is also uniformly 
convergent with respect to the parameter «. 

(c) If differentiation with respect to the parameter under the in- 
tegral sign leads to a uniformly convergent improper integral, then 
Leibniz’s rule holds (Theorem 5 of § 2). 


§ 3. The Stieltjes Integral for Functions of One Variable 


1. Let the functions f(x) and g(x) be defined in the interval (a, 5]. 
We subdivide this interval into n elementary parts and, taking in 
each an arbitrary point &,, we construct the Stieltjes integral sum 


m= Y MEA), (6.51) 


where A, o(x) = y(x,) — v(x,_1) is the increment of the function 
g(x) in the kth elementary part. 

The limit of Stieltjes’ integral sums, when the lengths of all 
elementary divisions tend to zero, is called the Stieltjes integral of 
the function f(x) with respect to the function (x): 


[ 709 ae) = im Y EDA). 652) 


A~@w 
max Ax x70 
The Stieltjes integral is a generalization of the Riemann integral; 
the increment of some integrating function g(x) in the interval is 
taken as the measure of that interval (see Chapter V, § 3). 
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If the above limit exists, it is said that the function /(x) is inte- 
grable with respect to the function o(x). The existence of Stieltjes’ 
integral is established by means of the following theorems: 

THEOREM 8. If the function f(x) is continuous and ¢(x) is of finite 


b 
variationt then the integral i S(x) dy(x) exists. 


THEOREM 9. If the function f(x) is integrable in the interval [a, b] 
in the Riemann sense, and the function g(x) satisfies the Lipshitz 
condition 


le(x2) — pO) < K|x2 — x,| 


(X;, X2 are arbitrary points of the interval [a,b] and K is a fixed 
constant), then the function f(x) is integrable with respect to the 
function ¢(x). 

THEOREM 10. Jf f(x) is Riemann-integrable and the function o(x) 
is differentiable and has a derivative, which is integrable in [a, }}, 
then f(x) is integrable with respect to (x) and 


| F(x) dex) = (R) | fo) o'(x) dx. (6.53) 


The latter theorem can also be used to calculate a Stieltjes integral 
by reducing it to a Riemann integral. 

If {(x) is integrable in the interval [a, b] with respect to the func- 
tion, then, conversely, p(x) is also integrable with respect to f(x). 

2. The Stieltjes integral possesses properties which are analogous 
to those of the definite Riemann integral. In formulating these 
properties, it is assumed that all the integrals considered exist. 


(a) | Hie) OG: (6.54) 


a 


+ A function f(x) is said to be of bounded variation in the interval [a, 5] if 
there exists a number M> 0 such that, for any set of points a = xy < x, 
<x), <.+-< x, = 6 of this interval, the following inequality holds: 


y Fri) — f(xp| << M. 
i=1 
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(b) If c and k are constants, then 


| of(x) dkp(x) = ck Fx) dol). (6.55) 

©) | L/x) + 2(0)] dole) = | Fx) dex) + { (x) dp(x). 
: (6.56) 

@) | FQ) dig) + vO) -| Fx) d(x) + | F(x) dy(x).. 
; (6.57) 


(e) If the integral i. S(x) dp(x) exists anda <c < b, then 
b ic b 
| Fx) d(x) = | Fx) dol) + | Fx) d(x); (6.58) 


here the integrals on the right exist. It is necessary to keep in mind 
that the existence of the integral on the left does not follow from 
the existence of the integrals on the right, i.e. the function may be 
integrable in two parts of the interval, without it being integrable 
over the whole interval. 

(f) THEOREM 11. If the function f(x) satisfies the inequalities 
m < f(x) < M in the interval [a, b) and is integrable with respect to 
the increasing function ox), then 


b 
| FQ) dex) = nlp) — 9@)), (6.59) 


wherem <u < M. 
If f(x) is continuous, there exists a point & of the interval [a, 5], 
for which f(é) = p, i.e. 


| F() dex) = fl) [p6) — (a). (6.60) 


(g) THEOREM 12. If the function f(x) is continuous in the interval 
[a, b] and yx) is of bounded variation in it then 


| no dy(x)| < MY, (6.61) 
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where M = max |f(x)| and V is the complete variation of the 
acqx<cb 
function a. . 

3. The conditions for the limiting process under the Stieltjes 
integral differ little from the conditions for the limiting process of 
the Riemann integral, which were considered in § 2, sec. 1. They 
can be given in the form of two theorems. 

THEOREM 13. If the sequence {f,(x)} of continuous functions con- 
verges uniformly in [a, b] to the function f(x), and the function o(x) 
is of finite variation, then 


li | iia | SOx) dex), (6.62) 


Ao 


and the existence of the limit of the sequence 


| | fo) doce) 
is guaranteed. : 


THEOREM 14. If the function f(x) is continuous in [a, b] and the 
sequence of functions {y,(x)}, of bounded variation, converges to the 
function ox), and the total variations of functions y,(x) are bounded 
in the set, then 


b b 
im | 700) dead = | 102) do (6.63) 
Araya a 

and the existence of a limit on the left is guaranteed. 

4. Stieltjes’ integral is useful in finding static moments, moments 
of inertia or bending moments of masses, distributed along a seg- 
ment {a, 6], if in addition to a continuous distribution, there are 
masses concentrated in separate points. 

Let g(x) denote the sum of all masses in the interval [a, x]. Then, 
for the static moment M with respect to the axis Oy we have 


M= i x dy(x). (6.64) 


The moment of inertia J of the interval [a, b] of the axis Ox with 
respect to the axis Oy equals 


[= { x? d(x). (6.65) 
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Similarly, for a beam supported at the ends (0, /) (Fig. 30), the 
bending moment M acting at the section & equals 


g 
M -| (E — x) dp(x), (6.66) 
Q l 
K 3 x A - 
Fic. 30 


where (x) denotes the shearing stress in the section x, i.e. the sum 
of all forces acting in the interval [0, x], both the distributed ones 
and the concentrated ones, including the reactions of the supports. 


§ 4. Integrals and Derivatives of Fractional Orders 


1. In operational calculus and in some other branches of mathe- 
matics one sometimes encounters the concept of integrals and 
derivatives of fractional orders. The simplest and most natural de- 
finition can be given with the aid of Cauchy formula for the nth 
original which was given in Chapter V, § 1. 

Indeed, after dropping from this formula the polynomial P,_,(x) 
with arbitrary coefficients it can be supposed, by definition, that 
the n-fold integral of the function /(x) equals 


x x x 1 x ae 
[a [a [soe a [@-0 S@ dt. 


—_—_ (6.67) 
n times 


The latter equation can be considered for any value of n, if the 
factorial is exchanged for a gamma-function: (n — 1)! = I(x). 
Then for any n the expression of the form 


1 


To | ; (x — tt)" f(t) dt, (6.68) 


is called the integral of the n-th order of the function f(x). 


INTEGRALS OF FRACTIONAL ORDERS 225 


Theorems relating to the existence of such integrals can be ob- 
tained from the theorems of Chapter V, §§ 1 and 3. Thus, if the 
function f(x) is continuous in the interval [a, b|, then for alln > 1 
there exists its integral of the n-th order in this interval. 

2. The possibility of differentiating integrals is of great impor- 
tance. If the function f(x) has an integral of the mth order, then it has 
also an integral of the order m + 1. The latter is a differentiable 
function, whose derivative equals the integral of the n-th order. 

The latter proposition also enables us to define the derivatives of 
any order k, including a fractional one. In order to obtain a deriva- 
tive of the order k > 0, it is necessary to find the integral of the 
order 1 — {k} of the function f(x), and then, from the integral 
obtained, the derivative of the order [k] + 1 in the usual sense 
({k] denotes the integral part of the number k, and {k} = k — [k] 
its fractional part). It is clear that the orders of the integral and of 
the derivative may be increased simultaneously by any integer. 

For the existence of a derivative of a fractional order k > 0 it is 
sufficient to assume the existence of the ordinary derivative of the 
({k] + 1)th order of the function f(x). Assuming that the deriva- 
tives and integrals obtained exist, the operations of differentiation 
and integration of fractional orders are commutative. 


EXAMPLE 15. Let the function f(x) = x be defined in the interval [0, 1]. Since 


it becomes zero at the left end of the interval, there exists for it an integral of 
any order n > 0. For example, for 1 = 4 we obtain an integral equal 


1 » 1 * tdt 4 
—— | @—a tra = —— = —a x}. 
rw |" og ees ae 


Differentiating the integral of the order 4 we obtain a derivative of order 4 of 
the function f(x) = x, equal 


(3) ps 2 Fe 
f*'@) = =x 
Jn 


CHAPTER VII 


THE TRANSFORMATION 
OF DIFFERENTIAL AND INTEGRAL 
EXPRESSIONS 


§ 1. The Transformation of Differential Expressions 


The Linear Case 


1. Suppose we are given the differential expression 


V = FP sees) (7.1) 
in which the function y = f(x) and its derivatives y’, y”, ..., are 
defined in some interval / of the axis Ox. In transforming V to some 
other variables it is necessary to effect a change, (a) of the indepen- 
dent variable x, (b) of the function y, (c) of both the independent 
variable x and the function y. In all these cases, it is very difficult to 
obtain a formula for the expression y% by means of new variables. 
Therefore it is necessary to find yx: yy2, yes, consecutively with the 
aid of rules of differentiation. 

ke) Pe x = 9), (7.2) 
where the function ¢(u) is continuous and so are its derivatives up 
to the order required, and x’ = g’(u) # 0. Then (in the right-hand 


sides of the following equations the derivatives with respect to u 
are denoted by strokes) 


1 y 
| 2 rere 
x 
wot woe 
” yx —xy 
Ir2 = ’ 


(7.3) 


wn wi 


ene x yx 7 = x yx’ ae 3y x x’ + 3x"? y’ 
C0 O 0 OoVV—VeoeOOD 


V 
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Having found in succession the expressions for the derivatives 
of all orders required, we have the opportunity to construct the 
required new expression for V: 


= F[ 90, 000), %, SP, = wry 9 
* - (7.4) 
(b) Let y = yr), (7.5) 


where functions y(v) and v(x) are continuous with respect to their 
arguments as are the derivatives up to the required order. Then 
yx = yw’, 
Ww or? ro 


Yx2 = Wy’? + yy", 


| Worn a 


(7.6) 
yrs = yoo’? + 3yjw'v” + ye", 


eo © @ © © @ & @ ee ee Be ele 


Having found the derivatives of all orders, we are able to con- 
struct the required new expression for V: 


V = F[x, y(v), pov’, prev’? + piv", ...] = F.(x, v, v', v",...). (7.7) 
(c) Let x=9(u,v), y = pu, v), (7.8) 


where function g(u, v) and p(u, v) are continuous, and so are their 
derivatives up to the order required. Regarding v as a new function 
of a new independent variable u, we find 


oy + oy by’ 
_ Ou ov 
Ox Ox , f 
ae 
Ou Ov 
a*y Oops OY ye GD "\(= 0) 
yes Cu? Ou dv Ov? ov Ou = Ov 
opp ee a a 
dx ax | (7.9) 
ous av 


2 2 Zz 
C5 Op Eg oe YD 9 
_ Ou? Ou Ov Ov? Ov Cus Ov 


ee © © © © © © » © © © © © © © 8 © © © @ © © © © © © 2 © © 2 
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Continuing the differentiation further, we are enabled to con- 
struct the required new expression for V: 


! 


xX, + xv’ 


Y= F | eu, 9), ey), PME. 
= F,(u, v, 0’, v", .-.). (7.10) 


The Plane Case 
2. Suppose we are given the differential expression 
W = F(X, Y, Z, 2x5 Zyy Zq25 Zuys Zy2y oes)y (7.11) 


in which x and y are independent variables, z is a function of x 
and y, which is defined, with its derivatives, in some region D of 
the plane Oxy. In the transformation of W, cases are encountered 
in which it is necessary to change (a) the independent variables x 
and y, (b) the function z, (c) both the independent variables x, y 
and the function z. Here each time one has to carry out the cal- 
culations consecutively, with the aid of rules of differentiation, 
since there are difficulties in obtaining any kind of general formulae. 

ao x= gy»), »= vue), (7.12) 
where the functions g(u, v) and »(u, v) together with their deriva- 
tives up to the order required are continuous, and the Jacobian 
O(x, y)/O(u, v) # 0. Then, 
a(z,y) | 
a(u, v) 
“Ox, y) ’ 

O(u, v) 


a(x, Z) 
O(u, v) 


a(x, y) 
(x, v) 


(7.13) 


In order to obtain expressions of higher derivatives of z in terms 
of u and v, the given equations can be differentiated with respect 
to x and y, changing du/dx, dufdy, dvfdx, dv/dy each time, 
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according to the following formulae: 


oy Ox | 

Ou ‘ov Ou _ 2 ‘a 
ax oxy)” Oy AC) 
O(u, v) O(u, v) 

(7.14) 
oy Ov 
Ov | _ ou Ov ou 
ax x,y)” ay = x,y) 

O(u, v) O(u, x) 


Having transformed the derivatives of all orders required we are 
able to construct the required new expression for W: 


W = Flp(u, v), p(u, v), Z, 2x5 Zy,---] = Fy, 0, 2, Zy,2y---)» (7.15) 
(b) Suppose 
z = yw), (7.16) 


where y(w) and w(x, y) and their derivatives up to the order re- 
quired are continuous. Then, 


z, =y'(w)y,, Zz = v'(w)y,, 
Z2 = yp (wwe + y(n, 
2, = p"(w)wiwt + p'(w)w’,, (7.17) 


zn = yp" (ww)? + w'(w) (w)2, 


7 6© © © © © © © © © © © © @ 8B & & 


Continuing to differentiate consecutively, we are able to construct 
the required new expression for W: 
W = Fi(x, y, p(w), y'(w)ws, yw) 5, «J 
= F,(x, y, W, We, Wy,-.-)- (7.18) 
(c) Let 
x= 9(u,v,w), y= ylu,o,w), z= z(u,v, w), (7.19) 


where the functions g, y, y and their derivatives up to the order 
required are continuous. Differentiating the third of the above 
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equations with respect to x and y, we get: 
: Oz Oz Ow\ Gu Oz Oz Ow\ av 
z= (—+——)— + (— + — —]—, 
Ou = Ow Ou) Ox ov Ow dv] Ox 
; 0z dz dw\ Ou Oz oz éw Ov 
y= (— + —— J) — + [— + — —. 
Ou Ow Ou} dy ov aw dv oy 
In these equations, it is still necessary to express du/dx, du/dy, 
dvj/dx, dv/dy in terms of new variables, which can be found from 


systems obtained by differentiation of the first two of the selected 
equations with respect to x and y: 


Ox Ox Ow\ du Ox Ox dw\ Ov 
1=(— + ——)J—+[(—+——]— 
du Ow du} Ox Ov Ow dv] Ox 


(7.20) 


a dy dw\ a a dy aw\ a a) 
o — (2 4 ® aw) au , (dy , dy dw\ ov | 
Ou Ow du] Ox Ov + Oe ov ax’ 
Ox Ox ow ou Ox Ox Ow\ dv 
0=(—+— +(—+——]—, 
du dw ou oy ov Ow dv} dy 
(7.22) 
_ fey 2 dy dw\ du i Des. oy nS Ov 
dus Ow Ou} Oy ov ay dv} dy 


This method can also be used to obtain expressions for the deriva- 
tives of the succeeding orders in terms of new variables. This provides 
the possibility of constructing a new expression for W: 


W = Fiop(u, v, w), plu, v, w), x(u, 0, W), Zz, Zy,--] 
= F;(u, v, w, Wy, Wo, ---)- (7.23) 


The Space Case 
3. Suppose we are given the differential expression 
Ws PU 2 Ghats cas (7.24) 


in which x, y, z are independent variables and ¢ is a function of 
x, y, z defined, together with its derivatives up to the required 
order, in some region V or space Oxyz. 
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If it is necessary to transform W to new variables u, v, w, con- 
nected with x, y, z by the relationship 


x= u,v,w), y= yyv,w), z= x(u,v,w), (7.25) 


the following formulae can be used 


A(t, y, 2) A(x, t, Z) A(x, y, t) 

O(u, v, w) he 2: O(u, v, w) p2. d(u, v, w) 
© = any? 9 ana’? =~ aeyg: 1% 

O(u, v, w) O(u, v, w) O(u, v, Ww) 


It is possible to obtain expressions for derivatives in ¢t of higher 
orders by a consecutive differentiation of the given equations with 
respect to x, y and z, each time changing uj, v,, w; in the result 
according to the formulae 


a(y, 2) ay, 2) ay, z) 
O(v, w) ; o(u, w) d(u, v) 
~ x,y,z) 7 ~~ x,y,z)? “* yz)’ 
au, v, W) O(u, v, w) O(u, v, w) 
(7.27) 


and u,, vy, wy and uz, vz, w;, according to analogous formulae. This 
enables us to construct the required new expressions for W 


W = F [ptu, v, w), plu, v, w), x(u, v,; Ww), t, th, bh tes al 
= F,(u, v, w, t, ti, toy thy --) (7.28) 


4. Expressions are given below for the principal differential opera- 
tors (gradient, divergence, curl, Laplacian). These expressions are 
obtained by transforming rectangular cartesian coordinates to vari- 
ous curvilinear orthogonal coordinates. 

1°. The plane case. Let z = Z(x, y) be a twice differentiable func- 
tion of x and y, and let a = a(x, y) be a differentiable vector func- 
tion of x and y. The principal differential operators are defined by 
the following relationships: 

6z «az 


gradient: grad z = oa —s; (7.29) 
ox dy 
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divergence: diva = oes + oo : (7.30) 
Ox oy 
2 2 
Laplacian: Az= as + Lem (7.31) 
Ox? Oy? 


In transforming to new independent variables u and v (on condi- 
tion that they constitute a system of curvilinear orthogonal co- 
ordinates, see Chapter IV, § 2, sec. 5), 

x=o(u,v), y=yy, dv), (7.32) 


it is possible to obtain the following expressions for these differ- 
ential operations 


mee. pease. (7.33) 
L, Ou 1, dv 
i fa a 
diva = — (/,a,) + — (/,a,) |, 7.34 
aay i? 5 (ha) (7.34) 


Ifa (ha), O(a) aay 
Li, | du \ 1, eu ov \1, Ov 
where /, and /, are the corresponding Lamé coefficients. Hence we 


have: 
(a) in polar coordinates (Chapter IV, § 2, sec. 5, 2°): 


grad, z = Le grad, z = y a (7.36) 
Ou u Ov 

dies ee aete ak Oe (7.37) 
u Ou u dv 
2 2 

Ree Ce yt ee ee, (7.38) 


(b) in degenerate elliptical coordinates (Chapter IV, § 2, sec. 5, 
5°): 


grad, z= ee es > 
J cosh? u —cos?v 9u 
| oz 
grad, z = (7.39) 


————— 5 
Jcosh? u — cosy Ov 
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| ( 0a, 0a, ) 
div 2 = —________ + 
{cosh?u — cos*v ou ov 


l : ‘ 
+ —————__—. (a, cosh u sinh u + a, cos v sin v), 


Jj (cosh? u — cos? v)? 


(7.40) 
2 2 
Hi Oe OE (7.41) 
cosh? u — cos? v \ du? Ov? 
(c) in parabolic coordinates (Chapter IV, § 2, sec. 5, 6°): 
grad, z = pee ee , grad, z= 2 , (7.42) 


Jue 4 ov? Ou 2 Ju? +? Ov 


div a = pe =a + Oa, 
2J/u2 +0? \ Ou dv 
| 


+ ———————— 
2/ (wu + v3 


| Oz. a?z 
Ap So ee 7.44 
4(u? + v?) & ) a 


(d) in bipolar coordinates (Chapter IV, § 2, sec. 5, 7°): 


(ua, + va,), (7.43) 


grad, z = (cosh u + cos v) x , grad, z = (coshu + cos v) =, 
u v 


(7.45) 
2 da, da, . ; 
div a = (cosh u + cos v) + —)+a,sinv — a,sinhu, 
Ou Ov 
(7.46) 
07z 07z 
Az = (cosh u + cos v)? + —}. 1.47 
( ( “ ==) (7.47) 


2°. The space case. Let t = t(x, y, z) bea twice differentiable func- 
tion of x, y, and z and let a = a(x, y, z) be a differentiable vector 
function of x, y and z. The principal differential operators are 
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defined by the following relationships: 


gradient: gradr= J, %, 4h (zag) 
Ox Gy a2 
divergence: diva = Bs + he Os (7.49) 
x oy Oz 
OP i ac As 
oy oz Oz ox Ox oy 


2 2 2 
Laplacian: At = oe + ee + aL) (7.51) 
ax? ay? 2? 
On transforming to new independent variables u, v and w (on 
condition that they constitute a system of curvilinear orthogonal 
coordinates, see Chapter IV, § 3, sec. 2), 


x = Gu, v,w), y= yu,v,w), z= x(u,0,w), (7.52) 


we can obtain the following expressions for these differential opera- 
tors: 


1 of 1 of 1 oat 
rad, t = — —, trad, f = — —, rad, roe ae 
. L, ou = L, dv : w OW 
(7.53) 
| 
diva = — (L,L,a, + Syl : +2 Lay) 
<s E Gia) sera |: 
(7.54) 


1 0 0 
t,a = = Ly w _ = Ly v} | > 
rot, a 5 (L,@y) oa (L,a 


pLy | dv 


1 oak: ; 
4 —_— eae w. . 
rot, a ai (L,a,) = (Lya ) (7 55) 


I 
L,L, E (L,a ahead 


] oO LyLy Ot 7) (= Ot 
At= + — {| — — 
pa in See L ‘ou Ov \ L, ov 


+ a ids als ; (7.56) 
Ow\ Ly dw 


Lo | 
° 
ce 
€ 
po 

I 
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where L,, L,, L, are the corresponding Lamé coefficients. Hence 
we have: 
(a) in cylindrical coordinates (Chapter IV, § 3, sec. 2, 2°): 


grad, ¢ = oe grad, t = é gt grad, ¢ = ea (7.57) 
Ou u Ov ew 


: 1 r) 1 oO rl 
diva = — a, + = cece ware eae, (7.58) 
u Ou us ov Cw 


rot, a = i oy _ Cay | 
uo ov Ow 
a (7.59) 
Ow Ou 
0a, | da, 
rot, a = — a, — 
u ou u Ov 
2 2 2 
ee et ee ge (7.60) 
u Ou Cu? u> dv? Ow? 


(b) in spherical coordinates (Chapter IV, § 3, sec. 2, 3°): 


t 
re cae grad, t = : cue Stat geo 
ou usinw dv u ow 
(7.61) 
; 2 0a, 1 0a, 1 da, 
diva = —a, + wt— + see ES gees 
ut utan w ou usinw @v n Ow 
(7.62) 
Cay, 1 da, 1 
rot, a = ———— —— — —— —- ay, 
usinw dv u ow utan w 
a 
Sires ee ee SS (7.63) 
u ow Ou u 
Ca, 1 _ 1 0a, 
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2 da ot 1 O7t 
At = —— + — + —— 
u du ou? u2 sin? w dv? 
1 at 1 dt. 


(7.64) 


wtanw dw u2 dw?’ 
(c) in degenerate ellipsoidal “elongated” coordinates (Chapter IV, 
§ 3, sec. 2, 5°): 


grad, f : a 


Vsinh2u + sin?w 0u 
J ot 

sinhusinw dv’ 

1 or 
J sinh? u + sin?w Ow 
diva = eens Nts x 

J (sinh? u + sin? w)? 
: ( 2 sinh?u + sin?w 2 sin?w + sinh? u a.) 


grad, t 


(7.65) 


grad,, t 


tanh u tan w 


i 1 (= < a in 1 Oa. (7.66) 


Vv sinh?u + sin? w Ou ow sinhusinw dv 


1 0a,, 
sinh usinw dv 


| (= | ). 
ae es te 
J/sinh2u + sin?w \ Ow tan w 
] 
rot, a = ————_________— (q, sin w cos w — a,, tan u cosh u) 
J sinh?u + sin? w)> 


1 & o) 
+ ————————— (—* - —*), 
./sinh? u + sin2?w \ Ow Ou 


l ( =) 
rot, ed ay + 
/ ‘sinh? u + sin? w tanh uw Cu 
1 Ca, 
sinhusinw dv’ 


rot, a = 


(7.67) 
| 


DIFFERENTIAL AND INTEGRAL EXPRESSIONS 237 


l Ot l or 
sinh?uz + sin?w | du? tanhu du 


1 ot I l ) o7t 
+ en Nee eee 
tanw Ow sin? w sinh?u/ dv? 


Ot 


Ow? 


(7.68) 


(d) in degenerate ellipsoidal “flattened” coordinates (Chapter IV, 


§ 3, sec. 2, 6°): 


grad, t = eee ae Oe. 
Jsinh?u + cos?w ou 
grad, t= ict why 
coshusinw dv 
grad,, t = —— Li 
./sinh?u + cos?w Ow 
diva = ee ee x 


V sinh?u + cos? w) 
x [(sinh?u + cosh?u + cos? w)a, tanh u 


+ (sinh?u + cos?w — sin? w)a,, cot w] 


l ( Ga, =) 
+ +— 
/sinh2u + cos?w \ du dw 
l ay 
coshusinw dv 


= 1 (=: rn | 
Vsinh?u + cos?w \ ow tan w 


1 & =) 
Ota a7 
/sinh?u + cos?w \ dw Ou 


! 


rot, a = 


cosh u sin w 


(7.69) 


| 


24 (7.70) 
Ou 


(7.71) 


- ———_————- (4, sin w cos w + a,, sinh ucoshu), 


J sinh?u + cos? w)? 


] da, 
rot,, a= —— ff —— + ay tanh u 
J sinh? u + cos?w \ du 


l 0a, 
coshusinw év ’ 
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| 67t or at 
At = ——__———_ | —— + tanh uw — + 
sinh?u + cos*w | du? Ou dw? 
2 
+ cote + <= 2 ey ; (7.72) 
ow sin? w cosh?u} dv? 
(e) in parabolical coordinates (Chapter IV, § 3, sec. 2, 8°): 
grad, t= ee ee 
2J/u2 + w? Ou 
1 Ot 
ad,t = —, (7.73) 
a 2uw dv 
] ot 
grad,, = 5 
IS iP + w2 6w 
diva = a [wa,(2u? + w?) + ua,(u? + 2w?)] 
2uw V (u? + w?) 
l 1 @a, 
i eee da, me =) vm ae (7.74) 
2./y? + w2 \ Ou ow 2uw dv 
rot.a = . 2ay _ 1 a, + w ote 
: 2uw av 2wv/u2 + w? . aw J 
] 
Tot, a = 7 (wa, — ua,) 
2/(u? + w?)? 
( ) (7.75) 


a l Oa, 2 <=) 
asp + w? ow Ou : 
Tot a= (4 +u aa, sok 0a, 
7 Quv uz + w2 : Ou Quw av’ j 
Af ea 
4uw(u? + w?) ow Ou 


1 07t e7t 1 dé 
Te ae Vasa aa —; (7.76) 
4(u? + w?) \ du? Ow? 4u?w? dv? 
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(f) in toroidal coordinates (Chapter IV, § 3, sec. 2, 9°): 


grad, t = (cosh u — cos w) =, 


cosh u — cos w oe 


| 
sinh u “| aay 


grad, t 


grad, ¢ = (cosh u — cos yee — 
aw’ 


; 1 — sinh?u — cosh ucos w 
diva = a, ———___________—_ —- 2a, sin w 
sinh u 


+ (cosh u — cos w) 0a + — boas OBE + oes » (7.78) 
Ou sinhu dv ow 


1 da, 2 da, 
sinhu dv ow 


rot, a = (cosh u — cos w) ( os) + a, sin Ww, 


rot, a = (coshu — cos w) S — o) — a,sinw + a,sinhu, 
u 
(7.79) 
rot, a = (cosh u — cos w) { — OB i bs 08s 
eu sinhu dv 
1 — cosh u cos w 
4 
sinh u 
= a ; 

FF eT ey occa aca LORE ag 
sinh u Ou Cw 


2 2 2 
+ (cosh u — cos w)? oe 2 REL SS mec : 
Ou? sinh*u dv? ow? 
(7.80) 
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(g) in bipolar coordinates (Chapter IV, § 3, sec. 2, 10°): 


grad, ¢ = (cosh w — cos ee ; 
du 


eee cosh w — cosu dt 
gra SS a Set } (7.81) 


grad,, ¢ = (cosh w — cos u) sll : 
ow 


ee 
digaceeg cos “cosh w — sin*u — 1 = 97a 
sin &u 
re] 1 @ "4 
a, + ay ee =), (7.82) 
ow 


+ (cosh w — cos u) - 
Ou sinu Ov 


Bs OB =. =) — a, sinh w, 


rot, a = (cosh w — cos u) { — 
sinu dv Ow 


rot, a = (cosh w — cos u) i a, sinh w + a, sin u, 
Ow Ou 
(7.83) 
rot, a = (cosh w — cos) Bei a E ay 
Ou sinu dv 
cos ucosh w — 1 
: sin u 
At = (cosh w — cos u) (ea ot = ankle 
sin u Ou ow 


2 2 z 
OFbe 4: 1 +r). (7.84) 


+ (cosh w — cos u)? - 
Ou? sin?u dv? Ow? 
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§ 2. The Transformation of Integral Expressions 


The Integral over the Measure of a Region 


1. Let f(P) be a function of a point, defined in the region E. The 
integral over the measure of a region (see Chapter V, § 4) possesses 
the following properties: 

(a) Linearity: 


| [CLf,(P) + Cof(P) + + Gh PII de 


=C, | Ji(P) de + ca | free 2 ais Cx | Herder, 


(7.85) 
where C,, C,,..., C, are constants. 
(b) Additivity: 
| S(P) de = | S(P)de + | S(P) de +--+ + | S(P) de, 
E, + Ep ++ +E, Ey E2 Ex 
(7.86) 


where E, + E, + --- + & is understood as the set of all regions 
|e ene 2 
(c) Boundedness: 


mAE < | f(P) de < MAE, (7.87) 
E 


where AE is the measure of the region E, and mand M are the least 
and the greatest values of the function /(P) in the region E respec- 
tively. The given inequality expresses the theorem for the estimate of 
an integral; from it there follows the mean value theorem: 


[7@ de = f(P,AE, (7.88) 
E 


where P, is some interior point of the region E. 
(d) Differentiability over the measure of the region: 


= | {(P)de = f(P), or a| f(P) de = f(P) de, (7.89) 
€ Je é 
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where e is a variable region, and de is an element (differential) of its 
measure. It follows hence, that the value of an additive and con- 
tinuously differentiable function F(e) of the variable region e in the 
given region E equals the integral of the derivative of the given 
function taken over the region E: 


E E 


F(E) = | a de = | dF(e). (7.90) 
e 


This equation represents an analogue of the well-known Newton- 
Leibniz formula for integrals. 

In actual cases, if we select as the region £ incartesian coordinates : 

(1) the line / in the plane Oxy; 

(2) the line Z in space Oxyz; 

(3) the region D in the plane Oxy; 

(4) the surface S in the space Oxyz; 

(5) the region V in the space Oxyz; 
then the corresponding integrals over the measure of the region are 
denoted and named as follows (see Chapter V): 


(I) [se ds = | fooler + dy? (7.91) 
t ‘ 
is the curvilinear integral over the length of the line 1. 
(2) | f(P) ds = | f(x,y, 2) dx? + dy? + dz? (7.92) 
L L 
is the curvilinear integral over the length of the line L. 
@) [ [soa [| sonee (7.93) 


is the double integral over the area of the region D. 


(4) | | f(P) do 


= | | f(x, ¥, 2) (dx dy)? + (dy dz)? + (dz dx)? (7.94) 
BY 


is the surface integral over the area of the surface S. 
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(5) | | | f(P) dv = | | | f(x, y, 2) dx dy dz (7.95) 


is the triple integral over the volume of the region V. 
The integrals over the measure in the cases indicated are cal- 
culated as follows: 


(1) If the line / is given by the equations 
x= 9(u), y= ply), 


where and y are differentiable functions of parameter u in the 
interval [u,, v2], u, <u, then 


[ro ds = Va [p(u), p(u)] Jp’) + pu) du. (7.96) 


(2) If the line Z is given by the equations 


x= pu), f= y(u), i= x(u), 


where 9, y and x are differentiable functions of parameter u in the 
interval [u,,u.], uv, < uz, then 


| IP) ds 
7 | of [p(u), plu), x()] Jp’?(u) + y?{u) + x'7(u) du. (7.97) 


(3) If the region D possesses the property, that any straight line 
parallel to the axis Oy intersects its boundary in not more than two 
points (at the point of “entry” into the region D and at the point of 
“exit” out of it), then 


X2 y2(x) 
| i AP) da = | dx” f(x,y dy, (7.98) 


X1 yi(x) 


where y,(x) and y,(x) are the corresponding ordinates of the points 
of “entry” and “exit” for the line x = const, y,(x) < y2(x) and the 
interval [x,, x2], x; < X2, is the greatest interval of variation of 
the abscissa x in the region D. The twofold integral, to which the 


A.M.A.D. 17 
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given integral is reduced, is to be found in the right-hand side. The 
reduction of a double integral to a twofold one can be carried out 
also by other methods. 

(4) If the surface S is given by the equations 


x= x(u, v), > yu, v), z= 2(u, v), 


where the right-hand sides contain differentiable functions of para- 
meters uw and v in a certain region 4, then 


| | f(P) do 


= {| JS [x(u, v), yu, v), z(u, v)] {EG — F? dudv, (7.99) 
A 


where E, F, G are Gauss’ coefficients of the surface S for the co- 
ordinates u and v. Further, the double integral in the right-hand 
side is calculated in the way described in case (3). 

(5) If the region V possesses the property, that any straight line 
parallel to the axis Oz intersects its boundary in not more than two 
points (at the point of “entry” into the region V and at the point of 
“exit” out of it) and the projection of Vonto a plane possesses the 
property indicated in case (3) for the plane region D, then 


| | | f(P) dv = | or | yl fay.2dz, (7.100) 


yi(x) z(x,y) 


where z,(x, y) and z,(x, y) are the corresponding coordinates of the 
points of “entry” and “exit” of the line x = const, y = const, 
Z,(x, y) < z2(x, y), y,(x) and y,(x) are the corresponding ordinates 
of the points of “entry” and “exit” for the projection of the region V 
onto the plane Oxy of the line x = const, z = O, and the interval 
[x,;,X2],x, < x,, is the greatest interval of change of the abscissa x 
in the region V. The threefold integral, to which the triple integral 
is reduced, is to be found in the right-hand side. The reduction of 
the triple integral to a threefold one can also be carried out in 
other ways. 

If in the cases considered the domain of integration does not 
answer the enumerated requirements, it can be split up into separate 
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parts, each of which obeys these requirements (assuming that this 
can be done), after which the additive property of the integral is 
applied. 


Change of Variable in the Integral 


2. The integrals (7.91) and (7.92) are reducible to ordinary (‘‘one 
dimensional” definite) integrals, and (7.94) is reducible to a double 
integral. Therefore, the question about change of variable can be 
confined to considering how it is applied to the following three 
integrals: 


| sooas, {| F(x, y) dx dy, {{] I(x, y, z) dx dy dz. 


Suppose the variables (either x, or x, y, or x, y, Z) are changed to 
new ones (either u, or u, v, or u, v, w) according to formulae 


x = glu), 
x = Gu, v), y = yy, v), (7.101) 
x=9(u,v,w), y= yplu,v, w), z= x(u, v, w). 


These formulae for the change of variables can be regarded as 
formulae for the mapping of the domain of integration E,(A, A, 2) 
in the cartesian system Ou... into the domain of integration 
El, D, V)in the cartesian system Ox ... Here it is assumed that this 
mapping is homeomorphic and is continuously differentiable, and 
that if its Jacobian does become zero, then only in a finite number 
of points. 

Let the point Q of the region E, be the map of the point P of the 
region £ and the function f,(Q) is the result of the transformation 
of function f(P) to new variables. Then, in general, 


| s(P) de = | FQ) K(Q) de, (7.102) 


where K(Q) is the coefficient of distortion for the chosen mapping, 
and de, is the element of measure in the region £,. Therefore, in 
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particular, 


| dx = | fi(u) K(u) du, | 


{J fede = | | FAO COT 


{|] (x, y, z) dx dy dz 


= {{I Si(u, v, w) K(u, v, w) du dv dw. 


(7.103) 


Further, it is known (see Chapter IV) that KQ = 
G(x, ...) 


u,... 


{ f(x) dx = { Jute || a 
du 


ie flay) dx dy = | | fu ,) 
{I S(x, y, z) dx dy dz 
= {lI Siu, v, w) 


If formulae of change of variables define a system of curvilinear 
orthogonal coordinates, then 


O(x, ...) 
O(u, ...) 


where is the Jacobian of mapping. Therefore, 


A(x, se) 


du dv, 
Olu, 


(7.104) 


a(x, y, 2) 
O(u, v, w) 


du dv dw. 


(1) | f(P) ds = | flu, v) ,[Pdu2 + Pdv?, (7.105) 


(2) [© ds = ec v, w) Jd + L2dv? + L2dw? , 
(7.106) 
(3) {J S(P) dq = | Situ, v) 1,1, du dv, (7.107) 
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@ || sea 


= {| Siu, v, w) Fi (L,L, du dv)? + (L,L,, du dw)? + (L,L, dv dw), 
(7.108) 


(5) fel S(P) dv = {I Siu, v, w) LLL, du dv dw, (7.109) 


where /,,/, and L,, L,, L,, are the corresponding Lamé coefficients, 
and dv in the integral on the left denotes an element of volume, and 
du, dv, dw in the integral on the right denote the differentials of the 
variables. 


Integrals with Respect to a Coordinate 


3. Integrals with respect to a coordinate are considered mainly 
in those three cases in which the domain of integration is (1) a line / 
in a plane, (2) a line L in space, (3) a surface S in space. 

Integrals with respect to a coordinate possess the same properties 
as integrals over the measure. In addition, however, they have the 
following property: the change of orientation of the region of 
integration changes the sign of the integral to the opposite one: 


(1) | JS(P) dx = — | S(P) dx, (7.110) 
L -ik 
where Land — L denote the same line, but with opposite orientation; 
(2) [[v@ dx dy = — {J J(P) dx dy, (7.111) 
5 -S§ 


where S and — S denote the same surface, but with opposite orienta- 
tion. 
Integrals with respect to a coordinate are calculated as follows: 
(1) If the line / is given in terms of parametric equations 


x=9tu), y=ypl), wu <u<u,, 


where 9 and y are differentiable functions of the variable u, then 


[re ee | fou), yl] qu) du. (7.112) 
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(2) If the line LZ is given by parametric equations 


x= plu), PS p(w), z= x(u), uy <ucto, 


where 9, », x are differentiable functions of the variable uw, then 
| f(P) dx = [ Flow), va), xe) 9") du. (7.113) 
L uy 


(3) If the surface S is given by parametric equations 


x= (u,v), y=yu,v), z= xu,»), 


where 9, y, xv are differentiable functions of variables u, v and of the 
oriented region A of the plane Ouv, corresponding to the given 
oriented surface S, then 
| | f(P) dx dy = | | Flop(es, 0), wus 0), (4, vy] LO au do, 
AY A Olu, v) 
(7.114) 


where O(x, y)/d(u, v) is the Jacobian of x, y with respect to uw, v. 
Curvilinear integrals in other coordinates such as 


| AP) dy, 


| f(P) dy, [© Zz 


{| S(P) dx dz, [| @ dy dz 


are calculated in a similar way. 
Composite curvilinear integrals with respect to coordinates are 
often applied: 


(1) [ xa + vdy(= | xae+ [ vay), (7.115) 
t t 


@ | Xdx + Yady+ zae( =| eax + | Ydy +f zd). 
L L L L 
(7.116) 
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(3) {| X dy dz + Ydxdz+ Zdxdy 
s 


(- 1) X dy dz +{{ Y dx de + || Zax dy), 19 


where functions 
in (1): X = X(x,y) and Y= Y(x,y), 
in (2), (3): X = X(x, y,z), Y= Y(x, y,z) and Z = Z(x, y, 2) 


are continuous in the domain of integration. 


§ 3. Formulae for Transformation of Integrals 


Green’s Fundamental Formula 


1. Suppose we are given a finite plane region D bounded by the 
line /. If the functions X(x, y) and Y(x, y) together with their deriva- 
tives of the first order are continuous in the region D, the following 
Green’s fundamental formula takes place: 


an (= - ) ae x dy = | xar+ Ydy, (7.118) 
{ 


where integration with respect to / is carried out in the positive 
direction. The region D may be multiply connected. 


If (nx), (7,9) are angles formed by the normal to the line / 
directed towards the outside and the axes Ox and Oy, then, from 
Green’s fundamental formula, we can obtain another Green’s for- 
mula, of a “‘symmetric” form: 


Nema 


— | [X cos (i, x) + Y cos (ni, y) as, (7.119) 
{ 


where ds is an element (differential) of the length of the line /. 
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Green’s formula is a convenient aid in calculating certain curvi- 
linear integrals over a closed contour, transforming them into 
double ones. 


EXAMPLE 1. Calculate the integral 
iz —x?ydx + xy? dy, 


where C is the circumference x? -++ y? = R? traversed in the positive direction. 
Here 
X=—x7y, Y = xy". 
Correspondingly, 
ax , OY 
Ox 


2 


y 
and, therefore, 


fem x*y dx + xy? dy = [[,0? + x?) dx dy, 
where D is the circle x? + y? < R?. 


The double integral obtained can be calculated by the repeated integration 
in cartesian coordinates (see p. 167), but in this particular case it is simpler to 
pass on to polar coordinates. Using the second formula (7.104) and the ex- 
pression for an element of area in polar coordinates (4.59) we find 


2n R na R* 
ff (2 + y?)dedy = | ap | ae: 
D (3) re) 2 


Green’s formula can be applied only in the case when the func- 
tions X and Y together with their partial derivatives 0X/dy and 
OY/dx are continuous in the region D. If these conditions are in- 
fringed, the application of Green’s formula may lead to incorrect 
results. 


EXAMPLE 2. Calculate the integral 


xdy—ydx 
c x*7+y? ’ 


where C is any closed curve. 
If we apply Green’s formula, we get, as a result of the equation 
OX OY 
Oy Ox’ 
that the integral equals zero. This result holds only when the origin of the co- 
ordinates does not lie inside the region D bounded by the curve C. If the region 


D bounded by the curve C does contain the origin the integral is non-zero. For 
example, for the circle 


x = cost, =sinr, 0<t<2n, 
we obtain directly 
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Stokes’ Formula 


2. Suppose the functions X(x, y, z), Y(x, y, z) and Z(x, y, z), to- 
gether with their partial derivatives of the first order, are continuous 
in the space region V containing a given surface S$ with the boundary 
L. Then Stokes’ formula holds: 


s\ oy 0z oz Ox 


‘ (= ~ 2%) ax dy = | Xdx + Ydy + Zaz. (7.120) 
Ox oy L 


Here the orientation of the surface Sand the lineLare coordinated 
in such a way, that when a point, taken on the side of the surface, 
which is undergoing integration, moves along L in the direction of 
curvilinear integration, the surface S finds itself on the left. 

Stokes’ formula can be written down by means of integrals over 
measure, namely 


Fills) 0-2 -Z)ao 
+ é 2 o) cos (7) dq 


Ox. oy 


= | [¥ cos (sx) + Ycos (xy) + Zcos (<-z)] ds, 
L 


(7.121) 
“™ “~~ “™N 
where (n, x) a (n, y) R (n, 2) are angles, formed by the oriented normal 


™—N “N “N 
to the surface S with the axes Ox, Oy, Oz, and (5, x) ‘ (s, »), (s, z) 
are angles, formed by the oriented tangent to the line Z with these 
axes. 
In order that the composite curvilinear integral 


[ Xae + Vay + zac 
L 


be independent of the contour of integration L, which belongs to 
the simply-connected region V, or, whichis equivalent, in order that 
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this integral equals zero along any closed contour belonging to V, 
it is necessary and sufficient that the functions X, Y, Z, which have 
continuous partial derivatives of the first order, should satisfy at all 
points of the region V the relationships: 


ax oY ax _ a BY _ yay 
oy Ox oz Ox @z oy 
The fulfilment of these equations serves as the necessary and 
sufficient condition for the differential expression Xdx + Ydy + Zdz 
to be a complete differential of some function u = u(x, y, 2): 


Xdx + Ydy+ Zdz= du. (7.123) 


Here, the function u is called the original of the expression 
Xdx + Ydy + Zdz and can be found from the formula 
(X,¥.Z) 
u(x, y, 2) ~| Xdx + Ydy + Zdz, (7.124) 
(Xo. Yo. 20) 
where the integral is taken along any path belonging to V and join- 
ing points (x9, Yo, Zo) and (x, y, z). 
If the function F(x, y,z) is any one of the originals for Ydx 
+ Ydy + Zdz,i.e. if dF = Xdx + Ydy + Zdz, then 


(x,y, 2) 
| gee ete te eee ey 


(Xq. Yo. Zo) 


The latter formula serves as an analogue of the Newton-Leibniz 
formula for composite curvilinear integrals in space. 


The Ostrogradskii Formula 


3. Suppose, V is a given space region bounded by a closed sur- 
face S. If X(x, y, 2), Y(x, y, z), Z(x, y, z) are functions, which, to- 
gether with their partial derivatives of the first order, are continuous 
in the region V, the a Ostrogradskii formula holds: 


Wie ae) 


-|| X dy dz + Ydxdz + Zdxdy, (7.125) 
s 
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where the integration over the surface S is carried out on its positive 
(outer) side. 
This formula can be given a different form, namely: 


([L E220 


= {| [x cos (17, x) + Ycos (rt, y) + Zcos (v=) dg, (7.126) 
KY 


“™ “N oN 
where (1, x), (n, ) ; (n, 2) are angles formed by the outer normal to 


the surface S with the axes Ox, Oy, Oz. 
For the independence of the composite integral over a surface 


I) X dy dz + Ydxdz + Zdx dy 
s 


from the surface S, belonging to the simply-connected region V, or, 
which is equivalent, for that integral to equal zero over any closed 
surface belonging to V, it is necessary and sufficient, that the func- 
tions X, Y, Z, which have continuous partial derivatives of the first 
order, should, at all points of the region V, satisfy the relationship 


OX oY OZ 
—+—+t 


Green’s Formulae and their Generalisations 


4, We quote below a group of formulae called Green’s formulae. 

(a) The linear case. If the functions u(x) and v(x) are continuously 
differentiable twice in the interval [x,, x2], the following Green’s 
formula holds 


"2  d*v d7u dv du 
u— —v dx = (u— -— v— 
aN ae dx? dx dx 

In order to generalize it, we introduce the self-conjugate operator 


£(¢) of the second order: 
d dp 
2 (y) = — + Cy, (7.128) 


*2 


(7.127) 


ied | 


dx dx 
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where A, C, p are some functions given in the interval [x,, x2). If 
we retain the requirements laid down above for the functions u 
and v, the following formula holds for them then: 


[20 —vL@(ujldx =A («2 - =| 
xy dx 


This formula is called Green’s generalized formula in the linear case. 

(b) The plane case. Suppose u(x, y) and v(x, y) are functions, con- 
tinuously differentiable twice in the region D, bounded by a closed 
line /. Then the following Green’s formula holds: 


[. (u Av — v du) dx dy = Ges — 0) as (7.130) 
n 


where 4u and Av are Laplacians at points of the region D, and 
Cu/dn, Ov/On are derivatives of functions uw and v in the direction of 
the outer normal to the line 7. 

For its generalization the self-conjugate operator #(¢) of the 
second order is introduced: 


F 
Pigjpes a a peO  ee pe e e): ae 
Ox Ox oy 0 


(7.129) 


(7.131) 


where A, B, C, F, gy are some functions given in the region D. If 
we retain the requirements, laid down above for the functions u and 
v, the following formula holds for them: 


{| [uf (v) — v £ (u)] dx dy 
= { [x cos (Hx) + Yoos (iy)] as, (7.132) 
I 


where (i. x), (iy) are angles formed by the outer normal to the 
line / and the axes Ox and Oy respectively, and X and Y are deter- 
mined from formulae 


a(n) wag a). | 
_ Ox Ox oy oy 


y= B(u 0) sc (u ge - 0), 
oy oy 


This is Green’s generalized formula in the plane case. 


(7.133) 
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(c) Space case. Suppose u(x, y, z) and v(x, y, z) are functions, con- 
tinuously differentiable twice in the space region V, bounded by a 
closed surface S. Then the following Green’s formula holds: 


(u Av — vAu) dx dy dz = Ge ca ete dq, 
v s on on 


where Au, Av are Laplacians at points of the region V, and du/du, 
Ov/du are derivatives of the functions u and v in the direction of the 
outer normal to the surface S. 

For the generalization of this formula the self-conjugate operator 
L(¢) of the second order is introduced: 


oy ox oy dz 
ROCIO (yogi ORT ge ey ga (7.135) 
az Ox oy Oz 


where A, B, C, D, E, F, G, H, y are some functions given in the 
region V. If we retain the requirements laid down above for the 
functions u and v, the following formula holds for them: 


{{ J [u L(v) — v L(u)} dx dy dz 
= {] [x cos (nx) + Ycos (vy) + Zcos (,2)| dq, (7.136) 


“N “N “oN 
where (14, a (u, y) : (4, 2) are angles, formed by the outer normal 
to the surface S and the axes Ox, Oy, Oz respectively, and X, Y, Z 
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are determined from the formulae 


This is Green’s generalized formula in the space case. 


APPENDIXES 


AS A supplement to the main text we append tables of derivatives 
(of the first and of the nth orders), of expansions into power series 
and of integrals (definite, indefinite and multiple) of elementary 
functions. We also add numerical tables of special functions de- 
fined by integrals. 


1. Derivatives of Elementary Functions 


Derivatives of the first order are given in Table A. The first co- 
lumn of the table contains the set X¥ over which the function u(x), 
contained in the second column, is differentiated. The third column 
contains the derivative u’(x), and the fourth shows the simplest 
relationships between the function u(x) and its derivative u’(x) 
(differential equations which are satisfied by u(x)). If X¥ coincides 
with the entire numerical straight line F,, the notation of X is 
omitted in the first column. 

Table B contains general expressions of derivatives of the nth 
order of certain elementary functions. 


TABLE A. DERIVATIVES OF THE FIRST ORDER 


; Differential equation 
xX u(x) u'(x) for u(x) 
x 2>Ofornon-}| x* ax? peas 
integral a fs 
e= e* usu 
a” a™lna uo =ulna 
1 
x>0 Inx pele 
x : i 
“=e 
x £0 In |x| : 
x 
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TABLE A (contd.) 
X u(x) | u’(x) 
1 
xing 
0 1 * 
x> og,x (a> 0) loge 
x 
sin x cos x 
cos x —sin x 
x # on + 7n tan x 
2 cos x? 
(an =0, +1, 
+2,...) 
1 
x fan cot x 3 
sin? x 
(n = 0), +1, 
+ 2,...) 
; 1 
|x] <1 arcsin x 
J1—x? 
1 
|x| <1 arccos x — 
V1 — x? 
1 
arctan x 
1+ x? 
l 
arccot x 
1+ x? 
sinh x cosh x 
cosh x sinh x 
tanh x u 
cosh? x 
1 
x £0 coth x 
# sinh? x 
Arcsinh x cm 1 
=InQx+Jx?+1) | Jx24d 
Ix{> 1 Arccosh x 1 
= In(@x + f/x? — 1) Jx?—-1 
|x}<1 Meanie = : 
2 1—x 1 — x? 
Ix| > 1 ‘Meco sein ! 
2 x—1 x?—-—1 


Differential equation 
for u(x) 


a“ 
~ Ina 


é 


uo=a"“log.e 


u27+(u’)? =1 
u=1+ x? 
uo = —({1 + u?) 
: 1 
uo = — 
COS u 
Kens 
sin u 
u’ = cos* u 
uo = —sin* 4 
(u’)? = u? +1 


(u’)? = u? — 1 


uo =1— x2 


1. DERIVATIVES OF ELEMENTARY FUNCTIONS 


COS Xx 


sin kx 


cos kx 


A.M.A.D, 18 


TABLE B. DERIVATIVES OF THE nth ORDER 
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F(X) 


m(m — 1) (m — 2)...@m — n+ 1)x™" 


ce 1 
(— 1)" m(m + 1) (n+ 2)...(m +n — I) ate 


(—1)! 1 Gm — 1) Qm— 3)... [C2 — Dm — 1] 


(when m is integral and n > m, the derivative equals zero) 


1 
me ni xm 


m(m — 1) (m — 2)...(m—2n+ lDa(ax + by" 


e* 


khek= 
@ (In ay" 
a(k In a)" 


1 
n—1 


ina <x" 
na 


(yt (n—1)! 1 


. nn (— 1)2 sin x for even x 
sin (x + 7) = n-1 


(—1) 2 cosx for oddn 
na 


not (— 1)2 cos x for even n 
cos(x + 5) = n+1 


(—1) 2. sinx for oddn 
Kesin( kx + =) 


k" cos («x + 5) 


sinhx forevenn 
fan x foroddn 
sinh x forevenn 
vise x foroddn 
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2. The Expansion of Elementary Functions 


into Power Series 


The expansion of elementary functions into a power series is 
given in the first column of the Table C. In the second column, the 
region of convergence of the series to the function, which is being 


expanded, is shown. 


TABLE C, EXPANSION OF FUNCTIONS INTO 4 POWER SERIES 


Expansion into series 


(a+ x)" =a" + ma™1x+ °° 
mim — 1)...(m— n+ 1) 


n! 
2 2 
ie ten xing | x*(In a) 


I! Zz 


+ 


+ tae 


x(In a)" 32s 
n! 


+ 


2 
de pe A Seas 
Zz n! 


; x3 &: 1" eat 
sin = a eee — —— 
i aemaoeser | PCH) Gags 
x2 x* x2" 
COS. 4 Sb es —1¢— 
" 2 a TY oy 
x? 2x5 17x? 62x? 
t = —— peak area 
anx = Xt St Tso as + aa3s 
1 x ,x 2x5 x? 
cotx =—— j—+— 
x (3 eg 945 3 4725 
arcsin x 
Sj 1 x 3x5 1x3 5x7 
2x3 '2x4x5° 2x4x6x7 


. 1X3X5...(2a— 1)x2"41 
2X46... (2n) (2n + 1) 


q™—"y" + aan 


= ane 


+ soe 


eee 


+) 


The region of conver- 
gence of the series 


—|a|< x< +|a| 


—AoK<N 
except for x = 0 
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TaBLe C (contd.} 


Expansion into series 


arctan x = x— 7+ 22 4. 
oe a 

sinhx = x+ Sn 

cosh x = 1+ +4 +24 


x 2x5 x? 


x 1 x 3x5 13x 5x’ 


_ 2n+1 
4 (yp LS KS Gn 1)x?"+ 
2X46... (2n) (22 + 1) 


3 5 2n+1 
Arctanh x = x += + ree ~ 


3 


2 
nd tay=x— >t 


x—1) a rer 3 


1 x — 1\2"+1 
+i (en) 


The region of conver- 
gence of the series 


45° 945.4725 


2x3 2X4K5 2X4K6XT7 


Pare Gl 


—co< x< +00 


—oo< x< +00 


—HIX<KN 
except for x = 0 


—-l<x<l 


—-iI<x<l 


x>0 


—-l<x<l 
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TABLE C (contd.) 


The region of conver- 
gence of the series 


Expansion into series 


x+1 1 1 1 
oe es Oi ak ae 
Pa E Cae xt 
I 
———_——__—_+- <-1, x>1 
(2n + Dee t - “ 
: ‘ x xs x? 
sinh x -+ sinx = 2{— + —+——+°": —co< x< +0 
1 5! 9! ; 
: , x? x? xit 
sinh x —sinx = 2(37 + 7-4 oe) —oo << x < +00 
x* x 
cosh x + eos x = 2(1 + 77+ ae —oo< x< +00 
x? x? io 
cosh x —cosx = 2(5- + + 0! at) —oo<m x <i +00 
tanh x + tanx =2 oe re aaa —-o<d<x<c+no 
; 15 2835 | 
tanh x — tanx 
x? 17 1382 
of Sa a 7 11 sec —ooc x< 
(3 + 313% 7 qssoas* Tt rene 


3. Integrals of Elementary Functions 


Integrals of elementary functions are given in Table D (indefinite 
integrals), in Table E (definite integrals) and in Table F (multiple 
integrals). For more detailed tables, see [4], [10] and [22]. 


TABLE D, INDEFINITE INTEGRALST 


1, [e+ b)' dx = (ax 4- by t14+ C (v ~ —1). 


1 
(v+ la 


d 1 
2. las = = In\ax+] + C. 


+ If several expressions are given for one integral, the C may be different. 
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P,(x) 
3. | ae de 
n-1 


<=! P (a) PO(a) 
7 , kin — B(x —ay-* + nt In|x—al+C 


(P,(x) is a polynomial of the nth degree) 


a. | — ~ = arctan + C= — arctan + (a # 0). 
x“+a a a a a 
dx 1 x—a 
= —In|-——|+ C 
oe ee age eal 


= — = Arecoth ~ + Cc (\xj > a,a 40). 
a 


a+x 
n 
a-—x 


+ C 


1 
= — Arctanh — + C (Ix]< a, a £0). 
2n — 3 
(2n — 2)a? : | (a? + er 


(n+ 1, a £0). 


8 aes t 2 Cc 
ML ae as arctan / = x-+ (ab > 0). 


dx 1 in M22 = 
a pee 2 Oak. 


tae ax 


x 
& | @ixty ~ia—ner@ixer’ 


a C (ab>0). 


x+b 
——=—— arctan —-———— +. C (4ac — b? > 0), 
a/4ac — b? Ti ac — b? 
l 2ax + b — ./5? — gac 4ac| 
= SS — 2=- 
J? — 4ac In 2ax + b+ ae" Cc (4ac b nn 0), 
2 
a2 _ p2 — 
et (4ac — b* =0). 
dx _ 2ax +6 
(ax? + bx +c)" (n — 1) (4ac — b?) (ax? + bx + cy! 
2(2n — 3)a dx 


@— D@ac—6) |) G@etoxtort “FI a#0- 
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Mx+N 
2 | opoery™ 
1 
= pag KN — Ma) In jx — al — (N — Mb)In |x + bi) + © (a # 5). 
MxtiwN 
Me oe oxo 
M 2aN — Mb dx 
~Zniett ot | ae AO. 
PTO (Cra LET DS eg a 
: (ax? + bx + c)* ~  2(n — 1) alax? + bx + c)""! 
2aN — bM dx 
+E) wrere el eno, 


——— 2 
15. | Joa ax = 5 Ve =x + S arcsin + Cc. 


eevee = 2 ease 
16. [ Jee ax => J+ a? + Inet Vet +a7x4+C 


a? 


Arcsinh — + C. 
2 a 


= SVP 4a? + 
a 2 —=—— 
17. | VP =a = 5 VP a? — In lx + Vx? — a|+C 
ae Pe a? — Lay ne oat C: 
2 2 a 


18. [ fax? + bx + ¢dx 


2ax +6 ;,——————_ Mac — * ax . 
— ax? 4- bx + ¢ 4- ——— Ss _. 
4a _ 8a = 
dx _ 2x x 
19. | —=—— = arcsin— + C = —arccos— + C. 
Ja? — x? a a 


d. ——$$_—_ 
20. | ——-— = nix + J? + 41+ C = Aresinh— + €. 
Jx? + a? a 


dx — 
a: (= = In{x + /32 — a2] + C = Arceosh — + C. 
Jx? — a? a 
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22. Se ee Tv ae : x~b 1 ¢ 
Vee — att (x— byt Gb xa 


(n is a natural number, a ¥ 5). 


dx 1 ————— 
23. | 2 
| Jeses aF n|2ax + b+ 2a Jax? + bx + el +C 


(a> 0), 


‘ 2ax 
= —=— Arcsinh —————— + C (a>0, 4ac— b?>0), 
Ja J 4ac — B? 


1 _  2ax 
J—a a/b? — 4ac 


| 
aa |2ax + b| + C (a>0, 4ac— b? = 0). 
a 


Mx+N 


24. —— 
J ax? +bx+te 


M ,—_—_ 
dx = — Jax? + bx + c 


3 eee dx 
2a le rarears 


25. = oer Jax? + bx+ ec 
Tae” na 


ae 1)c x2 dx Cn= Ve 1)b “ldx 
o | Jere eel eae 


26. [e ede =e + C. 
= a 


@™ 


Ina 


27. | at ax s LC. 


28. | Inx dx =xInx—x+C. 


29, | sin ax dx = so al cepilendh C. 
a 
1. 
30. cos ax de = —sinax+C. 
a 


31. [a ax dx = — tn |cos ax| + C. 
a 
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| cot ax dx = Hig |sin ax| + C. 
a 
| sint ax dx = a cea ax+C. 
a 
34, [ cosh ax dx = = aha + C. 
a 
| tant ax dx = =n |cosh ax| + C. 
1 ; 
| coth ax dx = —In |sinhax| + C. 
a 
37. a = x arcsin — + Ja —x?+C,. 
a a 


arccos = dx = x arccos — — Ja —x?tc. 
a 


arccot — ~ dx = x arccot a aL (a? + x?) & 
a 


39, a arcian = dx = x arctan =~ — = In(a?+ x7) +C. 
a 
41. ' 


Aresinh — dx = x Aresinh — -- [q? 4x2 4-C. 
x x ———- 
42. [ Arccosh Z dx = x Arccosh ie J —-wv+c, 
x Xx a 
43. J Arctan > dx = x Arctanh i + z In ja? — x7, + C. 
x x a 
44. J Arccoth | a = xArceoth = + = In Ix? — aj) +C. 
: : 1 ; : 
45. | sinh ax sin ax dx = a (cosh ax sin ax — sinhaxcosax) + C. 
1, . 
46. | cosh ax cos ax dx = oa (sinh ax cos ax + cosh ax sin ax) + C. 


. ! 
47. | sinh ax cos ax dx = a (cosh ax cos ax -+ sinh ax sinax) + C. 


1 
— (sinh ax sin ax — cosh ax cos ax) + C. 


48, [ cosh ax sin ax dx = - 
2a 
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: : J ? 
49. | sin ax sin bx dx = Xa—b sin (a — b)x 
1 
~ 3@4 sin(a+ b)x+C (a? # 6). 
50. | cos ax cos bx dx 
=--- sin (a — b)x + ee ee ee C (a? # bd?) 
.2(a — 6) 2(a + 6) ; 
1 
51. | sin ax cos bx dx = og BY cos (a + b)x 
1 
7 ra cos(a—b)x+C (a? # B?). 
52. | sinh ax sinh bx dx = 2a rary —— sinh (a + b)x 
| 
= ae sinh (@a—b)x+C (a? X 57). 
53. J cosh ax cosh bx dx = et b sinh (a + b)x 
ha Qa — b) sinh (a ss b)x + Cc (a? # b?). 
1 
54. | sinh ax cosh bx dx = a+b cosh (a ++ 5)x 
| 
aa ay cosh (a — b)x + C (a? # b?). 
1 
55. | sinh ax sin bx dx = ‘2 (a cosh ax sin bx — 6 sinh axcos bx)4+ C. 
1 
56. [ cosh ax cos bx dx = meee (asinh ax cos bx + bcoshax sin bx)+ C. 
1 : . 
57. [ sinn ax cos bx dx = Pe Rey (a cosh ax cos bx + bsinhaxsin bx) +- C. 
l 
58. | cosh ax sin bx dx = Gee (a sinh ax sin bx — bcoshax cos bx) + C. 
2 2 — x 
59. | (arcsin *) dx =x (arcsin =) + 2./a? — x? arcsin ae 2x +C. 
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x\? x\? ———=- x 
60. | (azocos =) dx = x (arccos ~ — 2.fa? — x? arccos — — 2x + C. 


61. f Qn x)" dx = x (in x)" — nf dn x)! dx 
== x[(In x)" — n(In x)! + n(n — 1) (In x)?-? — --- 
+ (—1)"'! a(n — 1)...2Inx + (— I at] +c 


(m is a natural number). 


] —1 
62. J sine ax ax = =< sint- ax cos ax + 7 | sin? ax a (n = 0). 


1 a—l 
63. | cos ax dx = =i cos"’~! ax sin ax + aa | cos""2axdx (n #0). 


et ena — [ tanr-* dx (nf 
. | tan" ax ax = "a= in: n"~“ ax dx n #1). 


cot"-! ax 


cot" ax dx = hy oes aa [ cot? ax ax (n # 1). 


65. i 
. Rg 
66. ( sinh" ax dx = = sinh"-! ax cosh ax 


n—1l 


i sinh"? ax dx (n % 0). 


1 
67. | cosh" ax dx = = cosh"—! ax sinh ax 


J cosh"-? ax dx (n # 0). 


tanh"—} 
68. J tant ax a = St | tante-2 ax dx (2 # 1). 
7 coth"* a . 
69. [ coth ax de = — Of cour? ax dx (n # 1). 


dx 1 ax 
70. : = Fin tan FS) + 
sin ax a 2 
1 Pe inline ace 
’ | cosax a mae 3 4 as 


1 
ite lz ane a an 


i fae or4 
| Sahar a ee + C. 


ax 
tanh = +C. 
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ax 
m4. f snar ~ 7] epee alan (6? > c?) 
: b+esinax gj. Je — iene 
1 btn +0— Je? — 8 | 
= ————— == In ee +C (b? < ¢?). 
ave —b btan — tet fc? — 2 
75. [ a in( P= wee Se 
° b+ ecosax g/jg— iets ee 
: (c— stan + Je —# 
a 7 a peel te 2 _ p2 
(c — 6) tan > Jct —6 
dx 1 
7, { —z—— = ——cotax+C. 
sin? ax a 


dx 1 
77. | arm =—tanax+C. 
cos*ax a 


78 OB eae G, Tad | a Ss aaa 
*J-anhtas = ge a. | Santer 7g tanhax ; 
dx 1 sin (x + 5) 

as | maxowmGEs ~ sin(a — b) sin (x + a) ee 
{sin (a — 5) ¥ OJ. 
dx 1 cos (x + 5) 
0. [ ee sin (a — 4) a cos (x + a) es 
(sin (a — 6) # Oj. 
ax 1 sin (x + a) 
a. | ETE EE ~ cos (a — 6) "| cose +5) ee 
[cos (a — b) # O}. 
a5 dx _ i COS ax * | sere wk) 
’ | sin"ax = (n— La sin"-! ax n—1 J sin"-2.ax oe 
33 dx _ 1 sin ax n—2 dx 1) 
’ | cos"ax (n—N)a cos"! ax = n—1l | cos"-? ax Oe a 


84 dx 1 cosh ax n—2 dx ( r 
* | sinh"ax (1 —a)a sinh"! ax n—1 sinh"? ax ce 
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dx 1 sinh ax n—2 ax 
85. | warez - a aes tty | aero (a £ 1). 


cosh"ax = (2 — 1)a_ cosh"-! ax n—1 ]} cosh"-? ax 


; sin?t! x cost! x 
86. | sin? x cos? x dx = -———-_—— 
Prd 


a q— | ‘tty $2 sin?! x cos?t! x 
sin? x cost-? x dx = — ——____——— 
pPTq p+q@ 
re ae sin?-* xcos'xdx (pandq> 0). 
' pt+q 
: sin-?** x cos#+! x 
87. | sin-?.x cos? x dx = -— —————__ 
p— 
PG Pg 8 
-b nce sin-?t4 x cos? x dx (p # 1). 
; sin?t! x cos-4t! x 
88. | sin?.x cos-? x dx = ———_- 
‘i q-1 
—p—2 
a 2— PA | sine x cos-e? x dx (q # 1). 
89. [ xe*ax = £ ee Gee N+c. 


x2 
90. Siete! = @inx— D+ C. 
1 1 
91. | xsinaxdy = — FX cos ax + > sinax + C. 
92. 


1 ] 
x cos ax dx = 7 x Sin ax + zy cos ax + Cc. 


1 1 
93. | x sinhax dx = Pi cosh ax — ar sinh ax + C, 


95. | x arcsin ~ dx => rates — a’) aresin = +x Ja? — ed + C. 


96. xarccos — dx =. 4 [@x — a2) arccos = — x Jat =e =s] +0. 


97. 


1 1 
94, [ cos ax dx = -- 3 x sinh ax — Gr cosh ax+C. 


x 
x arctan — —dx = > = [o + a*) arctan ae ax| + C, 
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x 1 x 
98. [> arccot 7 => G + a*) arccot = +- ax| +C. 
: x I . x a 
99. : Arcsinh — dx = 7 [cox + a?) Arcsinh aT Ja? + =] +C. 
100. [= Arccosh — — 7 
= [ex — a?) Arccosh — — xJx?— a —a ] +C (Arccosh = > 0) : 
z [ee — a?) Arccosh — aon xx? — a? —a | +C (Arccosh =< 0) ‘ 


101. fe e™*sin (wx + —) dx 


re rr = > [asin(wx + ~) — wcos(wx + g)]+C. 
102. | e™* cos (wx + @) dx 
er* : 
Sar ETS [a cos (wx + yp) + wsin(wx + g)] + C. 
103. [xem sin (wx + ¢) dx 


xe%* 
~ a? + w? 


ax 


3 [asin (wx + gp) — wcos (wx + 9)] 


e 


— Ge Tas? la- 0%) sin (wx +9) — 2aw cos (wx + 9] + C. 


104. f xe cos (wx + yp) dx 


=a 3 [a cos (wx + gy) + wsin (wx + ¢)] 
~@ . w*)? [(a? — w?) cos (wx + ¢) + 2aw sin (wx 4- YJ -+ C. 


] n 
105. | xe dx = mi xe — = | x"-1e2X dy, 


Inx 1 


= yl = _ 
106. [ rina = a 4 aap +¢ 


; 1 n 
107. | sin ax dx = — 7 ¥" cos ax + * [es cos ax dx. 
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1 n 
108. | #008 ax ax = =a sinax = [ 24 sin ax dx. 
: 1 n 
109. | sinh ax ax = [x eoshax ~~ {x cosh ax dx. 
1 
110. { #eosh ax dx = > *" sinh ax — mf ae sinh ax dx. 


111. pe 


‘ xt! dx 
xt —— | ——— —1). 
-— i( arcsin — le = 3) (n # ) 


112. [= arccos = dx 


1 x xml dx 
= +1 oe Fis even iat 
mel (» arccos — + Jat = 2) (a #~ —1). 
x x xt! dx 
ade ee +1 sen Reatalian 
113. | arctan 3 ax Paar (x arctan 7 a Fo =] 
(n#~—-—L. 
» 1 x xed dy 
ee ae +1 ee ae ae 
114.  sarccot m dx al (x arccot - +a ice =) 
(n # —1). 
P(x) PO P™ 
115. f Peertdr =e {PP Fs 4 om SP] + c 
[P(x)—polynomial degree 7]. 
Pp” IV 
116. | P(x) sin ax dx = — poate! P(x) — ae is hs | 
si ax se pv 
+ [> ee ) = --| +C. 
i fe IV 
117. [ Pe2) 008 ax dx go [Po — Eg ee | 
a a a 


COS ax — PY(x) 
© [ey — 24 


—-]4 Cc. 
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TABLE E. DEFINITE INTEGRALS 


118. Ws x” dx a?’ (5) (“= ae 


6 Ge nee Oe ae 


m-+1 
0<“—<p, a>0,5>0, n> 0). 


io ee a 5 

| (x + ayn x = Ga ane) (m>0,n>0). 
b(x — a)" (b — x)" 

120. |e 


(6 — a)mtntt 


—GtotoroBti,atl) @>—i,n>—D. 


oD xP-t — x? 
121. [2 SS a - neotap (O< p< 1). 


© mt n 
‘ PR (O< m<n). 
ee 


122 


fre} -1 
123. I Ga em (O<m<n). 


1 


1 dx 1 1 
124. [ Tea ie ial Ca) (n< 0 or a>, m>0O). 
5 /y —x™ m m n 
at x dx es Yars(2)". 
oJfl—x8 xnr/4 \3 
1 dx 1 1 
126. ee J — : 
oVi-x 2/3 3/2 (5) 


1 dx 1 1 
127. S== — = Fr (3) : 


12 


— 


iad 1 1 
128. | ex" dx = —L (=) (n> 0). 
0 n 


129. if. e-?? dx = va 


+ B(a, 8) is Euler’s beta-function (see p. 303). 
+ (a) is Euler’s gamma-function (see p. 303). 
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130. 


131. 


132. 


133. 


134, 


135. 


136. 


137. 


138. 


139. 


140. 


141. 


142. 


143. 


144. 


APPENDIXES 
0 l ‘m+ J m+] 
eM de = P(e >0), 
ry |n| n n 
@ 
i x"e *dx =n! (n > 0 and is an integer). 
0 
(2k — I! fa 
rs aa for n = 2k, 
| xe? dx = 
0 k} 
ag for =2k+1. 
© g-tx? __ g-Bx? 1 
I athe eS (a >0, B>O). 
(2a)? (2824 


i e— 8x? cosh bx dx = t e 

6) a 
i 1 

i e-9** sinh? bx dx = — | 
— 


® sinh ax n an 
——_— dx = -> lan = 
o sinh Bx 


2p 2p 


i 4 


2 


b2/4a 


(x>0, B>O). 


{a> 0). 


(a>0). 


ee ee —/a) 


(O<a< ff). 


1 P 
| (in) dx =F'(p+ 1) (p> —1). 
0 x 


1 
[inex t ax =? 


1 a 
| InxIn(l —x)dx =2——. 
o 6 


2 


2 


1 
InxIn() + x)dx = 2——— —21n2. 
o 12 


1 
[etna —adr= — 


p 


k=1 


1 


Ee 


b2ha 
(- _— ) (a> 0). 


(a>0, B> 0). 


“In(p + ~~ Ing —1. 
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ad aa d {l@+)) 
145. i xe ‘inxde = 5 [| (p> —1, a> 0). 


1 a n! 
146. I, x™(In x) dx = (— 1) roan Te 


re Vinxdx — xn? 
: fa) 1—x ~ 6 : 
‘as 1 Inx dx n? 
a 1+x 12 
a 1 In x dx sc? 
“Jol—x? 8B 
1 In(l+ x) dx nm 
150. [ae GO 
© xP In x n? cos pr 
151. — 4 — Sn pa (O< p< 1). 
© x?! In? x 1 +- cos? px 
= 33 
152. I ar eerie ona dx =n sin? pa (O< p< 1). 
tan 
wm xP-1 _. y4a-1 “2 
: ———— dx = 0 1, 0 <1 
153 i Ginx & In = O<p< <q<l) 
tan —— 
Zz 
= te Dt ge = inl +6) 6 #0) 
: 0 B? -+ x? =o BI % # . 
1 In (1 — a?x? — 
155, { ¢ See Se Ji—a) (lal <1). 
0 x? fl — x? 
‘in (1 — a2x? 1+ J/1—@? 
en oe Pci (la} <1) 
of eae 2 
© In (1 + 02x?) In (1 + Bx? 
isi: [rmisend Pe 


[oB(a — B) + a ina + fF inf — (a3 + B®) In(@a + A) 
(a>0, B> 0). 


2n 
3 


n/2 n/2 
158. | sin2*+! y dy = f cos?"+! x dx 
0 


2x4x6...2n 
~ 3x5xX7...(2n + 1) 
A.M.A,D. 19 


(n > O and is an integer). 
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nf{2 n/2 
159, i sin?" x dx = | cos?" x dx 
0 0 


1x3xX5...@2n—1) 2 


2x4xX6...22 2 (n> 0 and is an integer). 


m2 1 (ntl 1 
160. sin®xdx = —B 2 (n> —1). 


0 2 23-2 
nj2 min! 
+ 2n41 2m4+1 - : 
161. i sin x COS x dx FY as RR Ye 


(m> n,n >0, mand n are integers). 


n/2 a+ DMG + 1) 
iy2ati 2B+1 Se ee 
162. I sin22+1 x cos x ax WatB+y 
n/2 x(2m)! (2n)! 
2 ime” 2n _ 
163 [- sin?” x cos*” x ax J2m+2e+Im int 4 ny! 


(m>0, n>O0, mandz are integers). 


n/2 1 | 1 
164. | sit x cost xdx = 5-B(™T, *S (m>—I1, n> —1). 
fr) Z 2 23% 


/2 n 
165, | tan” x dx = ————_—_ (—-l<n< 1). 
(urs 
Oo 


a 
167. | Sin mx sin nx ax 
fe) 


0 for mf#u (myn = 0, +1,...), 


4 
= { cos mx cosnxdx = { » 
ta) — for m=n. 
2 
rd 
168. | sin mx cos nx dx = 0 (m and » are integers). 
fs) 


66 [Pea [0 for n even; 
“ }o sinx ~ |x for n odd; 


nr 2 J 
a6 [ CONOR cel poe: 


Jo cos x 


171. 


173. 


174, 


175. 


176. 


177. 


178. 


179. 


180. 


181. 


182. 


183. 


184, 


185. 


—a, 
° a 


SS SO ee SS 


——s SSS SSS SS Se 


° 
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a 


(=) 


a 


°o 


nf{2 


c 


an/2 


oO 


n/2 


°o 


& 


sin3/2 x dx 


sin'/3 dx = 


cos~ 1/2 dx = 


sin (x?) dx = i 


cos" x cos nx dx = 


0 
© sin x 

“= ay = 
0 Vx 
© sin ax 

—— dx = 
o x 
” cosax 

dx 

o x 


© cosax — cos xB 


° 


© sinax — sin xf 


i=) 


© sin ax sin 8x 


° 


© sin ax cos Bx 


x 


x 


x 


x 


sin” x sin nx dx = —— 


0 


Qn 


4a aah 


© cos x 
‘ Je alae 


z 
> sign a (Dirichlet integral). 


= + oo, 


dx 


dx = 


= 0 


cos (x?) dx = 


ae 
a 


rf 
sin*=! xcos(n+ l)xdx = [i cov xsin(a+ l)xdx =0. 


nj2 
I, 
34/3, 

2n : 


sin~ 1/3 dx = 


1 
cos*/2 x dx = ata ): 


Jn 


1 [x 
et ee ie 


[x 


(a> 


0, B> 0). 


(a>0, f>0). 


4 . 
, signa 


for 


for 


lal < Bl, 
la] = |p. 


x] > |B}. 


277 


278 APPENDIXES 


© sin? ax nN 
186. | dx = — sSign.. 
0 4 
© sin* ax Sint fs 3 a 
: —_———_ dx = — In|--]. 
187 [osetercst Ix 3 n B 
© sin? «x 
188. | dx = + lal. 
0 
joe ax 3 
189. dx = 20 ‘al. 
0 8 
0 © sin* x jee n 
« 0 x2 —s 4 e 
191 fe ES ei 
ol page x=] e~*). 
192 eo RSNBE | 2, airs) 
Ca page x = > signa eW!*! 
© COS ax n 
=S— la], 
193, [SEO ax id 
2 cos ax a(i+ fal), 
Gaieerees ae ee 1] 
194. iz (+ x22 4 eW ial, 
195 [* sake _ amt 0 . 
- toe x= an O<m<2, a>0O). 
. 21m) sin = 
2 
© COs ax nam! 
196. dx = ————————_ O<m<l1, a>0). 
o x” mart . 
21m) cos ~~ 


a (en ea ene) 3) 
aes: ~ (1 — k2 (+. 2 


(n> 0, O< |k| << 1). 


2 B 
198. I e~** sin Bx dx = at pe 
S a 
199. I e-*% cos Bx dx = a +B 


@ g-7x e 8x : B a 
200. ————_—_——- sin mx dx = arctan —— — arctan — 
1) x m m 


(a>0, B>0, m0). 
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© g-ax __ e—Bx 1 p2 + m2 
201. ii aT a mx dx = >in Rea we (a > 0, b> 0). 
309: I gihs sin ax sin Bx te 
0 x x 
mt t SO Se a ROP ce] eT So 
— arctan k 5 k ri ane ara 


(kK>0, «>0, B>0). 


—§2 
e- 9? cos Bx dx = — |= aa («> 0). 


B Bal ghee 


204. i xe~**? sin Bx dx = a (a> 0). 


203. 


ain d?"e-?) 


205. Q2n+1 db?" 


"e-**cos 2bx dx = (— 1)" 


(n is a natural number). 


© p-axz __ 
206. = = BX ix =n A — Jno {a> 0). 
a+b 
207. . uf (a? sin? x + 6? cos? x) dx =2 In® 
0 for jaj<1 


td 
py 2 = 
208. [ima 2a cos x + a*) dx eee for |a|> 1. 


209. —-—— = marcsina (ja] < 1). 


n/2 pete ¥ dx 
"T— acosx cos x 


210. sign a ln (1 + Jal). 


"/2 arctan (a tan x) 
ty = 
tan x 3 


211. 


Jo acmner= acne arctan ax — arctan Bx 
dx = 


Bs A a 
In— (a>0, B>0). 


2” B 
© arcta ae at+p 
212. SUNT SER Se gE. aaa eS. 
2 at pb 


213. 


© a“ x 
oe yay = gnats d= t= ay 
x? J x? 2 


l a. 
214. i In F(x) dx = In J 2x. 
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ati oes 

zis. | In (x) dx = In \/2n + a(Ina— 1) (a> 0). 
1 | 

216. f, In F(x) sin 2x dx = —- = (1 + nz), 


l 
217, I, In I(x) cos (2nnx) dx = re (m is a natural number). 


0 A 


[9 


219. t*le— Ar cosa sin (Ar sin a) dt = sin «x 


ap To 

218. | f2—-1e— Af cos 2 Cos At sin a) dt = Os ax; 
FQ) 

0 Pa 


Euler formulae 


nt *) 
A>0,x>0, ae ea alee 


TABLE F. MULTIPLE INTEGRALS 


x x1 Xn — (x = u)"- 1 
220. [ ax, { dx, 7) "GS ae = [. Su ae oe 
Jo ry) 1) 1)! 
221, i dx; ie dean "anf 
0 0 0 
I 2\n 
= Sant ie (x? — u?)"f(u) du. 


n 


1 i 1 
222. | | 7) (x2 + x2 ++ + x2) dx, diez... dx, = =. 
ojo 0) 3 


n(n + 1) 


1 fl 1 
223. | | ua (x4 X2 bee $x_)? dxy dxz «++ dx = - 
oJ0 fe) 12 


224, eel dx, dx, ...dt%,=—, 
al ial 2 ni 


where £2 is a region defined by the inequalities x, > O0(@ = 1,2,..., 


XptX2t $M <a. 


- n 2 ays 
225. I] sic x2 dx 0x9...) = "La 
2 


r("— ‘)’ 


where the region 22 is defined by the inequalities 


h h 
D5 He ai fa a a a az Sms yz: 


#) and 
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nti 


S56: [sie f ax ax, dy dx, ... dX, = bf ; 
pia st = a owas ~ x2 — x2 = — x2 r() 


where 92 is a region defined by the inequality: 


xPtxdter tue <i 


If f(u) is a continuous function, then for a > 2: 


227. [ [ [777 xg x2) dx, dxz... dXp 


gn{2 R 

a2 f(r""" dr, 

re)! 
2 0 


where S2 is a region defined by the inequality 


xt xd + xe <= RR. 


228. | i Sie [, xeek eet oe XPn—! dx, dz... Xn 


I(p1) [2) «-- Pn) 
FT ipe de Woks wee len | «+-3DPn > 9), 
(pit pate tpt I (P1,P25 Pa > ) 
where £2 is a region defined by the inequalities 


X15 X25 000, Xyq 0, xy teat +x, S21 = (Dirichlet formula). 


229. bee [ fe Seg pet Ae GT ean ee Ny OXeiadt, 


Pp) Mp2)... Ln) 


1 
= Prtp2t---+Ppa—? 
Te | fou : on 


(P15 P2>+++>Pn > 9), where f(u) is a continuous function and the integral on 
the right converges absolutely, and 2 is a region, defined by the inequalities 
Xp X25 0009 Xp =O, Ky +X. + + x, < 1 (Liouville’s formula). 

If f = f(x, X2,..., Xp) iS a continuous function in the region 0 < x, < x 
@ = 1,2,..., n) then 


= 1 Xn-1 
230. | dx, { dx, af Sdx, 
0 0 ce] 
-{, ax, [. Xn ose he dx, (a> 2). 
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If K(x, y) is a continuous function in the region Rlax< x<b;a<y< bd] 


and 
b rb b 
K,(x, y) = | [ =| K(x, t,) K(t), t2)... KUns y) dt, dtz ... tn, 
aja a 


then 
b 
2: Kec (ity) = | Kx, 1) Kult, ») dt. 
a 
n 


If oy 4 jX;X; (Ary = a,,) is a positively defined form, then 
i,j=1 


wo wo wm -{.= 
ra a ed 
—a a eo ~@D 
a —-4/6 
met eee 


where 6 = |a,,), 4 = 


n 
G; jXjxz+2 ZL b;xjt+e 
i=1 


les dx. wee AX 


a1, 5, 


; is a bounded determinant. 
bye 


The volume of an n-dimensional parallelepiped, bounded by the planes 
QyyXy + QyaX_ +++ + Ont, = EA, (i= 1,2,..., 7), 
if 4 = |a,,| # 0, equals 
Whyhz... hy 


The volume of an n-dimensional pyramid, bounded by the planes 


x,20 (@ =1,2,...,a), 


*1 X2 Xn : 
— + —+---+— <1 @>od, i=1,2,...,A”), 
ay a2 ay 

equals 

Q1,Q2 ...4y 


234. V, = 


The volume of an 2-dimensional cone bounded by the surfaces 


2 2 
#1 x3 XR-1 xR 
a ee i ee ee 
a as a? a? 
equals 
n-1 
2 
235. V, = Q,Q2 ...Q,. 
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The volume of an n-dimensional sphere x? + x2 +--+ x2 < a? equals 
mni2 gM 
236. V,= °° ee 
(e+) 


in particular, 


ax 
237. Vom = mar? 
2(2%)™ a2™+1 


238. Vam+1 = “Qm+ Di" 


The area of thesurface ofan n-dimensional sphere, x? + x2 + see+ x7 =a, 
equals 


grl2 qi 
239. S, = 2 


Faye 
r(3) 
For the calculation of the volume V, and the area 5, of the surface of an n- 


dimensional sphere, the following formulae can also be used: 


v 


4 
240. V, = —-R" for n= 2yv (v = 1,2,...). 
y! 


xy! 
241. Vn = Ry for n=2v+ 1 (v = 1,2,...). 


n 
242. S, =— 


Vas 
R 


where R is the radius of the sphere. 
In particular 


243. V, = 2R?, S2 = 2nR; 
4 
244. Va = = aR’, S3 = 4nR?; 
2 
245. V4 = a R*, S4 = 2n?R3; 
8 8 
=— —72RP5 _- 2 ps. 
246. Vs 7g 77 R’, Ss Rt: 
3 
247. Ve = 72 RS, Se = 7°R?; 
16 16 
= —— 73R7 — __ 73 pR6- 
248. V> 1087” S: 15 RS: 
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4 n* 
249. Ve = 5g B® Ss = > Rs 
32 32 
= —--7*R? 7 4 ps. 
250. Vo 9457 FR. So 105” ® i 
nw ns 
251 Vio = 0 F”: Sio =P 


The potential u of a homogeneous sphere of radius R and density 59 equals 


254. 4 cec86 PP dx, dy, dz, dxzdy2dz2 — 6 agaps, 
2 JJ sb JQ T1,2 15 7 


where r;2 = Jey — x2)? + (1 — 2)? + (2; — z2)?, and 2 is a region 
defined by the inequalities 


2 2 
Kit ye tz? QR, x3 4-93 + 23 < RP’. 


4. Special Functions defined by Integrals 


Special functions defined by integrals of elementary functions, 
which, however, are not expressible in terms of elementary func- 
tions, are given below together with the corresponding numerical 
tables. For more detailed data on these non-elementary functions, 
see volume 69 of this series and refs. 5, 16, 19, 22, 24, 25, 26, 27, 
29, 43. 


1°. ELLIPTIC INTEGRALS 
Elliptic integral of the first kind: 


eo ane oo 
0 VG—x)0 — kx?) o V1 —k sin? y 
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TABLE 3. COMPLETE ELLIPTIC INTEGRALS OF THE FIRST 
AND SECOND KINDS, K AND £, & = sina 


K 


1-57080 


57092 
57127 
57187 
57271 
57379 
57511 
57668 
57849 
58054 
58284 
58539 
58820 
59125 
59457 
59814 
60198 
60608 
61045 
61510 
62003 
62523 
63073 
63652 
64260 
64900 
65570 
66272 
67006 
67773 
68575 
69411 
70284 
71192 
72139 
73125 
74150 
75217 
76326 
77479 
78677 
79922 
81216 
82560 
83957 
1.85407 


E 


0:57080 


57068 
57032 


56972 | 


56888 
56781 
56650 
56495 


56316 | 
56114 — 


55889 
55640 
55368 
55073 
54755 
54415 
54052 
53667 
53260 
52831 
52380 
51908 
51415 
50901 


50366 | 


49811 
49237 
48643 
48029 
47397 
46746 
46077 
45391 


44687 | 


43966 
43229 
42476 
41707 
40924 
40126 
39314 
38486 
37650 
36800 
35938 
1-35064 


k? x | K 
0-51745 | 46° | 1-86915 
53488 | 47°} 88481 
55226 | 48° | 90108 
| 56959 | 49°] 91800 
| 58682 | 50°] 93558 
|| 60396 | 51°] 95386 
| 62096 | 52°| 97288 
63782 | 53° | 1-99267 
| 65451 | 54° | 2-01327 
67101 | 55° | 03472 
| 68730 | 56° | 05706 
70337 | 57° | 08036 
71919 | 58°] 10466 
73474 | 59° | 13002 
| 75000 | 60°| 15652 
| 76496 | 61° | 18421 
| 77960 | 62°| 21319 
| 79389 | 63°) 24355 
80783 | 64° | 27538 
82139 | 65° | 30879 
83457 | 66° | 34390 
84733 | 67° | 38087 
85967 | 68° | 41984 
87157 | 69° | 46100 
88302 | 70°| 50455 
soda | 71° | $5073 
' 90451 | 72° | 59982 
' 91452 | 73° | 65214 
92402 | 74°| 70807 
93301 | 75° | 76806 
94147 | 76° | 83267 
| 94940 | 77° | 90256 
| 95677 | 78° | 2.97857 
96359 | 79° | 3.06173 
96985 | 80°} 15339 
97553 | 81° | 25530 
98063 | 82° | 36987 
98515 | 83°, 50042 
98907 | 84°| 65186 
99240 | 85° | 3-83174 
99513 | 86° | 4-05276 
99726 | 87° | 33865 
| 99878 | 88° | 4-74272 
| 099970 | 89° | 5-43491 

1-00000 | 90° oo 


E 


1-34181 


33287 
32384 
31473 
30554 
29628 
28695 
27757 
26815 
25868 
24918 
23966 
23013 
22059 
21106 
20154 
19205 
18259 
17318 
16383 
15455 
14535 
13624 
12725 
11838 
10964 
10106 
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Elliptic integral of the second kind: 


slag: 7 page 
hee ESI ge 
YP 
ra) V1 — x? 


Complete elliptic integral of the first kind: 


‘5 o V(L — x2) (1 — kx?) 


{2 dy 
ie Jl — ksin2y 
Complete elliptic integral of the second kind: 


ey I poe Oe os 
e=2(42)~ | SREP a= | V1 — k? sin? p dy. 


0 V1 = x? Q 


P 
V1 — k? sin? p dy. 


i?) 


2°. INTEGRAL FUNCTIONS 


Integral sine: 


Si (x) =| = dt = y (— 1) 
k=1 


Oo 


x2e-1 


(2k — 1)!(2k — 1)° 


Integral cosine: 
2k 
(2k)! 2k 
(x > 0) ’ 


Ci (x) = = CSF t= C+iInx + ¥ (-1) 

gE k=1 

where C = 0-:57721566—Euler’s constant. 
Integral exponential function: 


~Ei(-x) = — dt = —~C—Inx 


x 


= x* 
_ 1\e+1 
+ » 6 1) ae (x > 0), 


. = gt = oe 
Ei (x) = —dt=C+Inx+ ¥ — (x>0). 
t k=1 ktk 


—-@ 
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The latter integral is understood in the sense of the principal 
value, it is sometimes denoted by the symbol Ei(x). 


Integral logarithm: 


x i) k 
li (x) = Ba Caines: ee (O<x <1). 
o Int K=2 klk 


There exist relationships permitting the change from the values of 
the integral exponential function to the values of the integral log- 
arithm and back again 


Ei(inx) =li(x) (0<x <1), 
li(e*) = Ei(x) (x <0). 


TABLE 4. INTEGRAL FUNCTIONS Si (x), Ci(x), Ei(x), — Ei (—x) 


x Si(x) Ci(x) Ei(x) — Ei(— x) 
0-00 0-0000000 | —co a = 
01 0099999 | —4-02798 — 401793 4-03793 
02 0199996 | —3-33491 — 331471 3-35471 
03 029998 ~ 2:92957 _ 2.89912 2-95912 
04 039996 —2-64206 | —2-60126 2-68126 
05 049993 —2-41914 — 2-36788 2-46790 
06 059988 23709 17528 29531 
07 069981 — 2:08327 —2-01080 15084 
08 079972 — 1.95011 — 1-86688 2-02694 
09 089960 83275 73866 191874 
10 099944 72787 62281 82292 
11 10993 63308 51696 73711 
12 11990 54665 41935 65954 
13 12988 46723 32866 58890 
14 13985 39379 24384 52415 
15 14981 32552 16409 46446 
16 15977 26176 08873 40919 
17 16973 20196 | —1-01723 35778 
18 17968} 14567 —0-94915 30980 
19 18962 | 09253 88410 26486 
20 19956 — 1.04221 82176 22270 
21 20949 | —0-99444 16187 18290 
22 21941 94899 70420 14538 
23 22933! 90566 64853 10988 
24 23923 | 86427 59470 07624 


0-25 024913 — 0-82466 —0-54254 1-04428 
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TAPLE 4 (contd.) 


x Si(x) Ci(x) Ei(x) — Ei(— x) 
0:26 0:25903 — 0-78671 — 0°49193 1-01389 
27 26891 75029 44274 0-98493 
28 | 27878 71529 39486 95731 
29 28865 68161 34820 93092 
30 29850 64917 30267 90568 
31 30835 61790 25819 88151 
32 31819 58771 21468 85834 
33 32801 55855 17210 83610 
34 33782 53036 13036 81475 
35 34763 50308 08943 79422 
36 35742 47666 04926 77446 
37 36720 45107 — 0-00979 75544 
38 37696 42625 + 0:02901 73711 
39 38672 40218 06718 71944 
40 39646 37881 10477 70238 
41 40619 35611 14179 68591 
42 41591 33406 17828 67000 
43 42561 31262 21427 65461 
44 43530 29178 24979 63973 
45 44497 27149 28486 62533 
46 45463 25175 31950 61139 
47 46427 23253 35374 59788 
48 47390 21380 38759 58478 
49 48351 19556 42108 57209 
50 49311 17778 45422 55977 
51 50269 16045 48703 54782 
52 $1225 14355 51953 53622 
53 52180 12707 55173 52495 
54 $3133 11099 58365 51400 
55 54084 095300 61529 50336 
56 ! $5033 079986 64668 49302 
57 55981 065037 67782 48296 
58 56927 050442 70873 47317 
59 57871 036190 73941 46365 
60 58813 022271 76988 45438 
61 59753 — 0-0086752 80015 44535 
62 60691 + 0-0046060 83023 43656 
63 61627 017582 86012 42800 
64 62561 030260 88984 41965 
65 63494 042650 91939 41152: 
66 64424 054758 94878 40359 
67 65351 066591 0-97802 39585 
68 66277 078158 1:00712 38831 
0:69 0-67201 0 089463 1-03608 | 0:38095 
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0°68122 
69041 
69958 
70873 
71785 
72695 
73603 
74508 
75411 
76312 
77210 
78105 
78998 
79888 
80776 
81661 
82544 
83424 
84301 
85175 
86047 
86916 
87782, 
88646 
89506 
90364 
91219 
92070 
92919 
93765 
0:94608 
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TABLE 4 (contd.) 


0°34718 


615438 


0-37377 
36676 
35992 
35324 
34671 
34034 
33412 
32803 
32209 
31628 
31060 
30504 
29961 
29430 
28910 
28402 
27905 
27418 
26941 
26475 
26018 
25571 
25134 
24705 
24285 
23874 
23471 
23076 
22689 
22310 
21938 
18600 
15841 
13545 
11622 
10002 
086308 
074655 
064713 
056204 
048901 
042614 
037191 

0-032502 


4. SPECIAL FUNCTIONS DEFINED BY INTEGRALS 29] 


TaBLe 4 (contd.) 


x Si(x) | Ci(x) Ei(x) a an a ee ee es ee ee 
2:4 1-75249 031730 6-60067 0-028440 
2:5 77852, 28587 7-07377 024915 
2:6 80039 25334 7°57612 021850 
2-7 81821 | 22008 8-11035 019182 
2:8 83210 18649 8-67930 016855 
2:9 84219 15290 9-28602 014824 
3-0 84865 11963 9:93383 013048 
31 85166 086992 10°6263 011494 
3-2 85140 055257 11-3673 010133 
33 84808 -+-0-024678 12:1610 078939+ 
3-4 84191 — 0-0045181 13-0121 027891 
3:5 83313 032128 13-9254 076970 
3-6 82195 057974 14-9063 076160 
3-7 80862 081901 15-9606 075448 
38 79339 10378 17-0948 074820 
3-9 77650 12350 18-3157 024267 
40 | 75820 14098 19-6309 073779 
4J / 73874 15617 21-0485 023349 
42 | 71837 16901 22:5774 022969 
43 69732 17951 24-2274 022633 
4-4 67583 18766 26-0090 022336 
45 65414 19349 27-9337 022073 
4-6 63246 19705 30-0141 071841 
47 61101 19839 32-2639 071635 
4:8 58998 19760 34-6979 071453 
4-9 56956 19478 37-3325 071291 
5-0 54993 19003 40-1853 071148 
6-0 42469 — 0-068057 85-9898 033601 
7-0 45460 +. 0:076695 191-505 031155 
8-0 57419 + 0-122434 440-380 043767 
9-0 66504 + 0-055348 1037-88 041245 

10 65835 —0-045456 | 2492-23 0°4157 
i 57831 | —0-089561 6071-41 051400 
12 50497 —0-049780 | 14959:5 0°4751 
13 49936 +0-026764 | 37197-7 0°1622 
14 55621 +0:069396 | 93192.5 075566 
15 61819 +0:046279 | 234956 0:071919 
16 63130 — 0:014200 

17 59014 — 0-055243 

18 53661 —0-043475 

19 1-51863 + 0:005 1504 


+ The figure printed in small type at the top denotes the number of zeros after 
the decimal point. 


A.M.A.D, 20 
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TABLE 4 (contd. ) 


x Si(x) Ci(x) | x | Si(x) Ci(x) 
20 1-54824 -+ 0:044420 140 | ‘1-5722 -+- 0-007011 
25 53148 — 0:006849 150 5662 —0-004800 
30 56676 —0-033032 | 160 5769 + 0:001409 
35 59692 —0-011480 | 170 5653 + 0:002010 
40 58699 + 0-019020 180 5741 — 0-004432 
45 55872 + 0:018632 190 5704 + 0:005250 
50 55162 — 0:005628 200 5684 — 0:004378 
55 57072 —0-018173 | 300 5709 — 0-003332 
60 58675 — 0004813 400 5721 —0-002124 
65 57925 + 0-012847 500 5726 — 0:0009320 
70 56159 + 0010922 600 5725 + 0-0000764 
75 55858 — 0-005332 700 5720 ++ 0-0007788 
80 57233 —0-012402 | 800 5714 + 0-001118 
85 58240 —0-001935 || 900 5707 +-0-001109 
90 57566 +0-009986 | 105 5702 + 0000826 
95 56304 + 0-007110 10* 5709 — 0-0000306 
100 56223 —0-005149 10° 5708 + 0-0000004 
110 5799 — 0-000320 | 106 5708 —0-0000004 
120 5640 +0:004781 | 107 1-5708 + 0-0000000 
130 1-5737 —0.007132 | dn -+ 0:0000000 
3°, INTEGRALS OF PROBABILITY 
x oo 2k-1 
ee ge Y ar 
6 Jn k=1 (k — 1)!(2k — 1) 


D(x) 


Vn 
fel e 2 de, 
Jo 


Relationships between them: 
efx =@ (x V2), 


P(x) 


re eae 
V2 


Derivatives of the integral of probability: 
d 2 2 


erf x) = —-e™", 
rt a 


d ? 
—_— D xj= ~x2/2 
Te (x) ae e 29(x). 
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37938 
38933 
0-39921 


TABLE 5. INTEGRAL OF PROBABILITY 


x 
erfx = —- | eat 
Vz Jo 


41 43797 |) 79 73610 
42 44747 | 

| 43 | 45689 | 80 | 74210 
b 44 46623 81 74800 
| | 82 75381 
| 45 47548 | 83 +! 75952 
| 46 48466 | 84 76514 
+ 47 49375 


48 50275 oe Ls 
49 51167 


| 87 | 78144 
50 | 52050 | 88 | 78669 
51 | 52924 | 89 | 79184 


52>} $3790.99. a0eg1 
| 
{ 
I 
| 
| 
| 
| 


l 55 | 56332 | 93 | 81156 
| se { s7iez | 4 | 81627 


: 57 | 57982 || 95 | 82089 
; 58 58792 | 96 82542 
59 59594 | 97 82987 
co | cous | 28 | Be 
61 61168 


' 62 | 61941 41-00 | 84270 
| 63 | 62705 | o1 | saesi 
| 64 | 63459 | oz | ssos4 
| | 
| 


cs | as | | 808 
66 | 64938 
| 67 | 65663 | 05 | 86244 


68 66379 | 06 86614 
69 67084 || 07 86977 


| 08 87333 


70 | 67780 
nn | 68467 | 09 | 87680 


| 72 69143 |. 10 88021 
| B 69810 | 11 88353 


| x erf x x erfx | 
; 0-38 040901 || 0.75 | 0-71116 

| 39 | 41874 | 76 | 71754 

| | 77 | 72382 

| 

V 


x 


1-13 
14 


erf x 


0-88997 


89308 


89612 
89910 
90200 
90484 
90761 


91031 
91296 
91553 
91805 
92051 


92290 
92524 
92751 
92973 
93190 


93401 
93606 
93807 
94002 
94191 


94376 
94556 
94731 
94902 
95067 


95229 
95385 
95538 
95686 
95830 


95970 
96105 
96237 
96365 


"0-74 |0:70468 11-12 | 0-88679 || 1- 


0-96490 
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TABLE 5 (contd. ) 


x erf x x | erf x i x | efx | x erf x 
rz ee = cal aN toe ee tals Ee 
1:50 | 0-96611 | 1-68 | 0-98249 85 0-99111 | 2-03 | 0-99591 
51 | 96728 | 69 | 98315 | 86 99147 || 04 99609 
52 96841 87 99182 
53 96952 || 70 98379 | 388 99216 | 95 99626 
54 | 97059 | 71 98441 89 99248 |, 06 99642 

nN 98500 || | 07 99658 

Ue lin a8 lB S58. gus || “zeae 08. ||, 29673 
57; 97360 | 92 99338 | 
58 97455 || 75 98667 || 93 99366 |) 10 99702 
59 97546 || 76 98719 || 94 99392 | 11 99716 
62 97804 | 79 98864 | 97 90466 | 14 99752 

| 

a | Soe | | oa |B | Sa hs | ge 

81 98952 : i 16 99775 

65 | 98038 | 82 98994 99532 || 17 99785 
66; 98110 | 83 | 99035 or 99552 || 18 | 99795 
1-67 | 0-98181 ' 1-84 099074 | 202 _ 202 0-99572 | 2-19 | 0-99805 

TABLE 6. INTEGRAL OF PROBABILITY 
> x 
P(x) = jz | e-1?/2 dy 
Gas Ae 
x | M(x) | x P(x) | x P(x) x P(x) 
i rey a 

0:00 |0-00000 0-15 11924 (0-30 | 0:23582 | 0:45 | 0-34729 
ol 00798 || 16 12712 | 31 24344 | 46 35448 
02 | 01596 | 17 13499 32 25103 | 47 36164 
03 02393 | 18 14285 |} 33 25860 | 48 36877 
04 03191 | 19 15069 34 26614 | 49 37587 
05 03988 || 20 15852 | 35 27366 | 50 38292 
06 04784 | 21 16633 || 36 28115 |; 51 38995 
07 | 05581 | 22 | 17413 | 37 | 28862 | 52 | 39694 
08 06376 | 23 18191 | 38 29605 | 53 40389 
09 o7I71 | 24 18967 || 39 30346 | 54 41080 
10 07966 « 25 | 19741 | 40 31084 || 55 41768 
i 08759 | 26 20514 | 41 31819 | 56 42452 
12 09552 || 27 21284 | 42 32552 | 57 43132 
13 10343 28 22052, 43 33280 | 58 43809 
14 | O-11134 | 0-29 22818 | 0-44 0-34006 “0:59 


0-44481 
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0-67783 ||1-39 | 0-83547 


TABLE 6 (contd.) 
ox) | x | o | x | o@ | x | o@ 
0-45149 | 1-00 | 068269 |[1-40 | 0-83849 [11-80 | 0-92814 
45814 | 01 68750 || 41 84146 || 81 92970 
46474 | 02 69227 || 42 84439 || 82 | 93124 
47131 | 03 69699 || 43 84728 || 83 93275 
47783 | 04 70166 || 44 85013 || 84 | 93423 
48431 | 05 70628 45 85294 || 85 | 93569 
49075 | 06 71086 || 46 85571 || 86 93711 
49714 | 07 71538 47 5844 || 87 93852 
50350 | 08 71986 || 48 86113 || 88 | 93989 
50981 || 09 72429 || 49 86378 || 89 94124 
51607 | 10 72867 50 86639 || 90 | 94257 
52230 | 11 73300 51 86896 || 91 94387 
52848 | 12 73729 52 87149 || 92 94514 
53461 | 13 74152 53 87398 || 93 94639 
54070 | 14 74571 54 87644 || 94 94762 
54675 | 15 74986 55 87886 || 95 | 94882 
55275 | 16 75395 56 88124 || 96 | 95000 
55870 || 17 75800 || 57 88358 || 97 95116 
56461 || 18 76200 || 58 88589 || 98 95230 
57047 || 19 76595 59 88817 || 1-99 95341 
57629 || 20 76986 || 60 89040 || 2-00 95450 
58206 || 21 77372 || 61 89260 || ol 95557 
58778 || 22 77154 |; 62 39477 |! 02 95662 
59346 || 23 78130 || 63 g9960 || 03 95764 
59909 || 24 78502 || 64 g9s99 || 04 95865 
60468 || 25 78870 | 65 90106 | 05 95964 
61021 || 26 79233 | 66 90309 | 06 96060 
61570 || 27 79592 | 67 90508 | 07 96155 
62114 || 28 79945. 68 90704 | 08 96247 
62653 | 29 80295 69 90897 | 09 96338 
63188 || 30 soso | 70 91087 | 10 96427 
63718 | 31 g0980 «71 91273 | 11 96514 
64243 |' 32 81316 = 72 91457 12 96599 
64763 || 33 B1648 | 73 91637. 13 96683 
65278 || 34 81975 14 91814 | 14 96765 
65789 |; 35 82298 | 15 91988 15 96844 
66294 || 36 82617 | - 92159 16 96923 
66795 || 37 82931 92327. 17 96999 
67291 || 38 83241 | 2 92492 «18 97074 
| 1: 
| 


8 
9 |0:92655 2-19 0-97148 
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x 


P(x) 


0-97219 
97289 
97358 
97425 
97491 


97555 
97618 
97679 
97739 
97798 


97855 
97911 
97966 
98019 
98072 


98123 
98172 
98221 
98269 
98315 


98360 
98405 
98448 
98490 
98531 


98571 
98611 
98649 
98686 
98723 


98758 
98793 
98826 
98859 
0-98891 
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TABLE 6 (contd.) 


x P(x) x | P(x) || x 
—_|— | 
2:55 | 0:98923 | 2:90 | 0-99627 || 3-25 
56 98953 91 99639 || 26 
57 98983 92 99650 || 27 
58 99012 93 99661 28 
59 | 99040 94 99672 || 29 

| 

60 99068 95 99682 || 30 
61 99095 96 99692 |] 31 
62 99121 || 97 99702 || 32 
63 99146 98 99712, || 33 
64 99171 || 2-99 99721 34 
65 | 99195 ||3-00 | 99730 || 35 
66 99219 || Ol 99739 || 36 
67 99241 02 99747 || 37 
68 99263 03 99755 || 38 
69 99285 04 99763 39 
70 99307 05 99771 40 
71 99327 06 99779 || 41 
72 99347 07 | 99786 | 42 
73 99367 08 99793 || 43 
74 99386 09 99800 || 44 
75 99404 10 99806 || 45 
16 99422 11 99813 || 46 
11 99439 12 99819 | 47 
78 99456 13 99825 | 48 
79 99473 14 99831 49 
80 99489 15 99837 : 50 
81 99505 16 99842. 51 
82 99520 17 99848 1 52 
83 99535 18 99853 | 53 
84 99549 19 99858 54 
85 99563 20 99863 | 55 
86 99576 21 99867 | 56 
87 99590 22 99872 | 57 
88 99602 23 99876 ' 58 
2:89 | 0-99615 


3-24 0:99880 3-59 


P(x) 


0:99885 
99889 
99892 
99896 
99900 


99903 
99907 
99910 
99913 
99916 


99919 
99922 
99925 
99928 
99930 


99933 
99935 
99937 
99940 
99942 


99944 
99946 
$9948 
99950 
99952 


99953 
99955 
99957 
99958 
99960 


99961 
99963 
99964 
99966 
0-99967 
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TABLE 6 (contd. ) 
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P(x) 


0:99990 
99991 
99991 
99992 
99992 


99992 
99992 
99993 
99993 
0-99993 


g(x) 


33121 
32918 
32713 
32506 


32297 
32086 
31874 
31659 
31443 


31225 
31006 
30785 
30563 
30339 


30114 
29887 
29659 
29430 
0-29200 


x D(x) x D(x) | x Dx) | x 
3:60 | 0-99968 | 3-70 | 0.99978 | 3-80 | 0.99986 | 3-90 
61 99969 71 99979 81 99986 |; 91 
62 99971 72 99980 82 99987 | 92 
63 99972 73 99981 83 99987 93 
64 99973 74 99982 84 99988 94 
65 | 99974 | 75 | 99982 ; 85 | 99988 || 95 
66 99975 16 99983 | 86 99989 96 
67 99976 77 99984 87 99989 97 
68 99977 | 78 99984 | 88 99990 || 98 
3-69 | 0-99978 | 3-79 | 0-99985 | 3-89 0.99990 | 3-99 

i 1 

1 1 
TABLE 7. FUNCTION ¢(x) = — @’(x) = —==e7*7/2 
2 J/2n 

x p(x) x px) | x ex) |, x 

! I 

0-00 | 0:39894 0:20 | 0-39104 | 0-40 | 036827 || 0-60 | 0-33322 

01 39892 21 39024 | 41 36678 | 61 
02 39886 22 38940 | 42 36526 |. 62 
03 39876 23 38853 | 43 36371 | 63 
04 39862 24 38762 | 44 36213 | 64 
05 39844 25 38667 | 45 36053 | 65 
06 39822 26 38568 46 35889 | 66 
07 39797 || 27 38466 | 47 35723 ! 67 
08 39767 28 38361 48 35553. | 68 
09 39733 29 38251 49 35381 69 

| 
10 39695 30 38139 50 35207 || 70 
11 39654 31 38023 51 35029 | 71 
12 39608 32 37903 52 34849 | 72 
13 39559 33 37780 | 53 34667 | 73 
14 39505 34 37654 | 54 34482 74 
15 39448 35 37524 | 55 34294 15 
16 39387 36 37391 | 56 34105 16 
17 39322 37 37255 57 33912 77 
18 39253 38 37115 58 33718 | 78 
0-19 | 0.39181 || 0-39 hai 10:59 | 0-33521 0-79 

H | 
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TABLE 7 (contd. ) 


— 


x P(x) | x P(x) x p(x) | x p(x) 

i} 
0-80 | 0:28969 | 1-20 | 019419 [1-60 | 0-11092 | 2-00 | 0-05399 
81 28737 21 19186 61 | 10915 Ol 05292 
82 28504 22 18954 62. | 10741 | 02 05186 
83 28269 23 18724 63 | 10567 | 03 05082 
84 28034 24 18494 64 10396 | 04 04980 


| 
85 27798 || 25 18265 65 10226 | gs 04879 
86 27562 || 26 18037 66 10059 || 96 04780 
87 27324 || 27 17810 67 09893 || 67 04682 
88 27086 || 28 17585 68 09728 || og 04586 


89 | 26848 || 29 | 17360 || 69 | 09566 | gq | gaaoy 
90 | 26609 ; 30 | 17137 |) 70 | 09405 |, 


91 | 26369 | 31 16915 || 71 | 09246 || 10 | 04398 

92 26129 | 32 16694 72 o9os9 |! 04307 

93 25888 | 33 16474 || 73 og933._ | «12 «| (04217 

94 | 25647 || 34 16256 || 74 | 08780 13 | 04128 
ae | 14 | 04041 

95 | 25406 || 35 16038 08628 | 

96 | 25164 | 36 15822 || 76 | 08478 || 15 | 03955 


| 
| 
| 
97 24923 37 15608 77 08329 16 03871 


98 24681 38 15395 78 08183 17 03788 
0.99 24439 39 15183 79 08038 18 03706 
1-00 24197 | 40 14973 80 07895 i Denne 
01 23955 | 41 14764 || 81 07754 20 03547 
02 23713 42 14556 | 82 07614 21 03470 
03 23471 43 14350 | 83 07477 > 03394 
04 23230 44 14146 | 84 07341 | 93 03319 
05 22988 || 45 13943 85 07206 || 24 03246 
06 22747 46 13742 86 07074 
07 | 22506 | 47 13542 | 87 | 06943. | - ep 
08 22265 48 13344 88 06814 a oe 
09 22025 49 13147 89 06687 || 5, parse 
10 21785 50 12952 90 06562 29 02898 
11 21546 51 12758 | 91 06438 | 
12 21307 52 12566 || 92 06316 || 30 02833 
13 21069 || 53 12376 | 93 06195 31 02768 
14 20831 54 12188 | 94 06077 32 02705 
33 02643 
15 20594 55 12001 | 95 05959 34 02582 
16 20357 56 11816 96 05844 
17 20121 57 11632 97 05730 35 02522 
18 19886 58 11450 98 05618 36 02463 
1:19 | 019652 |1-59 | 0:11270 1-99 | 0.05508 | 2:37 | 0-02406 
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0-02349 
02294 


02239 
02186 
02134 
02083 
02033 


01984 
01936 
01888 
01842 
01797 


01753 
01709 
01667 
01625 
01585 


01545 
01506 
01468 
01431 
01394 


01358 
01323 
01289 
01256 
01223 


01191 
01160 
01130 
01100 
01071 


01042 
01014 
00987 


x | ox) | x 


TABLE 7 (contd.) 


p(x) 


x 


0:00961 | 3-08 
00935 09 
00909 10 
00sss | it 
oos6i =, 12 
00837 | 13 
00814 14 
00792 15 
00770 | 16 
00748 || 17 
00727 | #18 
00707 | 19 

| 
00687 20 
00668 21 
00649 | 22 
00631 23 
00613 24 
00595 25 
00578 26 
00562 | 27 
00545 28 
00530 |; 29 
00514 | 30 
00499 |, 31 
00485 | 32 
00470 | (33 
00457 34 
00443 35 
00430 36 
00417: 37 
00405 ° 38 
00393 = 39 
| 
00381 . 40 
00370 | 41 


0:00358 |: 3-42 


g(x) 


0-00348 
00337 


00327 
00317 
00307 
00298 
00288 


00279 
00271 
00262 
00254 
00246 


00238 
00231 
00224 
00216 
00210 


00203 
00196 
00190 
00184 
00178 


00172 
00167 
00161 
00156 
00151 


00146 
00141 
00136 
00132 
00127 


00123 
00119 
0-00115 


x 


3-43 
44 


45 
46 


p(x) 


0-00111 
00107 


00104 
00100 
00097 
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TABLE 7 (contd.) 


3-80 | 0:00029 | 3-85 | 0-00024 [13-90 | 0.00020 |3-95 | 0-00016 
81 | 00028 | 86 | 00023 | 91 | 00019 | 96 | 00016 
82 00027 87 00022 92 00018 97 00015 
83 00026 88 00021 | 93 00018 || 98 00014 
84 00025 89 00021 | 94 00017 | 3-99 0-00014 

| | 
4°. FRESNEL’S INTEGRALS 
Fresnel’s sine-integrals: 
[> x 
S(x) = Jz sin t* dt 
a Jo 
xtk+3 


= 2 5¢ 1)" 


(2k + 1)! (4k + 3)’ 


na \2k+! 
2 
4k43 


*(y\ — gen Wa = < A ne Sit ee 
se) = [ rae di DA 1)* (Qk + Ii(4k +3) * 


0 


Fresnel’s cosine-integrals: 


xtk+t 


au) = 2 [cota /2 § wary 


(=) 
C*(x) =| cos = #2 dt = y (- 1I* en Sine 


nay ‘Ho (2k)! (4k + 1) 


Relationships between them: 


S*x) = s(/3 x *); 
C%(x) = c( ee *). 
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s(¥x) | 6/3) | 


TABLE 8, FRESNEL’S INTEGRALS 


2 2 f* 
S(x) = Jz] sint? dt, C(x) = Jz] cos ft? dt 
n Jo a Jo 


x 

0-00 |0-00000 | 0-00000 
02 | 00075 | 11283 
04 | 00213 | 15955 | 
06 ; 00391 | 19537 
08 | 00602 | 22553 
10 | 00840 | 25206 
12 | 01104 | 27600 
14 | 01391 | 29796 
16 ; 01699 | 31834 
18 | 02026 | 33742 
20 | 02372 | 35540 
22 | 02735 | 37243 
24 | 03114 | 38864 
26 | 03509 | 40410 
28 | 03919 | 41896 
30 | 04342 | 43310 
32 | 04779 | 44675 
34 | 05229 | 45985 
36 | 05692 | 47252 
38 | 06166 | 48479 
40 | 06652 | 49661 
42 | 07149 | 50804 
44 | 07656 | 51919 
46 | 08173 | 52981 
48 | 08700 | 54019 
50 | 09237 | 55025 
52 | 09782 | 56000 
54 10336 | 56946 
56 10899 | 57863 
58 11469 | 58753 
60 12047 | 59616 
62 12632 | 60453 
64 13224 |; 61265 
66 13823 | 62053 

0-68 |0-14428 |0-62817 


0-70 |0-15040 
72| 15657 
| 74] 16280 
i 76] 16908 
| 78| 17541 
80} 18178 
82| 18820 
84| 19467 
86| 20117 
i 88| 20771 
90| 21428 
92| 22088 
94| 22751 
96| 23417 
0:98| 24085 
| 1:0 | 24756 
1:5 | 41535 
2:0 | 56285 
2:5 | 66579 
3-0 | 71168 
3-5 | 70018 
40 | 64211 
4:5 | 55649 
50 | 46594 
5:5 | 39183 
6-0 | 34985 
65 | 34710 
7-0 | 38120 
75 | 44148 
8-0 | 51201 
i 8-5 | 57546 
| 9-0 | 61721 
: 95 | 62857 
| 10-0 60844 


{10-5 |0-56318 


0-63558 
64276 
64972 
65646 
66299 


66931 
67542 
68135 
68704 ji 
69256 


69788 | 
70302 |: 
70796 
71273 | 
71731 


72171 
77908 | 
75330 » 
67099 
56102 


45205 
36819 
32525 
32846 
37244 


44327 
52220 
59012 
63184 
63930 


61287 
56080 
49689 
43696 
eae 


11-0 |0-50478 
11-5 | 44781 
12:0 | 40581 
12:5 | 38822 
130 | 39827 
13:5 ] 43249 
14-0 | 48177 
14:5 | 53374 
15-0 | 57580 

' 15:5 | 59818 
16:0 | 59613 
16:5 | 57089 

' 17-0 | 52926 
17-5 | 48175 

(18:0 | 43999 ! 
18-5 | 41389 
19:0 | 40934 
19:5 | 42685 
20:0 | 46165 

| 20:5 | 50487 
21:0 | 54588 
21:5 | 57481 

| 220 | 58494 
22:5 | 57425 
23:0 | 54578 
23-5 | 50682 
24-0 | 46703 
24:5 | 43605 
25:0 | 42122 
25-5 | 42580 
26:0 | 44830 
26:5 | 48293 
27-0 | 52105 
27-5 | 55337 
28-0 |0.57214 


x | si/x)| cx) : x | s/n) | YX) 


0:38039 
39515 
43456 
48815 
54251 


58458 
60472 
59887 
56933 
52401 


47431 
43234 
40798 
40659 
42784 


46597 
51133 
55278 
58039 
58785 


57384 
54227 
50117 
46071 
43066 


41808 
42563 
45108 
48788 
52690 


55863 
57552 
57377 
55413 
0:52170 


x | Sx) CX) © | SOX) 
28-5 o-57306 '0-48457 | 36-0 | 0-50942 
29-0 | 5562! | 45183 | 36:5 | 47687 
29-5 | 52600 ' 43136 , 37:0 | 45040 
30-0 | 48997 | 42791 | 37:5 | 43634 
30:5 | 45697 | 44203 | 38-0 | 43797 
31-0 | 43497 | 47002 | 38-5 | 45467 | 
31-5 | 42013 | 50484 39-0 | 48219 
32:0 | 44060 | 53794 | 39-5 | 51369 
32:5 | 46634 | 56131 | 40-0 | 54146 
33-0 | 49987 | 56941 | 40:5 | 55880 
33-5 | 53293 | 56051 | 41-0) 56161 | 
34:0 | 55749 : 53703 | 41:5 | 54938 
34-5 | 56771 | 50488 || 42-0 | 52528 
35-0 | 56131 | 47201 | 42:5 | 49531 
35-5 '0:54009 0:44641 | 43:0 |0-46683 
eA | 
S*(x) = I sin— t* dt, C*(x) -{ 
0 2 
x S*Qx) | CMx) || x S*(x) 
0-0 |0-00000 |0:00000 | 2-0 |0-34342 
0-1 | 00052 | 10000 | 2:1 | 37427 
0:2 | 00419 | 19992 | 2:2 | 45570 
0-3 | 01412 ; 29940} 2:3 | 55315 
0-4 | 03336 | 39748 |) 2-4 | 61969 
0-5 | 06473 | 49234] 2:5 | 61918 
0-6 | 11054 - 58110 || 2:6 | 54999 
0-7 | 17214 , 65965, 2-7 | 45292 
0-8 | 24934 72284 || 2-8 | 39153 
0:9 | 33978 | 76482] 29 | 41014 
1:0 43826 77989 || 3-0 49631 
11 | 53650 | 76381 | 3-1 | 58182 
1-2 | 62340 | 71544 || 3:2 | 59335 
1:3. | 68633 | 63855 |) 3-3 | 51929 
1-4 71353 | 54310 || 3-4 | 42965 
1:5 | 69751 | 44526 || 3:5 | 41525 
1:6 | 63889 | 36546 | 3-6 | 49231 
1:7 | 54920 | 32383) 3:7 | 57498 
1:8 | 45094 | 33363 | 3:8 | 56562 
19 |0-37335 |0-39447 || 3-9 |0-47520 
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TABLE 8 (contd.) 


0°43421 | 


43818 
45714 
48627 
51836 


54556 
56132 
56196 
54750 


52166 | 


49087 
46267 
44390 
43901 


x | S(/x) 
43:5 |0-44676 
44-0 | 43988 
44:5 | 44772 
45:0 | 46821 
45:5 | 49621 
46:0 | 52484 
46:5 | 54710 
47:0 | 55765 
47:5 | 55404 
48:0 | 53731 
485 | 51166 
49-0 | 48343 
49:5 | 45952 


|| 50-0 |0-44572 
0-44902 © 


TABLE 9. FRESNEL’S INTEGRALS 


C*(x) 


0-48825 
58156 
63629 
62656 
55496 


45741 
38894 
39249 
46749 
56238 


60572 
56159 
46632 
40569 
43849 


53297 
58795 
54195 
44809 
0-42233 


1 


x 

B24 
cos — t? dt 
0 2 


x | S*(x) 
4-0 |0-42052 
4-1 | 47580 
4-2 | 56320 
4:3 | 55400 
4:4 | 46227 
4-5 | 43427 
4:6 | 51619 
4-7 | 56715 
48 | 49675 
4:9 | 43507 
5-0 | 49919 
5-1 | 56239 
5-2 | 49688 
5-3 | 44047 
5-4 | 51403 
5-5 | 55368 
5-6 | 47004 
5-7 | 45953 
5-8 | 54605 
5-9 


CC) x) 
0-47134 
50038 
52900 
55024 
55900 


55330 
53468 
50780 
47931 
45616 


44393 
44549 
46031 
0-48466 


C*(x) 


0:49843 
57370 
54172 
44944 
43833 


$2603 
56724 
49143 
43380 
50016 


56363 
49978 
43889 
50779 
$5723 


47842 
45171 
53846 
52984 


0:51633 10-44859 
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TABLE 9 (contd.) 


6-0 |0-44696 |0-49953 || 7-0 |0-49970 |0-54547 | 8-0 |0-46021 


6:5 54538 | 48160 || 7:5 | 46070 | 51602! 8-5 46534 
6:6 46307 | 46899 | 7-6 | 53885 | 51563 . 9-0 49986 
6:7 49150 | 54674: 7:7 | 48201 | 46278 | 9-5 53100 
6:8 54364 | 48307 | 7-8 48965 | 53947 | 10-0 0-46817 
6:9 |0-46244 |0-47323 || 7-9 0:53234 0-47597 - 


5°. EULER’S INTEGRALS 
Euler’s integral of the first kind (beta-function): 


(¢) 


1 
B(x, y) - | PL — ol dt (x > 0, y > 0). 


Euler’s integral of the second kind (gamma-function): 


Fy) = | t—'e-' dt (x > OQ). 
ia) 
The relationship between them: 


Px) Py 
B (x, y) = Ee), 
I(x + y) 
The logarithmic derivative of the gamma-function /(x): 
L(x) d ; 
x) = — Inl(x 
y(x) Tin dk (x) 


ll 
| 
| 
io) 
+ 
M15 
a 
[= 
{ 
Ro 


where C = 0:°57721566—Euler’s constant. 


He N58 CG Ge || S8GN| CH ae | Sh 


C*(x) 


' 0:49980 
6:1 51648 | 54950 || 7:1 53602 | 47331 ; 81 | 53204 
6:2 53982 | 46761 ;; 72 | 45725 | 48874 | 8-2 | 48588 | 
6:3 45555 | 47600 |: 7:3 51895 | 53927 || 83 49323 | 
6:4 49649 | 54960! 7:4 51607 | 46010 } 8:4 52428 | 


52275 
46384 
53775 
47091 


51418 
53537 
48729 
anaes 


The logarithmic derivative of the z-function z(x) = I(x +. 1) 


= 63 b 

Mx +1) dx 
2, 
k 


In T(x + 1) = (x) 5 Ee 
xX 


Win) = -c+> 


304 APPENDIXES 


TABLE 10, THE GAMMA FUNCTION J (x) 


0 2 | 4 +} 6 | 8 
eee oe eee 

1.00000 | 0-99885 | 0:99771 | 0-99657 | 0-99545 
0:99433 99321 | 99211 . 99101 98993 
98884 98777 | 98670 | 98565 98459 
98355 98251 98147 98046 97945 
97844 97744 97644 97546 97448 
97350 97254 97158 97063 96968 
96874 96781 96689 | 96597 96506 
96415 96325 96236 ; 96148 96060 
95973 95886 95800 | 95715 95630 
09 | 95546 | 95463 95380 | 95298 95216 
10 95135 | 95055 94975 | 94896 94817 
I 94740 ° 94662 94586 94509 94434 
12 94359 | 94285 94211 94138 94065 
13 93993 93922 93851 93781 93711 
4 | 93642 93573 93505 93437 93370 
15 | 93304, «(93238 93173 93108 93044 
16 | 92980; 92917 92855 92793 92731 
17 | 92670 | 92609 92550 92490 92431 
18 =| = 92373 92315 92258 92201 92114 
19 | 92089 92033 91978 91924 91870 
20 91817 ! 61764 91712 91660 91609 
21 91558 | 91507 91457 91408 91359 
22 91311 91263 91215 91168 91122 
23 | 91075 91030 90985 90940 90896 
24 | 90852 | 90809 90766 90724 90682 
25 | 90640 : 90599 90559 90519 90479 
26 | «9044090401 90363 90325 90287 
27, =: 90250 | 90214 90178 90142 90107 
28 =| 90072 90037 90003 89970 89937 
29 89904 | 89872 89840-89809 89778 
30 89747 | 89717 89687 | 89658 89629 
31 89600. 89572 89545 89517 89491 
32 89464 . 89438 89412 | 89387 89362 
33 89338 | 89314 89290 89267 89244 
34 89222 89199 89178 | 89157 89136 
35 89115 89095 89075 89056 89037 
36 89018 89000 88982 | 88965 88948 
37 88931 88915 88899 88884 88868 
38 | 88854 88839 88825 | 88812 88798 
1-39 | 0:88785 | 0-88773 | 0-88761 | 0-88749 | 0-88737 
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TABLE 10 (contd.) 


0 2 4 
0-88726 088716 | 0-88705 0-88695 
88676 88668 88659 88651 
88636 88629 88622 88615 
88604 88598 88593 88589 
88581 88577 88574 88571 
88566 88564 88563 88562 
88560 88560 88561 88561 
88563 88565 88567 88569 
88575 88578 88582 88586 
88595 88599 88605 88610 
88623 88629 88636 88644 
88659 88667 88676 88685 
88704 88714 88724 88735 
88757 88768 88780 88792 
88818 88831 88844 88858 
88887 88902 88917 88932 
88964 88980 88997 89014 
89049 89067 89085 89104 
89142 89161 89181 89202 
89243 89264 89285 89307 
89352 89374 89397 89421 
89468 89492 89517 89542 
89592 89618 89644 89671 
89724 89752 89779 89807 
89864 89893 89922 89952 
90012 90042 90073 90104 
90167 90199 90231 90264 
90330 90363 90397 90431 
90500 90535 90570 90606 
90678 90714 90752 90789 
90864 90902 90940 90979 
91057 91097 91137 91177 
91258 91299 91341 91382 
91467 91509 91552 91595 
91683 91727 91771 91816 
91906 91952 91998 92044 
92137 92185 92232 92280 
92376 92425 92474 92523 
92623 92673 92723 92774 
0.92877 0-92928 0-92980 0-93033 


0:88686 
88643 
88609 
88584 
88568 


8856! 
88562 
88572 
88590 
88616 


88651 
88694 
88746 
88805 
88872 


88948 
89031 
89123 
89222 
89329 


89444 
89567 
89697 
89836 
89982 


90135 
90296 
90465 
90642 
90826 


91018 
91217 
91424 
91639 
91861 


92091 
92328 
92573 
92825 
0-93085 
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0 


93408 
93685 
93969 
94261 


94561 
94869 
95184 
95507 
95838 


96177 
96523 
96877 
97240 
97610 


97988 
98374 
98768 
99171 
0-99581 


1-00000 


oer ee 
: 0-93138 
| 
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TABLE 10 (contd.) 


2 


0:93192 
93462 
93741 
94027 
94321 


94622 
94931 
95248 
95573 
95905 


96245 
96593 
96941 
97313 
97685 


98065 
98452 
98848 
99252 
099664 


4 


0-93245 
93517 
93797 
94085 
94380 


94683 
94994 
95312 
95638 
95972 


96314 
96664 
97021 
97387 
97760 


98142 
98531 
98928 
99334 
0:99748 


6 


0-93299 
93573 
93854 
94143 
94440 


94745 
95057 
95377 
95705 
96040 


96384 
96735 
97094 
97461 
97836 


98219 
98610 
99009 
99416 
0-99832 


1 
| 
) 
[ 


8 


| 0.93353 


93629 
93912 
94202 
94501 


94807 
95120 
95442 
95771 
96108 


96453 
96806 
97167 
97535 
97912 


98296 
98689 
99089 
99499 
0:99916 


TABLE 11. LOGARITHMS OF THE GAMMA FUNCTION log I(x) 


log I(x) 


0-00000 
1-99975 
99950 
99925 
99900 


99876 
99851 
99826 
99802 
99777 


99753 
99729 
99704 
_ 99680 
1-99656 


x 


1.015 
016 
017 
018 
019 


020 
021 
022 
023 
024 


025 
026 
027 
028 
1.029 


log I(x) | 


1.99632 
99608 
99584 
99560 
99536 


99513 
99489 
99466 
99442 
99419 


99395 
99372 
99349 

_ 99326 

1.99303 


x 


ioe I(x) 


1-99280 
99257 
99234 
99211 
99188 


99166 
99143 
99121 
99098 
99076 


99053 
99031 
99009 
98987 


1-98965 
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TABLE 11 (contd.) 


x log Mix) jf x log P(x) x log I(x) 
1-045 1-98943 | 1:085 | 1-98117 1:35 194995 
046 98921 086 6! ~=—- 98098 36 94948 
047 98899 | 087 | 98079 37 94905 
048 98877 088 98059 | 38 - 94868 
049 98855 | 089 98040 39 94834 
050 98834 090 98021 40 94805 
051 98812 091 98002 41 94781 
052. | ~—(98791 092 97983 42 94761 
053 «| ~—(98769 093 97964 43 94745 
054 98748 094 97946 44 94734 
055 © 98727 | 095 ‘| 97927 45 94727 
056 | 98705 | 096 | 97908 46 94724 
057 | 98684 097 97890 | 47 94725 
058 86) «=—_(98663 098 97871 48 94731 
059 98642 | 099 97853 49 94741 
060 | 98621 | 10 97834 50 94754 
061 | 98600 | 1 97653 51 94772 
062 | 98579 12 97478 52 94794 
063 ; 98558 P43 97310 53 94820 
064 - 98538 [| 14 | 97147 54 {| 94850 
oss =| 98517 1S | 96990 55 94884 
066 | 98496 | 16 96830 56 94921 
067 98476 | 17 96694 57 94963 
068 98455 | 18 96554 58 95008 
069 9843519 96421 | 59 95057 
070 98415 | 20 | 96292 ' 60 95110 
071 98394 |) 21 96169 | 61 95167 
072 98374 | 22 96052 | 62 95227 
073 98354; 23 95940 | 63 95291 
074 | 98334 | 24 | (95833 | 6 95359 
075 | 98314 : 25 | 95732 «65 95430 
076 #8! «98294 Sts 286 95636 66 95505 
077 98274 27 95545 67 95583 
078 98254: 28 95459 68 95665 
079 | 98234 ; 29 95378 | 69 95750 
080 98215 | 30 95302 70 95839 
081 98195 | 31 95231 | 71 95931 
082 98175 ; 32 95165 72 96027 
083 _ 98156 | 33 95104: 73 96126 
1-084 198137 | 1-34 


195047 1-74 1-96229 


A.M.A.D. 21 
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TABLE I1 (contd.) 


x log I(x) | Xx log I'(x) x log I(x) 
1-75 , 1-96335 1.85 1-97571 1:95 799117 
76 96444 | 86 97712 96 99288 
77 96556 87 97856 97 99462 
78 96672 | 88 98004 98 _ 99638 
79 96791 | 89 98154 99 1.99818 
80 96913 90 98307 2-00 0-00000 
8) 97038 91 98463 
82 97167 92 98622 II 
83 97298 | 93 _ 98784 | 
1-84 1-97433 1-94 1:98949: 


d 
TABLE 12, THE FUNCTION ¥Y(x) = —- In I(x + 1) 


dx 
x | Vx) | x F(x) | x Y(x) i x W(x) 
0-00 |--05772 |0-25 |—0-2275 0-50 | 0-0365 0-75 0-2475 
01 5609 | 26 2155 | 51 0458 | (76 2551 
02 5448 . 27 2038 | 52 0550 |} 77 2626 
03 5289 | 28 1921 |} 53 0642 78 2701 
04 5133 | 29 1806 || 54 0732 | 79 2716 
05 4978 30 1692 | 55 0822 | 80 2850 
06 4826 31 1579 + 56 o9i1 | 81 2923 
07 | 4676 32 1467 | 57 1000 | 82 2996 
08 i 4528 33 1357 || 58 1087 | 83 3069 
09 | 4382 | 34 1248 | 59 1174 |, 84 3141 
10 4238 | 35 1139 | 60 1260 | 85 3212 
11 4095 * 36 1032 || 61 1346 86 3283 
12 3955 37 0926; 62 1431 | 87 3353 
13 3816 938 | 0821 | 63 1515 | 88 3423 
14 3679 » 39 | o717 | 64 1598 89 3493 
4 
15 3543 | 40 | 0614 | 65 1681 90 3562 
16 3410 | 41 | 0512 | 66 1763 91 3630 
17 3277 | 42 | Oat | 67 1845, 92 3699 
18 3147 | 43 | 0311 | 68 1926: 93 3766 
19 3018 44 0211 | 69 2006 |! 94 3833 
| | 
20 2890 | 45 0113 | 70 2085 | 95 3900 
21 2764: 46 |—0-0016 | 71 2165 || 96 3967 
22 | 2640 47 |+0-0081 | ie | 2243 | 97 4033 
23 2517 || 48 0176 | | 2321 «|| 98 4098 
0:24 |—0-2395 |o49 |! 00271 on | 02398 |10-99 4163 
| | 


1. 
2. 


3. 


4, 


a5 


6. 


ay 
8. 


9. 


10. 


11. 


12. 


13. 


21. 


22. 


REFERENCES 


S.BANACH, Differential and Integral Calculus. Fizmatgiz, Moscow (1958). 
A. F. BERMANT, A Course of Mathematical Analysis, pts. 1 and 2. Pergamon 
Press, Oxford (1963). 

A.F.BERMANT, Mapping. Curvilinear Coordinates. Green’s Formulae. Fiz- 
matgiz, Moscow (1958). 

I.N.BRONSHTEIN and K.A. SEMENDYAYEV, A Guide-Book to Mathematics 
for Technologists and Engineers. Pergamon Press, Oxford (1963). 

C.J. VALLEE~Poussmy, Cours d’Analyse Infinitésimale. Gauthier-Villars, 
Paris-Louvain (1937-47). 

G.H.Harpy, The Integration of Functions of a Single Variable. Cambridge 
University Press (1935). 

V.I. GLIVENKO, Stieltjes’ Integral. ONTI, Moscow and Leningrad (1936). 
E.Goursat, A Course in Mathematical Analysis, vol. 1 and 2. Dover Publica- 
tions, New York (1959). 

N.M.GyYuntTer and R.O. Kuzmin, A Book of Problems in Higher Mathe- 
matics, vols. 1, 2 and 3. M.-L., Gostekhizdat, Moscow-Leningrad. 
H.B.Dwicut, Tables of Integrals and other Mathematical Formulae, Mac- 
millan, New York. 

B. P. Demipovitcu, A Book of Problems and Exercises in Mathematical Ana- 
lysis. Fizmatgiz, Moscow (1954). 

R.CourRANT, A Course in Differential and Integral Calculus, vols. 1 and 2. 
Blackie, Glasgow (1931). 

M.A. LAVRENTYEV and L.A. LUSTERNIK, Principles of Variational Calculus, 
vol. 1, pts. 1 and 2. ONTI, Moscow-Leningrad (1935). 


. E. LANDAU, Foundations of Analysis. Edwards, Ann Arbor. 
. E. LANDAU, Differential and Integral Calculus. Edwards, Ann Arbor. 
. N.N. LEBEDEV, Special Functions and their Application. Gostekhizdat, Mos- 


cow (1953). 


. L.A. LYUSTERNIK, Some cubature formulae for double integrals, Dokl. 


Akad. Nauk SSSR 62, 449-452 (1948). 


. E.MADELUNG, The Mathematical Apparatus of Physics. 


. F.M. Morse and G. FescHBACH, Methods of Theoretical Physics. McGraw- 
Hill, New York. 
. V.V.NYEMYTSKH, M.I.SLUDSKAYA and A.N.CHERKASOV, A Course of 


Mathematical Analysis, vols.1 and 2. Gostekhizdat, Moscow-Leningrad 
(1944). 

G.P’oLya and G.SzeGc6, Problems and Theorems in Analysis, pts. 1 and 2, 
GONTI, Moscow-Leningrad (1937, 1938). 

I. M. Rizuix and I.S.Grapstein, Tables of Integrals, Sums, Series and Pro- 
ducts. Gostekhizdat, Moscow-Leningrad (1951). (English translation in 
preparation by Pergamon Press, Oxford.) 


309 


310 REFERENCES 


23. 
24. 
25. 
26. 
ai. 
28, 
29. 
30. 
31. 
a2: 


33. 
34. 


aD: 
36. 
37. 
38. 


39. 


V.I.SmMIRNOV, A Course of Higher Mathematics, vols. 1 and 2. Pergamon 
Press, Oxford (1964). 

Tables of Fresnel Integrals, edited by V.A.Ditkin, published by Academy of 
Sciences USSR (1953). 

Tables of the Integral Sine and Cosine, cdited by V.A.Ditkin, published by 
the Academy of Sciences USSR (1954). 

Tables of the Integral Exponential Function, edited by V.A. Ditkin, published 
by the Academy of Sciences USSR (1954). 

Tables of Special Functions, pt. 1, edited by J. N.Shpilrein. G.TTI, Moscow- 
Leningrad (1933). 

G.P.Totstov, A Course of Mathematical Analysis, vols. 1 and 2. Gostekhiz- 
dat, Moscow (1954, 1957). 

E.T. WHITTAKER and G.N.WATSON, A Course of Modern Analysis, pts. 1 
and 2. Cambridge University Press (1934). 

G.M. FIKHTENGOL’TS, A Course of Differential and Integral Calculus, vols. 1, 
2 and 3. Gostekhizdat, Moscow-Leningrad (1948, 1949). 

G. M. FIKTHENGOL’Ts and I. P. NATANSON, Curvilinear and Multiple Integrals. 
ONTI, Moscow (1937). 

B.A. Fucus and V.I.Levin, Functions of a Complex Variable and some of 
their Applications. Pergamon Press, Oxford (1961). 

G.H. Harpy, A Course of Pure Mathematics. 1L, Moscow. 

A.J. KHINCHIN, Eight Lectures in Mathematical Analysis. Gostekhizdat, 
Moscow-Leningrad (1955). 

A.J. KHINCHIN, A Short Course of Mathematical Analysis. Gostekhizdat, 
Moscow-Leningrad (1955). 

N.G. CHEBOTAREV, Newton’s polygon and its role in the contemporary 
development of mathematics, Symposium “I. Newton”, pp.29-126 (1943). 
N.G. CHEBOTAREV, Theory of Algebraic Functions. Gostekhizdat, Moscow- 
Leningrad (1948). 

E.CEsaro, An Elementary Textbook of Algebraic Analysis and Infinitesimal 
Calculus, pt. 1. ONTI, Moscow-Leningrad (1936). 

E.CEsaro, Elementary Textbook of Algebraic Analysis and Infinitesimal 
Calculus, pt. 2. Matezis, Odessa (1914). 


. L. EULER, An Introduction to the Infinitestmal Calculus. ONTI (1936). 
. L.EuLer, Differential Calculus. Gostekhizdat, Moscow-Leningrad (1949), 
. L.EuLer, Integral Calculus. vols. I, If and III. Gostekhizdat, Fizmatgiz, 


Moscow, (1957, 1958). 


. E. Janke and F, Embe, Tables of Functions with Formulae and Curves, 6thedn. 


(revised by F.L6sch). McGraw-Hill, New York (1960). 


INDEX 


Affine mapping 101 
Algebraic magnitude of area 103 
Area 
algebraic magnitude of 103 
of an n-dimensional spherical 
surface 283 
of a plane figure, calculation 176— 
178 
ofaregion 163 
of a surface, calculation 
ARNOLD, V.I. 97 


179-181 


Beta-function, Euler’s 303 
Bipolar coordinates 118, 133-134 
Bouizano, B. 15 


Cartesian coordinates 112, 122 
Cauchy—Riemann, integral sum of 
154-160 
Centre of gravity, calculation of 
coordinates 184 
Change of variable in the integral 
245 
Coefficient 
of distortion 80, 102, 103, 106, 
107 
of mapping 245 
of similarity 105 


Coefficients 
Gauss’ 121, 244 
Lamé’s 110, 118 


in bipolar coordinates 118, 133 
incartesian coordinates 112,122 
in cylindrical coordinates 124 
in degenerate ellipsoidal ‘‘elon- 
gated’? coordinates 128 


in degenerate ellipsoidal ‘‘flat- 
tened”’ coordinates 129 
in degenerate elliptical coordin- 
ates 116 
in elliptical coordinates 115 
in general ellipsoidal coordinates 
128 
in generalized polar coordinates 
114 
in parabolic coordinates 117 
in paraboloidal coordinates 131 
in polar coordinates 113 
in spherical coordinates 125 
in sphero-conical coordinates 
130 
in toroidal coordinates 132 
Taylor’s 30 
Condition 
of integrability of a differential 
expression 174, 175 
of non-degeneracy 73 
Cone, n-dimensional, volume of 
282 
Contour of integration 170 
Convergence of an improper integral 
193, 196-199 
Convexity of a function, criteria 39 
Coordinates, bipolar 118, 133-134 
Curvilinear integral 
condition of independence of path 
of integration 174 
over coordinates 172 
Curvilinear integral, composite 248 
independence of contour of 251 
over coordinates 248 
Cylindrical coordinates 124 
generalized 124 
Cylindroid 166 
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Darboux 
integralsum 159 
theorem 16, 160 
Definite integral 154 
as a function of the upper limit 
157, 158 
formula 158 
of multiple partial integration 
by parts integration 157 
geometric sense 154 
properties 155 
tules of substitution 158 
Degree of operator 44 
Derivative 1, 2, 46 
of composite function 3 
of even function, odd function 9 
of fractional order 224, 225 


of function, given parametrically 4 


infinite 2 
of inverse function 4 
left, right 19 
nth 22 
differential 21 
Newton’s notation 2 
notation of 2 
one-sided 19, 26 
infinite 19 
properties 19 
of product and of quotient 3 
property 16 
Schwartz’s 20 
ath 27 
second 21] 
differential 21 
symmetrical 20 
Derivatives 
of elementary functions (table) 
257-259 
of higher orders of composite 
function 24 
of integrals of probability 292 
table 294 
of logarithms of the pi-function 
(table) 308 
Determinant 
Hesse’s 73 
Jacobi’s 79 
Diagram, Newton’s 89-93 
Diameter of a region 163 


Differentiability of function 2 
Differential 17 
complete 49 
of composite function 18 
derivative of the kth order 26 
derivative overaparameter 18,50 
expression 175, 255 
condition of integrability 174 
integrable 175 
first, invariance ofform 17, 18,79 
form, Gauss’s, first 121 
of function 17, 18, 48, 49 
properties 48 
of ath order 25 
of operator 63, 64 
of kth order 65 
parameters 110 
of first order 110 
in generalized polar coordinates 
114 
partial 48 
polynomial 41 
properties 41, 42 
of second order 21 
Differentiation 1 
of composite function, rule 3 
linear property of 3 
Dirichlet 
formula 281 
function 161 
integral 199, 277 
Distance between two points 46 
Divergence of vector functions 231 
in bipolar coordinates 233 
in cylindrical coordinates 235 
in degenerate ellipsoidal coordi- 
nates 
“elongated” 236 
“flattened”? 237 
in degenerate elliptical coordinates 
232 
in parabolic coordinates 233 
in paraboloidal coordinates 238 
plane case 231 
in polar coordinates 232 
space case 233 
in spherical coordinates 235 
in toroidal coordinates 239 


INDEX 


Divergence of vector functions (contd.) 
in transformation to new independ- 
ent variable 231, 232 
Double integral 164, 242 


Element of area 111, 121 
in a system of orthogonal curvi- 
linear coordinates 111, 121 
in bipolar coordinates 118, 133 
in cartesian coordinates 112, 123 
in cylindrical coordinates 124 
in degenerate elliptical coordinates 
116 
ellipsoidal 
“elongated”” 129 
“flattened” 130 
in general ellipsoidal coordinates 
127 
in generalelliptical coordinates 115 
in generalized polar coordinates 
114 
in parabolic coordinates 117 
in paraboloidal coordinates 131 
in polar coordinates 113 
in spherical coordinates 126 
in sphero-conical coordinates 130 
in toroidal coordinates 132 
Element of length 111, 121 
in a system of orthogonal curvi- 
linear coordinates 111, 121 
in bipolar coordinates 118, 133 
in cartesian coordinates 113, 123 
in cylindrical coordinates 124 
in degenerate ellipsoidal coordi- 
nates 
“elongated” 129 
“flattened” 130 
in degenerate elliptical coordinates 


117 

in general ellipsoidal coordinates 
127 

in general elliptical coordinates 
116 

in generalized cylindrical coordi- 
nates 125 

in generalized polar coordinates 
115 


in parabolic coordinates 118 


313 


in paraboloidal coordinates 132 
in polar coordinates 114 
in spherical coordinates 125 
in sphero-conical coordinates 131 
in toroidal coordinates 133 
Element of volume 121 
in bipolar coordinates 134 
in cartesian coordinates 124 
in cylindrical coordinates 124 
in degenerate ellipsoidal coordi- 
nales 
“elong&ted”’ 129 
“flattened”? 130 
in general ellipsoidal coordinates 
127 
in generalized cylindrical coordi- 
nates 125 
in generalized spherical coodinates 
126 
in paraboloidal coordinates 132 
in sphero-conical coordinates 131 
in toroidal coordinates 133 
Elementary operation 6 
Ellipsoidal coordinates 
degenerate 128 
general 126 
Elliptical coordinates 
degenerate 116 
general 115 
integral of first kind (second kind) 
284, 285 
complete 286, 287 
Equation, Laplace’s 107 
Euler’s 
constant 287 
formulae 280 
gamma-function 204 
integral of first kind (second kind) 
303 
substitutions 144 
Extremal value of a function 34 
Extremum 
absolute 66 
conditions of existence 66 
of a function 
necessary test 35 
sufficient test 35, 36 
Necessary condition 67 
relative 67 


314 


Extremum (contd.) 
sufficient condition 68, 69 
unconditional 70 


Formula 
Cauchy, for nth original 137 
Dirichlet 281 
finite increments 8 
Green’s 249, 253 
application to calculation of 
curvilinear integrals 250 
fundamental 249 
generalized 253, 254 
generalized, linear case 253 
generalized, plane case 254 
generalized, space case 255 
Lagrange’s 8 
Leibniz’s 24, 63 
generalization 26, 27 
Liouville’s 281 
Maclaurin’s 28, 29 
Newton-Leibniz 158, 175, 176 
Ostrogradskii’s 252 
Stokes’ 251 
Taylor’s 29, 60 
for polynomial 28 
Fresnel integrals 195 
cosine 300, 301, 302 
sine 300, 301, 302 
Frullami integral 199 
Function 
algebraic 142 
analytical 97 
composite 3, 76 
exponential 4 
in the class C, = C,.¢ 57 
condition of Riemann-integrability 
161 
convex 39 
properties 39 
differentiable 
atapoint 2 
in the set 2 
ntimes 23 
direction of most rapid increase of 
53 
Dirichlet 161 
extremal value 34 


INDEX 


of finite variation 221 

of afunction 3 

given parametrically 4 

greatest value (least value) 37, 38 

harmonic 107 

implicit 81 

conditions of existence 81 

increasing (decreasing) 33 

infinitely differentiable at a point 
29 

integrable in an interval 154 

Lagrange’s 71 

non-increasing (non-decreasing) 33 

representation by a power series 30 

Riemann integrable 169 

Van der Waerden’s 15 

Weierstrass’ 15 

Functional 159 
linear 159 
Functions 

dependent ina region 85 

elementary, expansion into power 
series 260 

higher transcendental 137 

of n variables, in the form of 
superpositions 95 


Gamma function 
Euler’s 204, 303 
logarithmic derivative 303 
table 304 
Gauss 
coefficient 121 
first differential form 121 
Gradient of a function 13, 231 
in bipolar coordinates 233 
in cylindrical coordinates 235 
in degenerate ellipsoidal coordi- 
nates 236 
‘““elongated”’ 236 
‘flattened”” 237 
in elliptical coordinates 233 
in parabolic coordinates 233 
in paraboloidal coordinates 238 
plane case 231, 232 
in polar coordinates 232 
space case 234 
in spherical coordinates 235 
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Gradient of a function (contd.) Increment, partial 47 
in toroidal coordinates 239 Indefinite integral 135 
transformation to new independent definition 135 
variables 231-233 formula for integration by parts 
Greatest value of a function 37 136, 137 
Green’s formula 253 properties 136 
fundamental 249 rule of substitution 136 
generalized 253 integrals, table 262 
linear case 254 Indeterminate expressions 10 
plane case 254 Integral 
linear case 253 of binomial differential 148 
plane case 254 condition of existence 161 
space case 255 cosine 287 
Guldin’s theorems 183 curvilinear over an arc 170 
definite 153 
dependent on a parameter 214 
Harmonic function 107 Dirichlet 199 
Hessian 73 double 164 
Hilbert 97 change of variable 168 
theorems 97 conditions of existence 166 
H6lder’s conditions 207 geometric sense 166 
Homeomorphism 101 properties 165 


reduction to an integral of an 
integral 166 


Improper integral 192, 200 exponential function 287 
change of variable 203 expressions, transformation of 241 
comparison of a fractional order 224, 225 

function 200 Frullami 199 
tests 202 improper 192 
convergence test 197, 202 indefinite 135 
convergent (divergent) 193, 200 of an integral 166 
uniformly, with respect to a logarithm 287 
parameter 217, 219 over coordinates 172 
properties 217, 218, 220 over the measure 171 
converging 196 calculation 243 
absolutely 196 change of variable 245-247 
conditionally 197 Newton-Leibniz formula 242 
dependent on a parameter 214, of aregion 241 
215 over a surface 171] 
divergent 211, 200 Poisson 211 
double 207 of probability, derivative of 292- 
convergent, divergent 208 295 
geometric sense 193, 194, 201 repeated 166 
multiple 212 Riemann 160 
integration by parts 203 condition for limiting process 
tests under the integral sign 214 
of absolute convergence 197 double 164 
of non-absolute convergence n-dimensional 170 


198 sine 287 
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Integral (contd.) 
singular 205 
Stieltjes’ 220 
condition for limiting process 
under the integral sign 223 
mean theorem 222 
properties 221] 
sum 
Cauchy-Riemann 154 
Cauchy—Riemann double 164 
Cauchy—Riemann triple 168 
Darboux 159 
Darboux double 164 
Darboux upper (lower) 159 
triple 169 
change of variable 169 
with infinite limits 194 
Integrals 
definite, tables of 273 
of diffraction 195 
Fresnel 195 
tables of 300-302 
indefinite, tables of 262-272 
multiple 280-284 
of probability 292-294 
Integrating function 220 
Integration 1,7 
of algebraic functions 135-150 
of functions of m variables 163 
of irrational functions 143 
by parts 136, 158 
by parts, successive 136, 159 
of rational fractions 143 
method of indeterminate co- 
efficients 146 
Ostrogradskii method 14] 
of trigonometric functions 145- 
153 
universal substitution 150 
Inverse image 76 
Inversion of opcrator 80 


Jacobi matrix 64, 84 
Jacobian 79, 99 


KoLmocorov, A.N. 97 


Lagrange 8 
iactors 70 
form of remainder 31 


formula 8 
function 71 
Lamé 


coefficients 110 
equations 110-111 
Laplacian 231 
in bipolar coordinates 233 
in cylindrical coordinates 235 
in degenerate ellipsoidal coordi- 
nates 
“elongated” 237 
“flattened” 238 
in degenerate elliptical coordinates 
233 
in parabolic coordinates 233 
in paraboloidal coordinates 238 
plane case 232 
in polar coordinates 232 
space case 234 
in spherical coordinates 236 
in toroidal coordinates 239 
in transformation to new indepen- 
dent variables 231-233 
Leibniz 24 
formula 24, 63 
generalization 26, 27 
rule of differentiation of an integra] 
215 
Length of curve arc 170 
VH6pital 11, 13 
Limiting process under the integral 
sign 212-214 
Linear 
differential operator 40 
functional 159 
programming 66 
system 40 
tangential set to equipotential 
surface 53 
Liouville 108 
formula 281 
theorem 108 
Lipschitz condition of order a 207 
Logarithm of gamma function 
(tables) 307-308 


INDEX 


Logarithmic derivative 5 
of gamma function 303 
of x function 303 


Maclaurin 
formula 28, 29 
series 31 
Map of aregion 40, 100 
Mapping 99 
affine 101 
coefficient of distortion 103, 
106 
linear case 101 
plane case 102 
preserving distances between 
points 103 
properties 102, 103 
conformal 107 
degenerate 103 
homeomorphic 101 
inverse 99, 100 
linear case 99 
mutually continuous 100 
single-valued 100 
non-affine, coefficient of distortion 
106 
plane case 100 
space case 100 
Mass, calculation of 183 
Maximum of a function 34 
absolute 37, 65 
Mean value of a function 156, 165 
Method of indeterminate coefficients 
87 
Minimum of a function 34 
absolute 37, 65 
Moment of inertia, calculation 186 
Morsez, M. 75 
Multiple integrals (table) 280-284 


Neighbourhood of a point 47 
Newton 2 

diagram 89-93 

notation for a derivative 2 
Newton-Leibniz formula 158 
Norm of vector 46 
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Open polygon as set of points 47 
Operator 40, 62 
biharmonic 62 
of class C, 65 
continuous 63 
differentiable at a point 64 
of differentiation 41 
domain of definition 40 
from £, into E,, 63 
Laplace 62 
linear 40, 64 
differential 64 
of partial differentiation 48 
range of values 40 
unit 44 
Operators 
commuting 44 
product, sum 43, 44 
Order of operator 45 
Original of region 76, 99 
(primitive) 135 
Orthogonal trajectory of a family of 
equipotential surfaces 54 
Ostrogradskii, method of integration 
of rational fractions 141 


Parabolic coordinates 117 
Parabolical coordinates 131 
Parallelepiped, n-dimensional, 
volume of 282 

Partial 

derivative 47 

of second order 55 
increment 47 
Path 

calculation 190 

of integration, orientated 170 
Point 

angular 20 

of conditional maximum 73 

absolute 70 

relative 70 
conditional stationary 70 
image 99, 102 

original 99, 102 

of relative extremum 67 
of relative maximum 67 
singular 200 
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Point (contd.) 
stationary 67, 72 
degenerate (non-degenerate) 73 
of order k 73 
Points 
of the extremum of a function 34 
uniformly distributed 102, 105 
Poisson integral 211 
Potential of gravity field 189 
Primitive (anti-derivative) 2, 135 
Principal 
linear part of an increment 17 
value of a singular integral 205 
Product 
of an operator and aconstant 43 
of operators 43 


Rank of matrix 85 

Rational curve 143 

Region 52 

cubable 168 
squarable 163 

Remainder 29 

in Taylor’s formula 30 
Cauchy’s form 31 
integral form 31 
Lagrange’s form 31 
Peano’s form 31 
Schlémilch and Roche form 31 

Rolle’s theorem 8 


Schlomilch and Roche remainder 
form 31 
Schwartz derivative 20 
nth 27 
second 26 
Second 
derivative 21 
differential 21 
Schwartz 26 
difference 21 
differential 21 
Segment as a set of points 46 
Series 
Maclaurin’s 31 
Taylor’s 21, 30 


INDEX 


Sine integrals, Fresnel’s 300, 301, 
302 
Singular integral 205 
Sphere 46 
n-dimensional, area of 283 
n-dimensional], volume of 283 
Spherical coordinates 125 
generalized 126 
Sphero-conical coordinates 130 
Stieltjes’ integral 220 
Stokes’ formula 251 
Substitution 
Abel 147 
Euler’s 144 
universal 150 
Sum of operators 43 
Superposition of functions 
96 
with addition 96 
Surface 
capable of orientation 173 
integral over an area 242 
two-sided 173 
Sylvester theorem 69 
Symmetrical derivative 20 
Systems of coordinates 112, 119, 
121 
bipolar 118 
cartesian 112, 122 
non-rectangular 112 
curvilinear 112, 119 
condition of orthogonality 109, 
120 
orthogonal 110, 120 
inaplane 108 
rectangular 110, 120 
in space 119 
cylindrical 124 
generalized 124 
orthogonal 124 
ellipsoidal 
degenerate ‘‘elongated”” 128 
degenerate ‘‘flattened” 129 
general 126 
elliptical 
degenerate 116 
general 115 
parabolic 117 
paraboloidal 131 


3, 95, 


INDEX 


Systems of coordinates (contd.) 
polar 113 
generalized 114 
sphero-conical 130 
toroidal 132 


Table 
of definite integrals 273 
of derivatives 257 
of first order 257 
of integral of probability 294 
of nth order 259 
of elliptical integrals of first 
(second) kind 284, 286 
of expansion of elementary func- 
tions into power series 260 
of Euler’s integrals 303 
of Fresnel’s integrals 300-303 
of gamma functions 304 
of indefinite integrals 262 
of logarithmic derivative of the 
x function 303 
of multiple integrals 280 
of the integral cosine 288 
of the integral exponential func- 
tion 287 
of the integral, sine 288 
of the integrals of logarithm 288 
of the integrals of probability 292 
Taylor 
coefficients 30 
formula 29, 60 
for a polynomial 28 
series 21, 30 
Tchebyshev’s condition of integra- 
bility of binomial differen- 
tial 148 
Theorem 
Cauchy 8 
geometric sense 9 
Darboux 16, 160 
for the estimate of an integral 241 
Stieltjes 223 
Hilbert 97 
Kolmogorov 98 
Lagrange 8 
geometric sense 9 
Liouville 108 
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mean value 156, 241 
for double integral 165 


first 156 
second 156 
Rolle 8 


Sylvester 69 
Vitushkin 97 
Weierstrass 66 
Theorems, Guldin’s 183 
Toroidal coordinates 132 
Transformation 
of coordinates 104 
of differential expressions 226 
linear case 226 
plane case 228 
space case 230 
of integral expressions 241 
of integrals, formulae 249, 250, 
252, 253 
of similarity 104 
Trigonometric substitutions 145 
Triple integral over volume of a 
region 243 


Van der Waerden functions 15 
Vitushkin theorem 97 
Volume 
of body, calculation 181-183 
of n-dimensional cone 282 
parallelepiped 282 
pyramid 282 
sphere 283 
Vortex of a vector function 234 
in bipolar coordinates 240 
in cylindrical coordinates 235 
in degenerate ellipsoidal coordi- 
nates 236 
“elongated” 236 
“flattened”? 237 
in parabolical coordinates 238 
in spherical coordinates 235 
in toroidal coordinates 239 
in transformation to new indepen- 
dent coordinates 234 


Weierstrass’s theorem 66 
Work calculation 190 


